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PREFACE 


An experience of more than twenty years in teaching Mathematics, 
the greater part of which has been devoted mainly to Senior 
Engineering Students, has shown that there is need for a single 
volume dealing with those departments of Pure Mathematics 
which such students require. 

This book has therefore been written to supply this want, and 
following what the author considers to be the most effective 
method of teaching, much of the necessary bookwork is given and 
proved in the form of illustrative worked examj)les. of which 
there are 190. Most of the fundamental formulae are thus 
established, and are numbered for reference. 

Great care has been taken to incorporate a large number of 
actual practical calculations, and many .standard works both on 
Engineering and Mathematics have been consulted. In some 
cases the branch of .Applied Science with which an exercise deals 
is indicated in the data, but this plan has not been followed 
throughout, since there is a danger of the student selecting only 
those exercises which he thinks deal with the professional matters 
in which he is interested, and thus he misses the knowledge of 
fundamental principles which make mathematics a real working 
tool. 

The branches of Pure Mathematics required for an Engineering 
degree are here dealt with in a single volume ; but in many cases, 
especially in the chairtors on the Calculus and Analytical Geometry, 
a much fuller treatment has been given than the majority of such 
syllabuses demand. The book should therefore be of service to 
all students reading mathematics for a degree, whether in Arts, 
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Science or Engineering, and many examples from University 
papers in these faculties have been included. 

As one of the chief aims of the book is to provide a large number 
of exercises for practice, no attempt has been made to treat the 
bookwork with the utmost rigour required in modern mathe- 
matical theory ; many theorems have, indeed, been merely 
stated and then applied. A list of books for reference has. 
however, been given, where complete and rigorous proofs may bo 
found. 

The general development throughout is tliat which experience 
in teaching has shown to be the most effective, and for this reason 
some divergence from the usual lines of treatment will be found 
in certain sections. Especially is this the case in the chapters on 
Analjiiical Geometry. 

A large number of exercises- 1337 in all— are original, whilst 
the others have been selected from the examination ])a])ers of the 
Universities of Birmingham, Bristol, Durham, Leeds, Liverpool, 
London, Manchester and Sheffield. For permission to reproduce 
these, thanks are hereby gladly accorded to the authorities of 
those Universities, and also to the Controller of H.M. Stationery 
Office for the use of certain questions taken from papers of the 
Board of Education. 

The following abbreviations have been used to indicate the 
University questions taken from papers set in the Faculty of 
Engineering : 

B.U. University of Birmingham. 

Br.U. „ Bristol. 

D.U, „ Durham. 

Lc.U. „ Leeds. 

Li.U. ,, Liverpool. 

L. U. „ London. 

M. U. „ Manchester. 

S.U. ., Sheffield. 

In cases where questions have been taken from papers set in 
other faculties, “ Sc.” is added to the appropriate abbreviation 
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given above. Questions which may be omitted on a first reading 
are marked with an asterisk. 

To Sir Richard Gregory and Mr, John Duncan, Head of the 
Engineering Department of the West Ham Municipal College, 
the author owes a very great debt of gratitude, for it is mainly 
due to their valuable advice and untiring co-operation that the 
author’s lecture notes have developed into the present form. 

Thanks are also due to Mr. E. H. Madden, B.A., B.Sc., Mr. F. 
Sandou, M.A., Mr. W. H. Salmon, M.A., B.Sc., and Mr. A. J. V. 
Gale, M.A., for help in the tedious work of revising proof-sheets 
and for useful criticism ; to Mr. E. A. Branch for drawing many 
of the figures ; and to the printers for the excellence of their 
share of the work. 

Although the answers have been well checked, it is scarcely to 
be expected that every error has been removed ; the author will 
therefore be glad to hear of any cases of inaccuracy that may 
have inadvertently crept into any part, of the book. 

F. G. W. BROWN. 


Goodmayes, 

September, 1025 . 
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CHAPTER I 


BINOMIAL THEOREM. PARTIAL FRACTIONS. 
SIMPLE SERIES 


1. The Binomial Theorem. 

stated generally as follows : 

(l+x)‘‘ = l+nx+“^5^ 


This important theorem may be 


the (r + l)th term being 


n(n-l)(n-2)(n-8) 

+ |4 + 

n(n-l)(n-8)...(n-r + l ) 

|r 


... ( 1 ) 


I 

J 


This is true for all values of n, integral or fractional, positive 
or negative, provided that - 1< x <1, when n is not a positive 
integer. It should be carefully observed that when n is a positive 
integer the series terminates with the {?i + l)th term, but when n 
is not a positive integer, the series consists of an infinite number 
of terms, hence the restriction on the value of x, as will be seen 
from § 4. A proof of the theorem by induction is given in Ex. 1, 
for the case when n is a positive integer. 


Ex. 1. Prove the binomial theorem vihen n is a positive integer ; 
henoe, expand (2 +x)^ awd (1 -x+x®)*. 

Shew also that the term independent of x in the expansion of 
/ 4 .\« 

(x-^) is 2 [5. 

(i) Proof of binomial theorem when « is a positive integer. 

In (1) put n = l, 2, 3 respectively, then 
(I +x) =1 +x, 

(1 +x)* = l +2x + x^ 

(1 +x)3 = l+3x + 3x* + x3, 

which are known to be true by direct multiplication. 

B.M. 


A 


(E 
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Multiply (1) throughout by (1 +x), then 
(1 +a:)"+i=(l +a;)"(l +x) = l + (m + 1 ) x + 1 — ~ +n| 


j)i(n-l)(v-2) w(n-l)] - 


I 


2 ' j 


= 1 + (H + 1) X -t ) V + ^ ) « (i' tA) . ^3 + . . . . 


This expression so far is precisely the same as the right-hand side 
of (1), except that n +1 replaces >?. To test the general term, it 
should be observed that the coefficient of x*" in the product of 
(1 -t-x)" and (1 -i-x), i.e. in (1 -f-x)"+*, is equal to the sura of the 
coefficients of x''~^ and x'" in (1 +x)” ; this is 


h(« - 1)(h - 2) - r-t-2) ii(ti - - 2) ... (n -r + 1) 

' A-I ^ ^ A 

_(« - 1) ... (/i -r-f 2)^ 

IL 

which is of exactly the same form as the (r-l-l)th term in (1 -I-x)”, 
one being derivable from the other by writing ?i -1-1 in place of n. 

Hence, if the theorem is true for the index n, it is true for a-i- 1 ; 
and as it is known to be true in the first three cases, it must be 
true for all integral values of n. 

(ii) To put (2 +xy in standard form, take out the factor 2 ’’ ; then 

(2-fx)’ = 2’(l+^y 


= 2’|l -f7 


X 7^6 /xy 7^0^5 
2'^1 .2' Vij ■^1.2.3 


/xy 7. 6. 5. 4 
\2/ '^1.2. 3. 4 



7 . 6 . 5 . 4 . 3 /xy 7 . 6 . 5 . 4 . 3 . 2 /xy 
■^1.2 .3 .4 .>) 12/ 1 . 2 . 3 . 4 . STO V2/ 


7. 6. 5. 4. 3. 2.1 /xy) 
^ 1 . 2 . 3 . 4 . 5 . 6 . 7 \2/ f 


= 2'’{l +lx + X® -I- -'^3^ -t 'I Jx* -t- r; .lx'* -f j/^x® + ^ IrgX’} 

= 128 + 448x -1- 672x2 + seox’ + 280x‘ -i- 84x‘> -i- 14x» -I- xC 
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(iii) To put (1 - a; + in standard form, write u for x-a^, then 
(1-X4x2)4 = (] _m)4 = ] +4(_„)+^-^(_u)2+|— 

4 . 3 . 2 . 1 , ,4 

1 . 2 . 3 . 4 ^ ^ 

= ] — 4m +- 6m® - 4m® + u* 

- 1 - 4(x - X®) +6(a:-a:®)® - 4(a; -x®)® +(x- x^)* 

= 1 - 4(a: - T®) + 6(rc® - 2x® + a4) - 4(x® - 3x« + 3a^ - a:«) 

+ — 4a;® + 6x® - 4a;’ + x® 

= 1 - 4x + lOx^ - 16x» 4 19x* - lex* + 10x« - 4x’ + xK 

(iv) Putting the expression in standard form, 

hence the term independent of x is tiiat involving 1/x* in the 
expansion of the binomial ; this is obviously the third, so that 

3rd term in ext)an8ior 


A 

0 , 

.5/ 

• 4\® 


" 1 

:2l 

"xV 


.(5/x«, 

, . 2 \ X~/ — 

/ 4 

’(1- 


= 2 ' 5. 


2. Fractional and Negative Indices. A proof of the binomial 
theorem when n is not a jmsitive integer is beyond the scope 
of this book. It will therefore be assumed that the theorem 
is true for all values of n. 

Ex. 2. Expand (I +,r)~’‘ as far as x*, ami shew that when x is 
small (1 +x)“'‘ may be taken as ncaily eqnnl to 1 - nx. What is the 
percentage error in this when n=2 and .r = 0-()l ? 

From (1), 

(1 + ,r) -'* = 1 - nx + '-p, ’ X® + ' pp- X® 

-n(-n-l)(-n-2)(-n-3)^,^ 

4 j— — a 


, n(n+l) , n(n + l)(n4-2) „ 
:l-nx4^ |2- -,3 

n(n4 l)(n4-2)(n + 3)_^ 

+ 14 ^ •••• 
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When X is very small compared with unity, and higher 
powers of x will be much smaller, hence approximately 

(l+x)"" = l-nx. 

When x=0-01, n = 2 ; (1 +x)~" = (l'01)“^=0’9804, and 
l-»ia: = 1-002 = 0-98, 

/, percentage error = + 0-0004 x 100 ^ 0-9804 = 0-0408. 

3. Approximate Expansion. In practical calculation, the 
following approximations are usually sufficient, when x and y are 
very small compared with unity ; 

(l±x)® = ld-nx, n positive or negative, 1 ,£) 

(l±x)(l±y)=l±x-Ly. j 

Ex. 3. If X he so small that its cube and higher powers may he 
neglected, prove that 

(l-x)- U(16+8x)^ 

(l+x)’^+(2+x)* ■ (L.U.) 

Taking each binomial in turn, and expanding as far as x* 

= 1 +fx4--Y35*-i-..., 

(16 + 8x)^ = 16^(l + 2 j- = 4(1 + Jx - ,\vx2 + . . .), 

(l+xr^ = l-’x+ix2-..., 

(2 +x)* = 4 + 4x+x®. 

Hence, denoting the fraction by F, 

__ 1 + 5x + -*-••• -f 4 4-x-^x* + ... _5 + I x+ -f ... 

”” 1 -ix + |x*-... +4 +4x + x® 5 + |x + V=<^* + --- ' 

The desired result may now be obtained by division, but it is 
better to make another application of the binomial theorem, as 
will be seen in Chap. VII ; thus, taking 5 out of the denominator, 

J- = i(5 + ix + V®* + -) (1 + Vo® + 

= ^(5 + .lx + V®' +-){1 -(i> + 1(1®*) + (u.® + 4 + ••• 1 

“ k(® ‘i® V®^ + '")(l~(l‘o® ■t'VoO®*) -t.”) 

+'jY‘®* +•••) + ••• • 



*] CONVERGENCY 

Ex. 4. Prove that the series 


1 


,21 2 7 I 2 J 27 33 


1 2 J 

re + -8~ • 


- _ I 2 1 2 7 3 3 3 0 I 

IT • + -ff- • re ■ 2 T ■ • 


is a binondal series, and find its value. (L.U., Sc.) 

Suppose the first three terms to be the expansion of (1 +x)”, 

then 


nx 


and = V 


2 7 

riT* 


Substituting the first in the second, then ( V)* = • re* 

from which x = - 1 ; inserting this value in the first equation, 


n~ 


Now = i +(- ;)(-!) 




-7(_^_1)(_7_2)(. 

14 


, 7 _ 


3) 


(-1)^ + ... 




2 1 2 7 i *1 j. 2 1 2 7 ‘i 3 3 ft 
- Tg- ' 2i ^ “ - - 


re • 24 • re + •” > 
which shews that the given series is the expansion of 
and its value is therefore (|)'^ =4^ = 128. 


4. Convergency. By the binomial theorem, 

1/(1 -x) =(1 -x)“^ = l + x + a:^+x® + ...+x’' + .... 

Put x = 5, then -0-25 = 1 +5 + 25 + 125 +625+... , which is 
obviously untrue, since the greater the number of terms taken in 
the series, the greater their sum will be, so that ultimately, as the 
number of terms tends to be infinite, the sum will tend to infinity. 
Such a series is said to be divergent, and is useless for practical 
calculation. 

Now let x=0-2, then 1-25 = 1 +0-2 + 0 04 + 0-008 + 0-0016 

+.0-00032 +... 

= 1-24992, taking six terms only. 

By taking more terms it will readily be seen that the sum gradually 
tends to the value 1 -25 ; such a series is said to be eonveigeitt. 
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and for purposes of calculation, it is essential that the series 
employed be epnvergent for the required range of numerical 
values. 

An infinite series is thus convergent when the sum of n terms 
tends to a definite value as n is indefinitely increased. 

5. D’Alembert’s Ratio Test for Convergence. This is one of the 

most effective tests for convergency, and may be stated as follows : 
If Wj + U 2 + W 3 + . . . + ?f„ + . . . be an infinite series, then it will be con- 
vergent or divergent according as the Lt (u„+j/m„) is numerically 

n->'aO 

less or greater than unity. Should this limit be unity, some 
further test is needed. 


Ex. 5. Find the range of ralws for irhich each of the following 
is valid, i.e. convergent, and therefore legitiynate. for purposes of 
calculation. 


(а) The expansion of l/(a - bxY, tchere a, h, p are positive. 

( б ) The series ivhose nth term is ] »t - 1 . 

Hence, from (a), itulicate how {PIQ)" mag be calculated when P 
and Q are positive and nearlg equal, and illustrate the method when 
P = 13-64, g = 13-75 and n = i. 

(a) 1/(0 - 6 x)*’ = ^l a”. 

Write p for bja which is positive, then if u„+^, u„ be the (»i + l)th 
and nth terms respectively in the expansion of (1 - px)~^. 


Wn+1 = 


-y(-p-l)(-p-2)...(-p- w + l) 


i-px)”. 


and 


_ - p { - p - 1 ) ( - p -- 2) ^ ( - p~n + 2 ) 


.{-px) 


n-1 . 


• “"+1 


-p-n4-l 


{-px) = 




[ 


-t- 1 > px ; 


Lt Lt (P--- + l)px = px. 

n->» n-^oo\ ^ / 

Hence, for convergency, px<l, or x< , 


i.e. x< 
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Similarly for {a-vhx)~^, Lt u„^jun= - ij-x. The sign, how- 

ever, may be neglected, since the limit of the ratio must be 
numerically less than unity ; hence the expansion of 

will be valid as long as a; < * 

(b) Since M„=a:""Yi **'■!> w; 

Lt = Lt ^ =0, for all finite values of x. 

ji -yoo li 

The series is convergent for all finite values of x. 

Since P and Q are nearly equal, let P — Q±i^, according as 
P< or >Q, then PIQ = (Q ±n)jQ =^1 ±)ijQ. 

Now so that /JijQcil, hence the expansion of 

(PiQr^(i±,pQr 

is valid, and may be employed for the calculation ; thus, with the 
given values, 

(P/^)n = (]3-64/13-7r))i ==(1 -0-ll/13-75)^=(l -0-008)^ 

= 1 -1 (0-008) - :.jA(0-008)2 - , 't JO-008)® - . . . 

= 1 - 0-002 - 0-000006 - 0-000000028 - . . . 

= 1 — 0-002006 . , . = 0-997994 to six figures. 

6. Partial Fractions. Let f{x) be a rational algebraic fraction 
which may be written in the form (l>{x)/il'{x) ; then, if (i) is of 
a lower degree in x than \f(x), and (ii) ^(x) is resolvable into real 
factors, f(x) may be expressed as an algebraic sum of simpler 
fractions, each having as its denominator one of the factors of 
i/(x). For a ])riine factor of i/y{x) of the nth degree in x, the 
numerator will, in general, be of the (n - l)th degree in x. 

When </>(x) is initially of the same or higher degree in x than 
xfix), it must first be reduced by division. 

This process is known as splitting a given fraction into its 
partial fractions, and is of great importance in Integration, (Sec 
§ 38, p. 111.) It is also of use in expanding algebraic fractions 
in series, as is iUiistrated in Ex. 6. 
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Ex. 6. Resolve into 'partial fractions : 

. . 4a^-12x + 13 3(4a;® + + 6) 

W 4^2—163: + 15’ ^ ^ x{2x^ + l)(x^ + 3)' 

(a) Since the numerator is of the same degree in x as the 
denominator, 

by division, 

4r*-12a: + 13 4x-2 4a" -2 

4a:2-16a; + 15 “ ^ ^ (2x - 5) (2x - 3) ' 

Now suppose 

4a;-2 A B 

(2x-5)(2x-3)~2x-5'^2x-3’ 

where A and B are constants to be determined, there being no x 
in the numerators because the denominators are of the first 
degree in x. 

Clearing ofi fractions : 

. 4a;-2=J{23;-3) + 5(2j:-5). 

This is identically true for all values of x ; to find the constants, 
it is therefore only necessary to give x any two values in order to 
obtain two equations in A and B ; thus suppose x = 0, and x = l, 
then 3^ +5jB = 2, .4 +3S= -2, giving .4 = 4, B=-2. 

It is shorter, however, to give x those values which make each 
of the factors of the denominators zero in turn ; thus, if 

x = l-5; -2B=\i, or B= -2, and if 

z = 2-5; 2^=8, or ^4 = 4. 

When the factors are not all linear, it may bo very difficult to 
apply this method, and in such a case A and B must be chosen 
by making corresponding coefficients on either side of the identity 
equal ; thus 

4x - 2 = 2(^ +B)x- (3.4+55), 
so that to fulfil this condition 

2(A+B)=i; 3.4+55 = 2, 

from which .4 = 4, 5 = - 2 as before. 

It may, indeed, often happen that some combination of all the 
above methods may be necessary. 

4x®-12x + 13 4 2 

4x® - 16x + 15 ^2x-5 ^-3 


Hence 
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(b) In this case, the prime factors of the denominator are 
X, + 1 , and + 2 ; hence the corresponding numerators must 
be of degrees 0, 2, 1 in x. 

3(4cc3+a;2 + 5) Ax^ + Bx + C Dx + E F 


Let 


x{i:^ + \)(x^ + 2>) 


x^+3 ^ a: ’ 


2a;3 + l 

where A, B, C, D, E, F arc constants to be determined. 

Clearing off fractions ; 

12a;3 + 3a^ + 15 = (4x2 + Bx + C) (a;2 + 3) a: + ( Da: + £) (2x® 4- 1) X 

+ F(2x3 + l)(x2+3) 

= (4+2D+2F)x5 + (B + 2£’)x^ + (C' + 34+6F)x3 
+ {3B + D + F)x^ + (3C + E)x+3F. 
Since this is identically true for all values of x, 

3F = 15, F = 5. 

3C + D = 0, 

3B + D + F = 3, 3B=-2-D. 

C + 34+GF = 12, 0= -18-3A. 

jB + 2D=0, 

4+2D + 2F=0, /. 4=-10-2D. 

The first equation gives the value of F directly ; to solve the^ 
remaining five equations, insert the value of F and add them ; then 

4(A-hB + C)+3(E + E)= -30. 

Expressing A, B, C. E in terms of D, 

_40-8D-.:((2 + D)+48 + 24D*+3D-108-54D= -30; 

so that D = - 2, and 4 = - 6, B =0, C =0, £ = 0. , 

3(4x2 +x2 +5) 5 2x 6x2 

x(2x2 + 1)(x2+3)"'x“i2+1~^2+T‘ 

Ex 7. Resolve ,, \ ’partial fractions ; state the 

(4x“ + 3)(5 -3.r) 

condition Omt the fractions can he expanded by the binomial theorem, 
and, assuming this condition is satisfied, find the expansion as far 

43X + 13 _4^B C . 

(4x2'+3)(5-3x) 4x2 + 3"5-3x’ 

43x + 13 = (5 — 3x) (Ax + B) + (4x2 + 3 ) . C 

= (40 - 34) x2 + (54 - 35) X + 5B + 3C. 
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Hence, 4C- 3^1=0, 5yl-3if = 43. 5R + 3C = 13, 
which, on solving, give : ^=8, 5= -1, 0 = 6. 


43j: + 13 _ 8r-l 6 

• • {4.t 2 + 3) (5 - 3.r) " 4x^ +3 + A- 3x ‘ 

Now = +.iA-)-‘ = ’(8x-])(l f ...), 

By § 4. the series for (1 i.s Viilid if ‘.r- 1 , ?.c. r C 
or X <0-866, and the series for (l+.;.f) ’ is valid if .;,r<l, or 
x<l-67; hence both series will he valid if x< 0-866; assuming 
this condition fulfilled, the giv('n fraction 


_ 1 3 
”1,5 


. 25 4 , . 986 ,2 

■•75 ^ + 1123 ’^ 


+ . . . . 


The expansion may also he obtaim-d without first resolving 
into partial fractions, by a din-ct ajiplieation of the method of 
undetermined eoelficients ; tlms, let 


(43,r + 1 3), (4,r2 + 3) (5 - 3,r) = ,1 + Bx + Cr^ Rr^ \ 

where A, B, 0, D are eoellicients indej)endent of .r, whose values 
are to be determined. 

Multiplying throughout by (4.c- a 3) (5 -3.r), 

43x + 13 = (4x2 + 3) (5 _ 3^) ^ -i-Bx + (U- ) /l/-^ + . . . ) 

= 15.4 -^(15R-fL4)x + (ir)(7-;t/i^ 20J).r2 + ... , 

This must he identically true for all values of x ; hence, ('quating 
corresponding coefficients ; 

1.5.4 =1.3, 1.5/i-<).4 =1.3, 15(;-D/1 ; 20.4 -0. 


Solving for A, B, C : 

.4 = ; A R-Vs'. ( 

hence the first three terms of the e.x[ian.sion arc 


1 G S *. 

1 J -J .5 


as before. 


1 3 I 354, i 986 ,2 
15+ *76 * 1 125 


7. Summation of Simple Series. Many iilgebraical series may 
be summed by the methods of undetermined coefficients and 
partial fractions, the former being most useful when the terms 
are whole numbers, and the latter when the terms are fractional. 
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§ 71 SUMMATION OP SERIES 

The following inijjortant results are quoted for reference. 

(i) Arithmetical Progression. 
a + (a + d)+(a42d) + ... + a t(n-l)d -”: 2 a + (n -l)d}. '| 

When a -d -1, /• 

Si = l+2-(-3+...-fn.-“(n + l). j 

(ii) Qeometrical Progression. 

(I t”) 

a f ar + ar^ + ... ' ar" ’ - a-, ■ I 

1-r I 

When - 1 < r < 1, 

a + at -f ar" 1 . . . to inflnity - j • j 

It should be noted tliat this infinite o.p. is really the binomial 
expansion of ofl - ; lienee the restriction on the value of r. 

E.r. 8. SiitH to ti ienn.-i each of the .scru'S 
(u) 1^4 2“+;3‘'^ + ... , 

{h) T'r2'’+3=' + ... , 

(c) 1 .;3,5 + 2.4.r)^.3..‘).7 + ... . 

{(i) Denote this sum by *8) ; it will obviously he a function of ii. 
Assume that + 4-.Ut^ +... . 

where the vl’s are numerical eoellieients to be determined. 

Change n into a t- 1, then 

.S,4-(n-f 1)‘-=.1„ ■ ‘ + ■ 

by .subtraction, 

(;i 4 1)2 = 4-1) +J,(3o- + 3u 4 1). 

This must be identically true, so that all the coefficients after A, 
vanish, since the liighest power of a on the left-nand side is ii , 
hence, equating corre.si»ouding eoellieients, 

3.1, -1; 2A., + 3A,^2: A,+A,+A, = l, 
from which A., = ], Ai='j. 

When « = 1. *S,, = 1; Aa + A,+A, + A,=^l, giving A^^O ■ 
hence i ,,(2,^2 + 3/r + 1), 

Sa - V r= ^ Jn(n 4- l)(2n 4- 1). 


so that 


(5a) 
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(?>) Let (S3 denote this sum, and supjHJsc 

S. — Aq +AiH + A.^n’^ + As^^ + A^u* + . . . ; 

then proceeding exactly as in (a), the following values are readily 
obtained : 4_4_i. 4 ■ 

'S3 = ;i»i^+iw^ + = + 1)^, 


hence 


S3 = Vr' = in*(n+l)“ = Si^ 
1 


(c) The rth term of this scries is r(r + 2){r + 4) + 6r^ 4-89'. 

/. Sum of n terms = ^ (r^ + 6r* + 8r) = 8 ^ + + 8(83 

1 

= \n^{n + \)^ +n(n +1) (2n + 1) +4n(n + 1) 

= ]n(n +l)(n +4)(n +5). 

Ex. 9. Prove, by the series in each case, that 

(“> i-3*3‘5+5‘7+- “ “™‘-2,r;r 

\ j— ^ ^ >'2 

aiid (6) \ -x + ^lx^ to infinity (1 + 
provided x<]. 

(a) The nth term = = i f „ * 1 - ^ ' 1 ) ' 

(2n-l)(2n+l) 2V2n-l 2n + l/ 

1st „ 

2nd „ 

3rd „ 


nth „ =. 


2\2n-i 2n + l 


Hence, on adding, 

sum to n terms = 1 f 1 - s— - , ^ 
2\ 2n + l/ 


n 

2n + 1 " 


(6) Let S denote the sum, then 

(S = 1 - X + 2x® - 3x® + 4x* - . . . , 
XiS = X — 4 2x® - 3 x* + . . . . 


and 
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By addition, 

(1 + - ... 

= (1 -X + T^ +x* - ...) -^ £ 

-(I +x)'* +x, by (3). since x<l, 

= (] +x + a:^)/(l +x). 

.-. S = (l+x+x2)/(l+x)2. 

This result may readily bo verified by expanding (1 ^x)~~^ by 
the binomial theorem, and multiplying the series by (l+x fx*), 
the product being the given series. 


Exercise.s 1. 

1. Find the middle term in the expansion of / 2a: * ~ | . 

2. Expand (I + 2a: + la:")* as far as a:^. 

3. Find the coefficient of x’ in the expansion of (l + a;+ x* + a:®)*. 

4. Determine the coefficient of a:® in the ex])ansion of { 1 + a: - 2a:*)'®. 

5. Use the bjnomial tht-orem to expand (1 ^/xr t-r/a:*)^ in the form 

1 + ((,a; + ajj* + a,,af’ 4 (i^x* 4- . . . . Pi ove that 4- 4- = 0. 

(IjO. U.. Se.) 


6. Explain how the value of the expression (p/g)" can be determined 
to any desired degree of accuracy by the binomial theorem, if p and q 
are nearly equal. 


Evaluate 


V 


32 13 
32-20 


correct to seven figures. 


(L.U.) 


7. Shew by the binomial theorem that 

(,'),)■ -0-9191662. 

8 . Shew that, in the expansion of (a + b + c)", there will be three 
terms whose sum is 

71 {n - l)(j6c(ff”"* ^ 6"'® 4 - c"“®). 


9. If X be BO small that its cube and higher powers may be neglected, 

prove that n - .5x1 ’ 4 fl - ‘^x)-' 

(1 .ox) 4(t x) _2+H|;x+Y^J^V=®’• 

(l-3x)- 


10. Verify that, if .r is large compared with y, the two expressions 
X - y*/2x, X - y*/2x are approximations to vV* - y-, proving that 

the first exjiression is greafer than, and the seco nd le as than n^'x* -y*. 

By using the first apjiroximatiou calculate \T>63 \ 567, and give an 
estimate of the magnitude of the error. (B.U.) 
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11. Prove that, when x is small, an approximate expression for 

(B.U.) 


(1-x) = -(] +x)- . 

6+9.r- " + 


12. Provo that 


1 +a; 


= l + 4a;+9a:“ t 17x®+ ... . 


(1 -x)*(l +X + X-) 

13. Aasiiminv that the series 1 -6.(M ‘2()x~ ~ r>()x^ + . . . i.s identical with 
the exjjnnsion of (1 +r.r)/(l 4 -rt.r determine r;, h, c. (Be. U., Sc.) 


14. Prove that the series 

1 - 1 + 1 . 7 - . V . It +•■■ 

is a binomial scries ; prov'e that it is convergent, and find its value. 

(L.U.) 

15. Prove that 32=1 C’ -> ■ T,- + 15 • Ti’ • iii Sc.) 

16. Shew from the binomial theorem that the series 

1 _ I _ 1 _ ■> _ 

'■ •< rt| !.■>:. I', 

represents the cube root of 0-625. Find the ne.xt term and calculate 
the cube root to five significant figures. 

17. Obtain the first four terms of the exjiansion of (A^'+a)^ by the 

binomial theorem, where a<y^; hence shew that A'. is an 

, 5,Y“ + 2a 

approximate value of (iV® t a)*. 

Deduce that the difference between (100100)' and is of the 

order 1/10^“. (L.U.) 

18. Identify the series 1 + + if . ,~..x^ + H . 4 ... as a binomial 

expansion, and find its sum to infinity when j:=rt. (L.U., Sc.) 


19. Sum the series 1 + f . 1 j + . ■ . . 


If (l + x)"— ,4o + AiX+. 42 ^°+ • + prove the following properties 

of the coefficients : 

20. Ao + Aj + A2+... + A„- 2”. 

21. t-Aj + A4+ ...=-Ai+Aj-i-A^+... . 

22. Ag^ + Ai^ + A^n ... + A„^^ 2n/(jj)*. 

23. /lo^i + >4iAj+ A 2 A 3 + ... I A„ jAn- 2n:'{ n-l.'n+l). 
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24. lixpiind I ^ in asnonding jtowcv.s of .r, and find the sum of 

the first n coefficients. (L.U., Sc.) 

ii-x 

25. Resolve - — - into partial fractions. 

State the condition tliai the fractions can be expanded by the 
binomial thecjreni, in a series of ascending powers of x, and assuming 
this condition fulfilled, write down the expansion as far as the term 
involving (L.U.) 


(1 + r r .t-)(l + r)- 

I I .l~ 


26. Shew that v ■ - ' m * ■ - ; l+dr t 

if powers beyond arc neglected. (L.U.) 

1 4 r f 1 !) 

27. Resolve into partial fractions; hetrce expand the 

(4.C 2) ‘ ^ 

fraethjn as far as .r'K and state the condition that this expansion should 
be valid. 


28. Kxpn'ss the fraction 

tions. Deduce the 
of and .stato the value of ./ foi uhich fh 


as th(' sum of partial frac- 


X 

(l-^2r)^(l .V) 

hciies for the given fraction in ascending poueis 
seric,s is convergent. 

(L.U., Sc.) 


2 • .{.r 

29. Exj)resa ,, in jiartial fractions. Under what con- 

ditions may this function l)e exjtanded in a series of ascending powers 
of X '! Find tiie cocliu ient of in the expansion. (L.U.) 


30. Shew that the sum of the first ii even numbers Ls equal to 

f ^ j times the sum of the first ti odd nnnibers. 

31. I’ rove that tlie sum of the lirst ii odd integers is n'', and that the 
sum of the scpiaies of the lirst ii odd integers is \n(4ii“- 1). (M.U.. Sc.) 

32. Kind the sum of ii terms of tlie series 

I- , 2- + ;{-+ ... . 

A pile of shot i.s arranged in an inconijilete pt ramid whose base* is 
an e(|uilateral triangle. If each side of the ba.se contains 30 shot and 
each side of the toji layer roDlaiiis 10 .shot, find the number of shot in 
the pile. (L.U.) 


33. ISum the series 


m2n3''-r... • /ri. 
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Sum each of the following scries : 

34. 1 . 2*+2 . 3“+3 . 4“+ ... to n terms. 

35. Prove that the sum of n terms of the series 

1.3 + 2.4 + 3.r) + ... 

is «.(n + l)(27i + 7)/6. 

36. 1.2. 3 + 2 . 3 . 4+3 . 4 . 5+ ... to n terms. 

37. + .-_+... to w terms. 

1 . d 3.0 5.7 


[CH. I 


(S.U., Sc.l 
(L.U.) 


(L.U.) 


38. Prove that the sum of n terms of the seiies 
1 1 1 
1 . 3 '^ 2 . 4 ''' 3 . 5 ''‘"‘ 


is Jw{3« + 6)/(7i- + l)(a + 2), and that when n mcieases indefinitely the 
sum approaches the value 3/4. (^.U., 8c.) 


30. 


, 2'^8 


5'^ir 


to n terms. 


(L.U., 8e.) 


40. l + x(l + x) + a:*(l + x+a:®) t a:*(l + x+a:®+aH’)+ ... to infinity, when 
x<l. 


41. Shew that 

l + 2x+3x“ + 4x^+ . 


to n termB= 


1 - 


(n+l)x” + wx"+ » 
(1-x)* 


and verify it w’hen w— 3. 



CJHAPTER II 


DETERMINANTS AND THEIR APPLICATIONS 


8. Solution of Linear Simultaneous Equations. The solution of 
the system of linear equations ; 

ax +by +c=0, 

fx + qii+r=0, 

is easily found to be 

x -={hr- qc)l{aq - hp) ; y = (cp - ar)l[nq - hp), 
which may be written 

a: _ ?/ _ 1 

hr-cq~ cp-ar~ aq~ bp’ 

and the denominators, being of the same form, may each be 
conveniently represented symbolically, thus : 


aq -bp ^ 


a b 
p q 


The riglit-liand jnember of this identical equation is called a 
determinant, whilst the left-hand member is known as the develop- 
ment or expansion of the determinant. The numbers «, 6, p, q 
are called elements, and since each terra in the expansion is the 
product of two elements, the determinant is said to be of the 
Second Order. 

The expansion of a determinant of the second order is therefore 
formed by taking the product of the elements on the diagonal 
passing downwards from left to right and subtracting from it 
fhe product of the elements on the other diagonal. 
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Represoutiiig the denominators of x and y in a similar manner, 
the solution of the equations 

ax + by + c=^0, 
px + qy +r=0, 

is given by 

= - “ - ( 6 ) 

be c a a b 

q r 1 t p 1 P q 

in which each denominator is formed by writing down the coeffi- 
cients in cyclic order in two corresponding rows, when the terms 
involving the numeration are deleted. 

The principle of cyclic order implies that b follows a, c follows b, 
and a follows c, as in moving round a circle upon the circumference 
of which the coefficients a, b, c are placed. 

Ex. 1. Expand the determinants ; 

(a) i 8 5 (6) I a + h 2b \ 

I 9 G I 2a « -f h I 

and (c) solve the equation 

lOx 5| = jx -3^. 

-9 2xj j 17 7 1 

(«) 8 5 ; = 8. 6-5. 9 = 48-45 = 3. 

9 6 I 

(h) |a-h6 2h , = (a + - 4«6 = (a - b)®. 

I 2a a + h 1 
(c) The equation 

I lOx 5 = I X - 3 I becomes, on expansion, 

I -9 2x ! 17 7 I 

20x2 + 45 = 7x + 51, 

or 20x®-7x-6=0; 

i.e. (4x-3)(6x-i-2)=0, 

giving 


x==0’75 or — 0 4. 
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Ex. 2. Solve the equation 

8x-y== - 25, 5x + 2y = 29 
Arranging the equations in proper order, 

8x- y+25=0, 

5x + 2_?/-29=0; 

. a: _ 1/ _ 1 


- 1 

25 1 1 

25 

8 

! 1 8 

-l’ 

2 

-29, 1 

-29 

5 ’ 

1 3 

2 


X _ 7 _ 1 

-21“357"21' 
x=_l, y = 17. 


9. Equations in Three Unknowns. Consider the simultaneous 
linear system ; ax ^by + cz+d=0, 

+fy+gz + h^0, 
px + qy + rz + s=0. 

Solving these by the ordinary process of ehmmation, 

X = (bhr + cfs+ dgq - bgs - chq - dfr)jH, 
y = (chp + der + ags - ahr -ces- dgp)IH, 
z = (bes + dfp + ahq - afs - bhq - deq) jH, 
where H =afr + bgp +ceq- cfp - agq - ber 

= a{fr-gq)+b{gp- er) +c(eq -fp) 

=a f g +b g e ^+c f . 

‘ ,q r r p \p q' 

Following the analogy of § 8, however, H may be represented 
symbolically by the determinant 

a b c , 
e f 9 

p q »• 

which is of the Third Order , so that 


a b r \ 

=« 1/ q 

+ 6 

g f 

+ c 

c / 

e f <1 

q » 


r p\ 


p q 

p q > 
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Thus the coefficient of a is the determinant formed by deleting 
the row and the column in which a lies. Similarly for b and c, 
provided the elements on each row are taken in cyclic order. 
Each of these second order determinants is called the minor of 
the element which multiplies it. 

Taking now the numerator of the expression giving the value of x, 
bhr + cfs + dgq - bgs - chq - dfr = - h (gs -hr)-c {hq -fa) - d{ fr - gq) 
= -h g h -c\h f -dj g'=- b c d . 
r 8 6 q \q >■' f g k 

q r s 

Similarly the numerators of the values of y and c may f)e 
expressed as determinants; lienee tlie solution of the equations, 
ax + by -rCZ-{-d = 0, cx +fy +gz-i-h~0, px + qy 4 rz -f s = 0, 
may be written in the form 

( 7 ) 

bed 'eda 'dab 'abc 

fgh ghe bef efg 

;qrS) irsp spql pgri 

the denominators being formed in precisely the same manner as 
in the case of the equations of § 8 ; the signs, however, are alter- 
nately negative and positive in order to preserve cyclic order. 

A determinant of the third order may be easily expanded by 
the Bole of Sarrus. Thus repeating the first two columns of the 
determinant on the left, the exjiansion may be written down by 
taking the algebraic sum of the products formed by the elements 
on each of the six diagonals shown, the [irnduets taken downwards 
being positive, whilst those taken upwards are negative. 

-Pp ~ 

/ / /' 

O' b'. . c /a b 

e >' .e / 

J>/ q/'''.r p q 

+ afr + bgp + eeq. 
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hx. 3. Expand each of the determinants : 


(tt) 

1 

6 

7 

> (b) 

1 

sind 

2 


2 

5 

8 


sin 0 

1 

CO.S 0 


3 

4 

9 


0 

cosd 

1 

(«) 1 1 

6 

7 

1 

= 1 

j5 81 

4-6 1 

8 2 

4-7 ! 2 

2 

5 



4 9 , 

1 

1 

9 3 ' 

I 

3 

|3 

4 

9 1 







= 13 -t 36-49=0. 


Or, expanding by the rule of Sarrus, the given determinant 

==1.5.946.8.34-7.2.4-3.5.7-1.8.1-9.2.6 
= 45 4-144 4-56-105-32-108 = 0 . 

(b) Similarly 

I 1 sitny 2 j = 1 4-0 4- 2 sin 6 ^ cos d — 0 — 008 ^ 6 ^ - sin* 6 ^ 

I sind 1 eos(i 

0 cos d 1 = 2 sin 0 cos 0 = sin 2 d. 

Ex. 4. bohw hij d(’te) niiiuDili, the equations 
4x4- ^4-22-15=0, 

2>x-2y- z- 7=0, 
t X 4" — 32 -t 10=0. 

Since the equations are written in jiroper order, the solution 
may, by (7), be written down in symbolic form, thus : 


- X 

y 



- 2 


2 -l.'m^' 2 

-15 

4 ' 

-15 

'V 

1 

-1 - 7 I ' -1 

-7 


- 7 

3 

-2 

-3 10 j ,-3 

10 

7 

10 

7 

3 





1 





:”4~ 

1 




1 

3 - 

2 

-1 


17 3-3 

which becomes, on expanding the determinants : 

j _ »/ _ 2; _ 1 

168 '' -^252 “ 420 “ 84 ’ 

X = 2, y = — 3, 2 = 5. 


giving, 
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10. General Solution for n unknowns. The method of solution 
by determinants is applicable in precisely the same way to any 
system of homogeneous linear equations. Let 

UjjXi 

®21®1 “^^22^2 ■t®23^3 "t--* H'U2n2'n +^2 ~0, 

®nl^l "tUdoXg +fln3®3 +••• ~^^nn^n "t 

be a system of n homogeneous linear equations, then the solution 
may be written in the form 

*1 _ *2 _ Jfi *4 _ _ i r«\ 

(-l)"Di d; (-1)”D, D. - Do 

where is the determinant of the coefficients, when the column 
of absolute terms is deleted, and (r = 1, 2, 3, ... n) is the 
determinant formed by the coefficients when the column of terms 
involving x, is deleted, and each row is written in cyclic order. 
Each of the determinants will be of the nth order, and it becomes 
necessary to examine briefly the principles upon which a deter- 
minant of a higher order than the third may be expanded. 

Ex. 5. Cite the chief properties of the determinant 

I Ol ^2 fls • 

I 1^2 hg 

I Cj Cg Cj (L.U.) 


«1 

«2 



h 

+ (*2 ^3 

fci 

+ 03 

h 

62 

h 

Cl 

^2 

Cg 

63 

Co 

1 ^2 

^3 

^3 

Cl 


Cl 

Cg 1 


— Uj (f*2®3 ^ 3 ^ 2 ) ®2^3^1 “ ®2^1^3 ®3^1^2 ~ ^3^2^ 

= a^lbnC^ — igCg) -I- bi (Cjfl-g,— CgW.g) + Cl (® 2^3 ~ ^3^2) 

= bi Cl . 

02 62 ^2 

03 ^3 ^3 1 

Hence (i) The value of a determinant is unaltered by changing 
oolunms into rows, and rows into columns. 
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The above expansion may also be written 

- - 63(^1) +a,(ft3C2 - 62P3) + £13(62^ - 61C2)} 


= — Oj ai £<3 j , 

63 ^3 

Cj C3 

so that (ii) The sign of a determinant is changed if two rows or 
columns are interchanged. 

Again, from the a))ove expansion, it is readily seen that if 
fl'3 = ff2i ^ 3=^2 '"3- '"2> value becomes zero, so that 

rtj ttj <'2 

j ^>2 l >2 ' 

I Cj C2 C2 I 

Hence (lii) When two rows or columns are identical, the deter- 
minant vanishes. 

Now let Oj, Cj, be replaced by ma^, mh^, mc^ respectively, 
then it readily follows from the expanded form, that 


i 1/(0; Oj U3 = in j Uj a.j 

1 mhi h., i>.) I hi j 

I I 

I mci Cj C3 I Cl Cj Cj I 


Hence (iv) The effect of multiplying each element of a row or 
column by a given factor is to multiply the determinant by that 

factor. , , , , 

Further, let = Uj + p, 6, =,«, ^ q, c^ = 7i + r, then the expanded 

form becomes 

+ + c,q - hp/i - bp-) 

~ ~ h Pi) + ^ iibayi ~ ~ ^2^ i) 1 

+ {pyb./'j — bjC-i) 1" ^'2(^3*" “*■ ~ ^2' ) 1 > 

which is the sum of the expansions of two determinants of the 
third order ; hence 


Oi + P 

<h 

rt> — 

1 

«> 

«3, 

+ 1 

P 


«3 


bi 

K ' 

I/A 

&2 

b, 1 


<1 



Yi + r 

^'2 


1 Ti 

^2 



1 

^2 

*"3 ! 
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so that 

(v) When each element of any row or column consists of the 
algebraic sum of two or more terms, the determinant is equal to 
the sum of two or more determinants, each of whose elements 
consists of a single term. 

From this property and from (iv), it is easily seen that 

aj+pag-yU;, Oo «3 

bi+ph-qb^ h, 6.5 

\Ci+pc.^-qc^ c. cj 





a.. 

ffj +p,0,> (1, 


- ? 1 «3 

(I.J, 




K 

63 j h, K 

h. 

0 ' 

h. 

b. 

b. 



c., 

C3 I c, c. 

'3 ’ 

i ''3 

e.. 

C3 

= 


a., 

% ' 5 






w 

h 







Cl 


^3 1 






since the last two determinants vanish by (iii). 

Hence (vi) When equimultiples of the elements of one or more 
columns or rows are added algebraically to the corresponding elements 
of another column or row, the value of the determinant is unchanged. 

11. General System in n Unknowns. The properties established 
in § 10 for a determinant of the third order are quite general ai\d 
apply to determinants of all orders. For a determinant of the 
nth order, expansion may be effected by minors. Tims h-t 


D — I a jj 

«12 

^13 •' 

(1 

®21 

«22 

023 •• 


«nl 

®n2 

<I„3 .. 

(7, 


then a first expansion is given by 

D ~ ^13^3 “ • * ' S" ( 1)® An, (9) 

where (r = l, 2, 3, ... n) is the minor of «,r, a determinant 
formed by deleting the row and column containing and writing 
tfhe rows in cyclic order. Eacli of the minors is of tlie («. - 1 )th 
order, whilst D is of the nth order. In ])ractice, a combination 
of this rule and the six properties c.sfcablished above is employed, 
as the next example will shew. 
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Ex. 6. Solve the equations 

16x-12fy+ 72 + 15 w + 3=0, 

22x - + 32 + 11 w + 2=0, 

7().r + l()//-llz-t 16 m; + 4 = 0, 

- 6x - 38// + lOz + 1 ‘Jm; + 5 = 0, 

bi/ first fiiidiitq r, aod using this rohte to reduce the system to three 
simulto neons equations. 

The value' of x is given by 

r _ 1 

D.-Dfi 

where' 


ili= 1-12 7 

15 

3 1 anel !),.= , 16 

-12 

7 

15 

1 - 3 3 

11 

2 1 22 

I 1 

•> 

— O 

3 

11 

10 -11 

16 

1 1 76 

10 

-11 

16 

-38 10 

1') 

s' 1-6 

-38 

10 

19 

Taking tin' forme 

r, 





7;j= -12 + 11 

7 

15- 15 3 1 by (vi) 




- 3 + 6 

3 

11-10 2j 




; 10 - 22 - 

-11 

16-20 1 




-38+20 

10 

10-25 5i 




= 27 

u 

3 =12 0 

0 3 



3 3 

1 

2 13-5 

1 2 



-12 -11 

- 1 

1 1-12 !> 

-4 4 



-18 10 

-6 

5 ' -18 11 

-6 5 




on takina tlie i'Utii of t\\ ice' the first colmnn anil the fourth column 


frenn the' m'I' 

onel c 

oinnm ; 







= 2 1 

- 5 

1 

2 -3 

3 

- 5 

1 

1 




9 

- 1 

1 

-12 

9 

- 1 





11 

-6 

5 

-18 

11 

-6 




tU 

0 

1 

0 9 

1 

-5 

1 ! 

= 2 ' 

1 

12 

13 'f by (iii) 


13 

-4 

12 

- 1 

9 


1 

1 

17 

45! 


15 

-6 

17 

- 6 

41 

-6 




= 2 

i 12 

1 = 

= 638. 








17 28 i 
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And Dg = 2 


8 

-12 

7 

15 

= 2 

15 

3 

- 5 

15 

11 

- 3 

3 

11 


14 

8 

0 

11 

38 

10 

-11 

16 


27 

26 

- 1 

16 

- 3 

-38 

10 

19 


7 

-19 

-28 

19 


on adding columns 1 and 3, 2 and 4, and 2 and 3, 


15 

3 

-15 

15, -'1 

0 

3 

0 

0 

14 

8 

0 

111 

- 26 

8 

14 

11 

27 

26 

- 3 

16 1 

-103 

26 

24 

13 

7 

-19 

-84 

19 i 

102 

-19 

-77 

-65 


on subtracting 5 times column 
columns 1 and 3, and 3 and 4, 

= -2 


2 from column 1, and addini 


- 1 

-66 
- 10 


= 2 


= 2l 


35 

23 


14 

11 

- 26 i 

I 

= -2 

i ^ 

11 

24 

13 

-103 I 


' 11 

13 

-77 

-65 

102 


-12 

-65 

3 

2 1 

,=2 1 

0 

0 

1 

11 - 

20 66 

[ 1 

-35 

-152 

66 

12 - 

29 40 


-23 

-.109 

10 

1 152 

[=2,35 12 1 

= 2 

- 1 

12 --( 


638. 


109 


23 17 


-28 17 


Hence, 


x=Di/Do = l. 

Inserting this value in the first, second and fourth equations, 
the system becomes 

-12i/+ 72 + 151/; + 19=0, 

- 3y+ 32 + llte + 24 = 0, 

-38y + 102 + 19?c- 1=0, 
the solution of which is given by 


-y _ z 


7 " 

15 

19 

I 

15 

19 - 

12 1 




3 

11 

24 


11 

24 - 

3, 




10 

19 

-1 


19 

-1 - 

:38 1 









- ?/' 




1 






19 

-12 

7 


-12 

7 

15 





24 

- 3 

3 


- 3 

3 

11 





-1 

-38 

10 i 


-38 

10 

19 
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Now 


7 

15 

19 

= 7 

1 

4 

=: 

7 

1 

0 

3 

11 

24 

1 3 

5 

13 


O 

o 

5 

- 7 

10 

19 

-1 

1 

-1 

-20 


10 

-1 

-16 


0 

1 

0 

= 

- 7 

-32 

-32 

5 

-7 

1 

-16 

17 

17 

1 

-16 





By similarly developing the other determinants, 

»/ _ 2 w 1 

631 “ ^262 ^ ’ 

so that y = - 1, z = 2, w = - 3. 

These values also satisfy the third equation, so that the com- 
plete solution has been found. 

12. Elimination. When a system of linear homogeneous 
equations contains more equations than there are unknowns, it is 
not, in general, possible to find values of the unknowns which will 
simultaneously satisfy the system when all the equations are 
independent. 

When a complete set of values does simultaneously satisfy a 
system of (m 4- n) equations in n unknowns, then m of the equa- 
tions are not independent, and the system is said to be consistent. 

Let ajX-l-hiy +CjZ-t-(fi = 0, 

rtoo: -t + CoZ -t- <i2 = 0. 

a^Jrh3y + C3Z-\-d3 = Q, 
u^x + h^y + c^z + = 0 , 

be a consistentsystein, then from the last three equations : 


-X 


y 


- 2 

1 

^2 ^2 (l<i 


Ci di rtg 

r 

di 02 hi 


0-2 62 ^2 

^8 


Ca <h ".5 

i 

d.: Os h 


^3 ^3 ^3 

hi Ci di 


Ci di U4 


di (li hi 


04 64 C4 
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Insertin}! these valiU's of x, ij, z in the first eqaatiou, and 
multiplying throughout by the ooiumon denominator witli its 
sign changed, 


i.e. 


C2 

C4 


<^2 

(Z3 

<h 



«2 

ttg 

«4 


+ Cl I dg Og 1)2 I 

J dg Ug bg j 

(U «4 i 

-( 7 j j U„ hg <"2 j 

j ('3 h <^3 I 

( 1^4 7^4 C4 ( 



( 10 ) 


This is the condition that the system siiould )>e consistent, 
hence ; 

A system of (n + 1) homogeneous linear equations in n unknowns is 
consistent when the determinant of the coefficients is zero. 

The condition (10) is also called the Eliminant of x, ;/, > in 
the given system. 


Ex. 7. Express in the form of a ileleroiinant the condition that 
the three eqvxilions 

ttiX + biy + C1Z — O, (I2X + h,2!f + C.2Z—Q, n.p' + h.pi fc-j^-O, 
should he consistent. 


5x -2x _5f/ )-z _ - 2.r + >/ + z _ 

X y z ’ 

obtain an equation f rmi which to find h. 

Solve this equation and find the mulual ratios of .r, y. z rorresyond- 
iny to the several solutions. (L.U.) 

The given system is not quite in the same form as tliat given 
in § 12, but if the unknowns be considered as ratios of .r, y, z, 
formed by dividing each equation throughout by one of these 
quantities, it immediately assumes that form ; thus, let 

u = xjz and v == yjz, 
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then the system becomes, assuming z is not zero, 

a^u+hiV + c^ =0, 

+ + C2=0, 

cgti+h.^ij + c.j=0; 

hence, by (10), the condition that the system should be con- 
sistent is 

i«.i bj Cl =0. 

} (^2 1^2 ^2 

U JJ b^ Cg 

This is till' ('liiiiinant of £, i/, z in the given system. 

In the seeond system, clear oil fractions and change x, y, z 
into u and c, as above, then, 

(5 -'«)?{ -2=0, 

([)-/■)» -1-1 =0, 

-2u + r -t 1 - /c =0 ; 

hence, if the.se equations are consistent, 


o 

1 

-2! =0, 

0 5-4 

ij 

-2 1 

1-41 

Avhieh, on e.v'iiansion, give.s 



Ai(5-/t)(4--6)=0; 

.•. k-0, 5 or 6. 

Solving the equations for these values of k gives ; 

(i) 4: = 0; u=x,z = 0-4; ?' = y/z=-0-2 

and s;y=u/e=-2. 

(ii) 4 = 5; u=oo;v=co: 

this shows that ; = 0. 

To find xjy, divide tlie equation 

-2.r-t //-l-(l ~k)z = 0 

by y ; then, since c = 0, x/y - 0'5. 

(iii) 4 = 6, u= -2, v = l, and x/y= -2. 
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Ex. 8. Determine the values of a such that the system 2x + z = i, 
ix- ay = 20, 5x + y + 2z = 7, 144x + 1284/ + a2 4-96=0, is consistent. 
Writing the given equations in standard form ; 

2x +z - 4=0, 

ix- ay -20 = 0, 

5x+ y + 2z- 7=0, 

144a: + I28y + az + 96 = 0, 

the condition for consistency is D=0, where 


D = 

2 

0 1 

- 4 


0 

0 

1 0 


4 

-a 0 

-20 


4 

-a 

0-12 


5 

1 2 

- 7 


1 

1 

2 3 


144 

128 a 

96 


1 144 -2a 

128 

a 384 


-12 

4 

-0 

1 

= 3, -4 

4 

-u 


3 

1 

1 

t 

i 1 

1 

i! 


384 

144 -2a 

128 ! 

1 128 

144- 

2a 128 1 

=3 

a-4 

4 

-a. 

= 3{a-4) 

1 144 -2a 


‘0 1 1 1 1 128 I 

! 0 144 -2a 128 

= 6(a-4)(a-8). 

Hence when D=0, 

a = 4 or 8, 

It should be observed that one of the given equations is not 
independent, for it may be derived from the others when a has 
either of the values just determined. Thus, taking a = 8, and 
multiplying the first and third equations by -.31 and 16 
respectively, and adding, the resulting equation is 

18a: + 16y + 2 = -12, 

which is the fourth equation, after inserting the value of a and 
dividing throughout by 8. (See Ex. 10 (2), on p. 89.) 
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Exekcmes 2. 


Evaluate each of the following determinants : 


1. 

1 30 

27 24 

2. 

1 

4 

27 . 

3. 

23 6 11 




|18 

16 11 


2 

9 

64 


,36 5 26 




7 

5 4 

(L.U.) 

3 

16 

125 (L.U.) 

63 13 37 

'(L.U.) 

4 . 

131 

91 47 

6. 

37 

-3 

11 . 

6. 

16 9. 




1 

29 30 


16 

2 

3 


'273 




121 

36 37 

(L.U.) 

3 

3 

-2 (L.U.) 

5 4 6 



7. 

2 

-2 

0 .5 . 



8 . 

1 

1 1 U. 




4 

0 - 

2 2 




4 

3 2 1 1 




-3 

- 2 

3 3i 




16 

9 4 1' 




1 

2 

3 4! 




64 27 8 1 



9. 

13 

7 10 

3 . 



10. 

5 

-10 11 

0 



’ 22 

4 15 

10 




-.32 

-35 34 

0 



14 

5 14 

12 




11 

12 -11 

2 



36 

0 23 

20, 




1 

5 3 

0 


11. 

1 

4 -5 

7 18 



12. 

15 

6 -7 

4 

1 * 


; - 15 6 

17 19 

1 



7 

8 0 

9 



17 11 

15 -13 

i 

1 



9 

10 5 - 44 



' 34-8 

-23 -12 

1 



8 - 

15 21 -41 



Solve, bv determinants, each of the following equations : 


18. 7.r + 5^-13=+ 4 = 0, 

9j: i- 2y + lli - 37 = 0, 

3a;- y~ -- 2 = 0. (L.U.) 

16. *+ 2y+ 3;=-0, 

4a: + 9^+ 1G~ = 1, 

27r^ 64y+125; -2. (L.U.) 

17. x+ y+ z= 9, 

2x t .5;/ ^ 72 32, 

20- 1 y - z-(>. 


14 . 7a:-3ji + 5z = 21, 

2x + 5y- z - 12, 
x + 6^ + 3z= 2. (L.U,) 

16 . x+ y+ z=l, 
lla:+12y- 7z = ll, 

37a: + 40y + 242 = 38, (L.U. ) 

18 . 3a; + 2y + 8z = 38, 
a: + 3</ + 9z = 37, 

2x+ y+ z=15. 
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19. 2a: + 5y + 3z + 4j«-23 -0, 
+ -5m! + 23- 0, 

5x — 7z + 6w — 19 = 0, 
9?/ - 8z - 7w + 77 = 0. 


20. 8x I 9,!/ -- 35, 

102/+11Z - 8, 

12z4 13«x-67, 
x+ y \ 21 - w- 9. 


21. If xr^-yr 2 +w^=Q, x-z-v-=0, u-y-v^i), xr^+zr^—E, and 
yr^+ur^=E, are five equations to determine x, y, z, u. v in terms of the 
other quantities, write down v as the qiioticnt of two determinants of 


the fifth order, and, reducing the numerator to 

a determinant of the 

third order, shew that w=0, if 




(L.U.) 

Solve the following equations : 





22. 

j X 6 

3 =0. 

23. , 

X 

2x+ I 2x I I 

= 0. 


1 X 


2x 1 1 

3x - I 4x 



1 -2 4 

X , (L.U.) 

3x- 1 

4x 6x - I 

(L.U.) 

24. 

; 8-f2x 

13 11 -0. 

25. 1 


X I 0. 



* 9 + 4x 

19 8 

1 ■ 

-13 

-7 8| 



, 17 -2x 

12 14 (L.U.) 

1 - 
i 

■35 

I 5 1 


26. 


' X C -1- x 

6 + .T 

^0. 





I c -f .f X 

a 1- .)• 






6 J- .X a — .r 

X 


(B.U., Sc.) 

27. , 


X 1 i = 0. 

28. rt 

-X 

h c d 

1 =-0. 


5 3 

65 147 

I i 

b c 

- X d a 

1 

1 

-3 5 

r\ o 

3 65 1 

e o 1 

I 

0 

2 

d a - X h 

1 _ . 



,0 -3 6 3 1 d a h c-x 

29. Shew that if the equations n -i- i- c - 0 , ju^-{ qx have a 

common root, then 

c a \ ^~ b rlxla b \ . 

I I j 

r p\ q T 'vq' 

Simplify this condition when p—c, q-b and r—a. 


30. Express, by means of determinants, the condition that the tliree 
concs 

x^ + y^-2z^-0, 2x'^-y^+z^ 0, «x“ + 6.i/“ ) rs^-O, 

should have a generator in common, and find the value of n when 
6=2 and c= -3. (L.U.) 
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31. 

Prove that ] 

avb 

b\c 

c, ya 

-2 

a 

b 

c I 




h + c 

c+u 

a + b 


b 

c 

a 




c+a 

a+b 

h+c 


c 

a 

h 


32. 

Evaluate the determinant : I 

a 

b 


c 

d 






-h 

a 


-d 

c 






-c 

d 


a 

-h 






-d 

-c 


h 

a 


(L.U.) 


*33. Prove that the order of a determinant may be depressed by unity 
by reducinfi to zero all the elements but one of any row or column. 
Hence verify the following rule for the formation of the equivalent 
determinant, lirst given by Chio jn ISo.*! : In the given determinant D, 
select the smallest clement p and delete its row (the rth) and its column 
(the cth) ; then each element in the new determinant = corresponding 
element in D diminished by ([iroduct of deleted elements in same row 
and column divided by p). 'fhe new determinant must then be multi- 
plied by ( 

Apply this rule to shew that 


0 

-11 

1 

= 1 2.7 

3 

35 

-3 

- 3 

- 2 

' 41 

13 

17 

5 

-7 

- 4 

- 8 

27 

15' 

179 

9 

73 


and Iiy similarly leducing the latter determinant, .shew that its value is 
zero. 


*34. Establish the following results : 

(a) «i Uj . iq Cj = I OiCi -I n2''2 "I'^l | 1 

^-i \ I 1 I ^ Vi - ''i'C 

(b) !«i «2 (>) ■ Pi Pz Pa 

I &i ^2 b; (h q-i 9, ' 

Ui <-2 f'l '■i ''i i 

= «iPi • " 2 P 2 -t "jP.j "I'/i +"292 "P'l +"2''2 +"a''3 • 

hlPi f b.^p., -t hph -T b,q^ -f + hp-., -|- 

Cl Pi + C2P2 -r Cj Pi CiiZi t C 292 + C39.) CPi Ttpr^+epr^ 

Hence, assuming the method to hold generally, deduce a practical 
rule for forming the product of two determinants as a determinant. 


Evaluate each of the following jn-odiiets as a determinant : 

*35. ai a, *36. 9 10 , 2 . *37. 4 5 . ] 8 3 . 

1 hi ba I ' 8 11 1 1 0 7 1 9 2 ! 


B.M. 


0 
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1 -2 3 

. 

3 1 2 

* 30 . 

1 11 8 

2-1 2 


14 3 


2-43 

3 3-1 


2 3 4 


3 1 7 


*40. If i denotes \/ - 1, shew that 

2+3i 4+5* I ^2* + 32 + 4“ + 52, 

-4 + 5* 2-3*1 

and express P + 3* + 6* + 7* as a determinant ; hence shew that 
(22 + 32+42 + 52)(P + 32 + 52 f 72) = 8® + 122 + 222 + 62“. 


*41. Establish the general result 
I a + ib c + id 


— a2 + ^2 -f c* 4. ; 


-c + id a -ib 


hence prove Euler’s theorem that the j)roduct of two sums, each of four 
squares, is itself the sum of four squares. 


*42. Shew that bc+ca + ab a^ + b^ + c^ bc+ca + ab 

\bc-¥ca+ab bc+ca + ub a^ + b'^ + c^ 

I a'^ + b^ + r'^ bc+ca-iab bc + ca+ah 

is a perfect square. 


48. Prove that 

' a 

b 

b 

b=-{a-b)\ 


\a 

b 

a 

( 

o. 


\a 

a 

b 

0 1 


\b 

b 

b 

a\ 


*44. If P and Q denote respectively the determinants 


a+x 

b + y 

C+2I and 

1 i 

a-z 

b-y 

c- z 

b + x 

c + y 

a+z I 

1 1 

b -z 

c~y 

a-z 

c+x 

a + y 

b+z I 

c~x 

a~y 

b-z 


find the value of P'^ - 

Find also the form assumed by P^-Q^ when x-b-c, y~c-a, and 
z=a-b. 


*46. Shew that if A, iJ, C are the angles of a plane triangle, then 


-1 

cos C 
cos B 


cos G 
-1 
cos A 


cos B 
cos A 
-1 


= 0 . 


Deduce that 

co82A + cos2£+cos 2C+2 cos A cos B cos C - 1. 
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*46. Prove that 8in*a sin a cos a cos^a 
sin®/i sin ji cos ^ cos^fS 
8in®y sin y cos y C 08 *y 

=8in (a-/?) sin (a-y) sin (/i-y). 

47. Shew that a a + b a + b + c ! =a^. 

2a 3a+2b 4o+36+2c | 

3a 6a + 3/j 10a+66+3cl 

*48. Shew that the square of the determinant 

' 0 cos X - sin X 

I 

I sin X 0 cos X 

' cos X sin X 0 1 

can be written in the form II A - A | , 

1 A 1 A i 

1-A A 1 

and determine the value of A. (L.U., Sc.) 

49. Evaluate x+1 x+ 2 ar+ 4j. 

*+3 x+ 5 *+ S 

x+1 x+10 a;+14! (L.U., Sc.) 

60. Find for what value, or values, of a the three equations 

x^+2y-x=\ln, 

3x*+ y+x-l2a, 

2x^- y+x=0, 

are compatible, and solve them when they are so. 


(L.U., Sc.) 
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13. Trigonometrical Formulae. 'J’he followinj; important 
formulae are here quoted, without })roof, for future reference ; 

(«) sin (A J B) — sin A cos Bj sin B cos A, 

(ft) cos (A + B) =cos A cos B f sin A sin B, 


/ 1 i '/A , tan A + tan B 
(e) tan(AfB) = ,— ^ ^ 

^ ' 1 ■ tan A . tan B 


( 11 ) 


sin^A, I 

)• J 


( 12 ) 


By putting A = B in the first of eae/i of the above identities 
the following are easily deduced : 

(a) sin 2A = 2 sin A cos A, 

(ft) cos 2A =cos*A - sin-* A 

= 2 cos* A - 1 - 1 - 2 sin' 

(c) tan 2A = 2 tan A/(l - tan‘A) 

By repeated application of (11) and (12), it may readily be 
shewn that : 

(o) sin 3A = 3 sin A - 4 sin^A, 'j 
(ft) cos 3A - 4 cos^A - 3 cos A, 

3 tan A - tan’A 
1-3 tan'A 


(c) tan 3A = 


'■j 


(13) 


and finally, by adding and subtracting one to and from the other 
of each pair of (11), and writing P for A f B, and Q for A - B, 
the following identities are derived : 

{a) sin P -f sin Q — 2 sin RP + Q) . cos RP - Q),'\ 

(ft) sin P - sin Q “ 2 cos RP -I- Q) . sin 1(P - Q), ( 

(c) cosP-ecosQ = 2cosRP-fQ) . cos RP - Q), j 
{d) cosQ-cosP=2 sin i(P + Q) . sin RP-Q).j 
36 


( 14 ) 
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14 . General Solutions to Trigonometrical Equations. If 

sinA=f/, lohB = I), taiiC-^c, where (i, h, c are positive, ajid 
a, fS, y are the three principal values of A, B, G respectively, 
i.e. the smallest positive angles satisfying the respective equations, 
then it can readily be shewn that ; 

(i) A=n7r + ( -l)“a ; (ii) B = 2 njr + ;8; (iii) C--ior+7, ( 16 ) 

where n is a positive integer, including zero. 

Thes(‘ formulae give all the positive angles satisfying the 
respective equations. 

Ex. 1 . («) S/ie)v that 

tan (6», -r tJ., + + 0^) - (r - p)/(l - (/ -+ •'')• 

irhcrr Ian tan 0.^, tan 6^, tan 6^ are the rants of the equation 

qn^ + q.c^ + r.r + s = 0, 

anil deduce that irhen the roots of the equation are and 0, 

dj + d._, - 8 ^ = 

(h) S(di'e the equation 

sin 2 x - sin Zx - sin 5 .r f sin G.f + 2 sin 4 x = 0 . 

(n) Let tan i)j. = a^, ('' = 1 , 2 , 3 . 1 ) ; 

then fro7n (lie), if A=dx + d„ and B = tt^-\-0^, 

tan A =(«] +a2)/(l -"g/a), tan B = {a.^+af)!{\ -a^afj, 
and since Wj, a^, a^, are roots of .r* + //.r^ + q r- -i- rx + s = 0, 

/)= -(«j +02 + 7(3 + 04). ^-=0402 + 0403 + 0104 + 0.203 + 0204+0304, 

r= -(((10203 + 0,0204+0,7(304 + 020304). and s^n^Uoa-^a^. 
Hence tan {If + ^2 + ^3 + ^4) 

= tan (A + R) = (tan A +tan R)/(l - tan A . tan B) 

7(4 + O2 + 7(3 + 7/4 — (7747(27(3 + 7(47(27(4 'c OjU ^ a ^ + 7127(304) 

1 - (7(47(2 + 7(47(3 + 047(4 + 027(3 + O2O4 + O3O4) + 047(20304 

r-P 

1 - q + s 
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Putting «i = «, «2=5. 

^ I -'i _ a V— _ 3 6 .-j . „ _ « <i _ 4 _ _ 

r 5 3aff > "“20 lu tf .) 

T = '^■g' fliiid s — 0 j 

tan + B^-e^)={^ll + + /A) - 1 ; 


4 f> 

6 (T> 




(6) Observing that 2x + &x = ^x + bx, and rearranging terms 
accordingly, 

(sin 2x + sin 6a;) - (sin 3a + sin 5a) = - 2 sin 4a. 

From (14a), 

2 sin 4a . cos 2a - 2 sin 4a . cos a = - 2 sin 4a ; 
sin 4a(cos 2a -cos a + 1) =0 : 

or, from (126), 

sin 4a(2 cos^ a - 1 - cos a + 1) =0, 
i.e. sin 4a . cos a . (2 cos a - 1 ) = 0 ; 

sin4a=0, co8a = 0, orcosa = 0'5. 

The princijial values of a in these equations are given by 

4a = 0, or a-^. 

From (15), 

x = ^n7r, ^(4n±l)7r or ^(6n±l)7r. 

15. The Exponential Series. I3y expanding (^1 + . when 

n>l, by the binomial theorem, and then increasing n indefinitely, 
it can be shewn that 


Lt + =l+il +ri + ii + ••• + r^ +... to infinity. 

„_^*V nj 12 [2 [3 |_r 

This series is convergent and is denoted by e, the base of the 
Napierian system of logarithms. 
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In a similar manner, the more general theorem may be estab- 
lished : 

Lt (1+ ) =l-f-X + j-j; + + ...+1— -f-... . 

ri'J 2 3 r 


But 


[2 |_3 
nj „->oclV nj J 


so that e*--l+x f^ + ^ + ...+^ + (16) 

This result is known as the Exponential Series, and it has 
already been shewn, in Ex. 5 of § 3, that this series is con- 
vergent for all values of x. 


Ex. 2. Calculate the value of e to four figures, and sum the 
series 

22 32 j,2 


I + .“ + ”2 + + ... fo infinity. 


1 


From § 15, 


1 1 1 1 

c = l-l-l+ — -.j-t-... 

\Z I .i 


= ] +1 + ()-5 +0-16667 +U-()I167 +0-008.33 + 0-00139 

+ 0-00019 + 0-00002 + ... 

= 2-718 ... to four figures. 

The y-th term of the given senes 

r 2 ^(r-l)2 + 2/--l^ r-l 2(r-l) + l 
-|r-l~ "ir-r “|r-2+ |r-l^ 


^/--2 + l ^ 

” |r-2 ^|r-2'^|r-l~' >_3 + r7_-2'*'|7-l' 
Hence, since the series is infinite, it may be written : 


Sum = ^ 


1 

r-1 


+ 3 


00 



r-2 


+ 


QD 

V 

r=;t 


1_ 

r"-’3 


= e + 3(’ + f = 5e. 


16. De Moivre’s Theorem. If a be any number, the roots of 
the equation + «* = 0 are x = i .y - a*. 
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Since, however, a negative quantity cannot have a real square 
root, the quantity ^ is called an imaginary (quantity, and 
some meaning must be assigned to the symbol denoting it. 

It is convenient to define J -a^ hy the relation 

hence ,y-lx^-l = -l 

and aj - \ yaj - \ = -a^ 

sja- may be regarded as equivalent to - 1. 

The symbol - 1 is generally denoted by tlie letter i, so that 
r^=-l, = ?'* = (/“)“.= 1, i^ = {* . i=i, r'’ = (/-)*= - 1, 

and so on. With this meaning of ■/', an important theorem, first 
given in 1730 by Abraham De Moivre, may now be established. 
The Theorem may be stated as follows ; 

For all values of n, cos n6 r- i sin n6 is one of the values of 

(cos 0 i i sin 0)“ (17) 

This very imjiortant theorem will now be proved. 

Ex. 3. Prove De Moivre' t> Theorem whex, n i<> oui/ real niiiiiher, 
integral or f radio lull. for a porilivc.) 

Shciv abo that there are only q values of 

1 

{cos 0 + i siu Oyi , 
when q is a positive integer. 

By multiplication : 

(cos 6'i + i sin (cos 0^ + i sin 0.fi 

= cos 0^ cos 02, + ?(sin 0^ cos (f, + H-i 
+ sin 0^ sin 02 

= cos 0^^ cos 02 - sin 0^ sin 02 + i sin {0y + Ofj 
= cos (^j + y2)+r3in {0i-^0fj, by (11). 

Again, (cos 0y + i sin t'j) (cos ^ si*! ^2) (^'^s + i sin ^^3) 

{cos (tfj + (fg) -t i sin (0j + 0g)} (cos 0.^ + i sin 0^) 

= cos {0j-e02 + 6*3) + i sin (0^ + 02 + f^s), by the first result. 
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by the previous result 
= cos iu9 - i sin »iO 


Similarly, by repeating the process, 

(cos + i sin ^i)(cos 6.^ + i sin 0^) ... (cos ly,, + i sin 9^) 

= cos (9j + ^2 + ... 9J + i sin (f^i + - + ^«)- 

where n is a positive integer. 

Put = 6*2 = . . . = = 9, then 

(cos 9 (- / sin 9)” = cos iiO + i sin ii9. 

Further, let ii~ -m, wliere m is a positive integer, then 
(cos 9 + i sin ^1)" = (eos 9 + t sin 9)^'” = l/(cos 9 + i sin 9)'“ 

1 

cos III 9 f i .sin iii9 
cos iiiO - i sin iii9 
{•Qh~ ih9 - i'2 sin^n'S 

= eos ( - n9) - i sin ( - = cos nO + i sin n9. 

Finally, let ii - Pi'ij vliere p and 7 are integers, q being positive 
but p unrestriet('(l in sit'U ; llnm. from the first result, 

(cos (/) T i sin </-)'' = cos (j<j> h i sin q<l>. 

Taking the 7 th root, 

1 

cos </) + i sin </) = (cos q<l> + i sin q4>y ‘ . 

Now put 9 = qil>, and 

^ 0 I 

cos 4 - ( sin = (cos d+i sin 9)'> . 

'/ 

.\nd from the jm'vious results, whetlier p is positive or negative, 
since it is an integer, and 


6 


cos 


. 9y , . >' 

+ ( sin j = (cos e+ i sin (>)</, 


n ■ p ‘ 

it follows that cos-' y + isiim d = (cos tl + i sin 

q q 

Hence the tln'orem is conijiletely established for all real values 
of n. 

Further, thi' expression cos 9 + i sin 9 is unaltered if for 9 is 

written 9 + 2niir, where iii is an integer; lienee 

, • m' 9 .. 9 9 + 2iinr . . 9 + 2iinr 

(cos y + 1 sin tyi'^^cos + « sin =co 8 + i sin . 

' 'nun n 
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By putting m = 0, 1, 2, different values are obtained until 
m = g', then 

d + 2qrr . . 6-\-2q7r \ o \ 

? ? \q J \q / 

e . . d 

= cos - + ! sin 

q q 

which is the value obtained when »i=0. 

Similarly, when m = q + l, the value at /h = 1 is repeated, and 
so on ; hence : i 

There are a values only of (cos 6 + i sin 6)", where a is a positive 
integer, and these are given by 

0 + 2mir , . e + 2mir „ , „ 


oos (- 1 sm 

4 


, where m = 0, 1, 2, . . . (q - 1). 


17. Complex Numbers. Any quantity of the form a 4 ib, where 
a and b are real numbers, is called a complex number. For tw o 
complex numbers to be equal, it is necessary and sufficient that 
the real parts shall be equal and the imaginary parts shall be 
equal ; for let 

a + ib=p + iq, 

then a-p + i{b-q)=0, 

from which it is evident that a=p and h = q. 

From this fact it is always possible to put a complex number in 
the form of a De Moivre expression ; thus, let 
a + = r(cos i sin 6), 
then equating real and imaginary parts, 

a^rcosS, b^rginfl, f 

from which r* = a’'+b® and tane = b/B.j 

Since a, h are real, and a^. W are positive, r is always real ; also 
a real value of d can always be found to satisfy the equation 
t&n 0=b/a’, hence it is always possible to find real .values of 
r and 8, so that 

a + ib = r(co8 + i sin 

Since tan 0 = tan {8 + 2rmr), where m is an integer, the Principal 
Value of 0, and therefore of a + ib, is defined as that which lies 
between ir and - *r. 
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Ex. 4. Define the modulus and argument of a complex quantity. 

Prove that the modulus of the produet of two complex quantities 
is equal to the product of the moduli of the quantities, and that the 
argument of the product is equal to the sum of the arguments of the 
quantities. 


Writing 


{Ldp + R)lCip 


in the form L'ip + R' , find the values of 


Lip + R +\ICip 

L' and R'. Shew also that if R is small compared with Lp, and 
LCp^ small compared with unity, then L' = L(l+p^CL) and 
R' — R(l+ 2p^CL) approximately. (L.U.) 


(i) Let a + ib be any complex number ; then it has just been 
shewn that a + ib = r (cos & + i sin d), if r^ = a^ + b^ and tan 0 = hja. 
The positive square root of a^ + V^, which is always taken for the 
value of r, is called the Modulus, and d, the Argument or Amplitude 
of the given complex number. 

The modulus r of a + ib is usually written |a + ib|, so that 

|a + i6| 3 +Ja^ + lfi. 


(ii) Let a + ib, p + iq be two complex numbers, then 


(a 4- ib) (p + iq) =ap-bq + i,{aq + bp ) ; 

I {a + ib) ip + iq) | = {(ap - bq)^ + (aq + bp)^}^ 

= + b^q^ + a^q^ + h^p^)^ 

= {(o^ + b^) (p^ + q^)}^ 


= |a + if>l . \p + iq\ ; 

The modulus of the product of the numbers — the product 
of their moduh. 

This may be shewn to be true of any number of complex 

numbers. Again, let , „ . . , 

a + zo = rj(co8 + ^ sin Pj), 


and q} + iq = r^ (cos d.^ + ism df) 

then, on taking the jiroduct, 

ap-bq + i{aq + bp) = (cos (dj + d^) + i sin {d^ + 

by Ex. 3, p. 40. 

Argument of product = + ^2 

= sum of arguments of the numbers. 

This is true for any number of complex numbers, by De Moivre’s 
theorem. 
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(iii) L'ip + lt'=^ 


{Lip 4- R)ICip Lip + li 

Lip + R + TiClp 1 - CLp^ + iCRp 

{Lip + i?) (1 - CT^p^ - iCRp) 
{T^CTp^ iCRpHl- CLf^iCRp) 


{L-GIJ^p^-CR^)ip + R 
~~ (l-CAjt>2)2 + C2Ry ■ 

Hence, equating real and imaginary jiarts : 

A' = (L - CL“p2 -CRq/f(l - CLpq= -h C-E^p-’)} 

and R' = R/{( 1 - CLp^)^ + C^R-p'^} . 

The numerator of L' — L - C{L^p~ + R‘^), and the common 
denominator to L' and R' = ] -‘iCLfr + C^p-{U‘p- + Ri“). 

Hence, if R is small comjiared with Lp, it may be neglected as 
a first approximation ; 

L’ = {L- CLY-)l{^ - ('Lp^f = L{l - rLp^-){] - CLp^-y 2 

and since CLp^ is small eom])ared with unity. (1 -CLp-)~'' may 
he expanded by the binomial theorem, and the scjuare and higher 
])owers of CLp- neglected ; 

L' =L(1 + CLp2) a])proximately. 

Similarly, R' ^R{ \ - CLp-)"- -^(1 + 2CLp“), ajiproximately. 


Ex. 5. Express 75-lOOi iv the form R{cos t) + i sin 0), where 
R is positive, ciiul write down exjires.sions for its three cube roots. 
If a + ib is such a cube root, find, for one root, the isihies of a and b 
correct to three places of deeimah. (L.IT.) 

Let 75 - UK)/ = R{cos 0 + / sin (t), 

then, by (18), 72 cos 0 = 71), 7? sin 0= -100 

and tan 6) = - 1 00/75 - - 1 -3333 ; 

hence, W = 75® + 1002 = 252(32 + 42 ) = 252 52 . 

72 = 125, and from the tables, 0= -53° 8' very nearly. 

75 - 100/ = 125 {cos ( - 53° 8') + i sin ( - 53° 8')} 

= 125 {cos { - 53° 8') - i sin 53° 8'). 
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Now the cube roots of 75 — fOOi are given by 
125^008 ( - 53° 8') + / sin ( - 53° 8'))^ 

53 ” 8 ' 1 
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- f ( 53° 8' 
= 5fcos 


r 

( 2 
= 5 I cos 


+ ?. sin 


DITT 


53° 8' 


3 


h ) sin 


iltlTT 


-53° 8'\ 

3 / 


V (18), 


where )» =0, 1, 2. 

Putting ill these values of in, the cube roots become : 

(i) 5{eos( - 1 7° 42-7') + i sin( - 1 7° 42-7')} 

-=5{eos 17“ 42-7' - i sin 17° 42-7') 

= 5(0 ;)52b3 -()-3()112i) =4-76315 - 1-52062 . i, 

(ii) fifeos 102° 17-3' f fsin 102° 17-3') 

= 5(-eos77° 17-3' + fsin 77° 17-3') 

= 5( -0-22010 -f<H)75PJ0 = - 1-00050 + 4-87745 . i, 

(iii) 5(eos 222“ 17-3' -t i sin 222° 17-3') 

- 5( - cos 42° 17-3' - i sin 42° 17-3') 

= -5(0-74114+0-672851) = - (3-70570 + 3-36425 . i). 

Since five-figure tables have been used, the values will be 
correct to four jilaces of dei imals. It should bt* observed that the 
(]uestion only required one value to be worked out, whereas the 
three have been calculated to exemplify the method. 

The values of a and 6, to 
three jilaf-es, will therefore be Y| 

n= -1-001, -3-706, 4-763; 

l)= 4-877, - 3-364, - 1-521. 

18. The Argand diagram. A 

(-omplex number ina}' be re|)re- 
sented g('onietri<-ally by means 
of a simple diagram, originally X' 
published in 1806 by J. B. 

Argand. Let P (Fig. 1) be any 
])oint (.r, //), referred fo re(-t angular axes OA', 01’: then if x + iy 
be denoted by 2 , the point P is said (o correspond to z. 



KlU. J. Thp diagram. 
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The modulus \z\ = \x->riy\ =(x* + 2/®)i=r = OjP, 
and if l XOP = 6, 

argument of z = tan~^ylx — d — 2nnr + 9, where m is an integer. 

It should be noticed that if OX' be equal to OX in length, then 
OX' = - OX ; hence the operation - 1 performed on OX turns it 
through two right angles. 

But -l=v -1x^-1, so that the operation 
formed twice has the same effect as the operation - 1 ; it is 
obvious, therefore, that the operation - 1 may be considered to 
have the effect of turning a length through one right angle in the 
positive direction. 

Ex. 6. Shew, by means of the Argand diagram, that the geo- 
metrical representation of the sum of two complex numbers follows 
the vector law ; hence deduce that the modulus of the sum ^s less 
than the sum of the moduli of the numbers. 



Let Zr=Xj.-t-hjr (r = l, 2 , 3 ), and let Zj, z^, Z;j be represented by 

Pj, Pgi ^3 2 ) respectively, such that z^ = z,-l-Z2. Join 

PjPg, P2P3, and draw parallels to the axes as indicated. 

Now ^3 = ~l+^2’ 

X2 + iy.i = x^ + X2 + i{yx + y2), 

BO that and + //z = th i 

OX x + OX 2 = 0 X 2 , OMx^OM 2 = 0^2-, 

OXx = X 2X2 = PiQ, OM2 = M, = P.2Q. 


hence 
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Let dj, 6I3, be the arguments of Zj, z,, z^, so that 
= LXOF^==d^, LXOP^^e^, 
then tan P^P^Q = Pj^jP^Q = M^MJON^ = OM.JOX\ 

— N^PJON^ = tan 

tan P^PiR = P.JtiPiR=NsQIA\N.j = N 2 P 2 jON 2 = tein 6 ^, ; 

.•. P^P^WOP^ and P^P^\\OP^, 

so that OP3 is the diagonal of the parallelogram on OPj, OPj. 

Hence the geometrical addition of complex numbers obeys the 
vector law. 

Similarly it may be shewn that the vector law equally applies 
to the geometrical representation of the difierence of two complex 
numbers. 

Since OP^<OP^ + PJ^^, i.e. OP^kOP^ + OP^, 

it follows that the modulus of the sum of Zj and Zg is less than the 
sum of their moduli. 

It is easy to shew also that the modulus of the sum is greater 
than the difierence of the moduli of the numbers, hence 

I2ll~|22l<l2ll<l2l + 22|- 

19. Series and Exponential Values of sin 0 and cos 0. When z 
is a complex number, some meaning must be assigned to e\ It 
will be sufficient in this book to define e‘ by what is called its 
principal value, viz., the series. 


-2 .,3 


where z = .r + fi/, and x, y are real numbers. 

This series is convergent for all values of z, and with this mean- 
ing of it will now be established that 

cos 9+i sin 6 = ei« (20) 

Ex. 7. Establish the exponential valxie, of cos 0 + i sin 0, and 
from it deduce the series and exponential mliu^s of sin 0, cos 0 
respectioely ; hence shew that (If any complex number a + ib may be 
expressed in the form e'^Ja^ + b^, where 0 is the principal value of 
Uin~^bla, and (2) 16 (■OA’‘’y = co.'>’ -t cos 3^ -f 10 co.s 0. 
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In (17), l(*t (y = one radian; tlion cosa + isiun is ono of the 
values of (cos 1 +i sin 1)". 

Now let £ = a + ib, where a and h are real numbers, and suppose 
a and b can be determined so that the principal value of e“ is 
cos 1 + ? sin 1, then 


cos b + i sin 6^ = (cos 1 +isin = = 


-t-()+,1.9 + - 2 + 3 - + ... 


h‘^d^ 


= eaei I _ ____ , 

' '2 14 


b 






As a is real, c"* is real ; 

hence, equating; real and imaj'inary i)arts, 

(1) cosd = ee’(^l . 




From (ii), 


(ii) sin 0 — 


sin 6^ 
B 


= br<‘U 1 - 


b^B'‘ h^O’' 

|3 j5 ' 

J/-d^ b*B* 


13 


+ _ - , 


T.T (r + l)th term of serK's })~/h 

r^:c rth term ^^■^zr{2r -i ]) 

if b, 0 are finite. 

Hence the series converffes to a finite limit, and 


-=0, 


sin 0 




1 __ 


h. 


Lt = Lt -[/>("’( 1 

But Lt sin Oj0^], bv Elementary Triffonometry ; 

h=]. 

Again, the ratio test shews that the eoeflieient of in (i) is 
convergent, so that, with h — 1, 
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Wiite - for 0, then 

/ 6 »* \ 
cos(^ = e'««(l-|2 + j^--} 

since cos {-&)= cos 0, and every power of d in the series is even ; 
/, e“* = e"“®, or = 1, from which a=0, provided 0 is not zero ; 

"COS 6< + f sin = and cos sin 6/ = e~**, 

on writing - 6 for 0. 

Further, putting in the values of a and b in (i) and (ii). 




gZr-l 


.. +(-!)*■■* 


„ , 02 0‘ 


02r-2 

COB0 = l-^+i-^- 

]2r-2 


■J 


( 21 ) 


These results are established by another method in Chap. VII. 

Again, by addition and subtraction, of the expressions, 
cos 6 + i &m 6 =6^“* and cos t) - i sin 6 =e~^l, 

2i sin 0 = ei ' - e-*’, 2cos5 = el® + e-l» (22) 

(1) From § 17, 

a + {b = r (cos d + i sin 6*), 

where r = \/a^ + b^, and (y = principal value of tan“^&/r/. 

Hence, from (20), a + ih = . e'". 

(2) 16 cos®y — .1 (e'* + from (22), 

= ;V(e^** + + 10e»® + + oc"'*'* + c"^’*), by (1 ), 

/ = }, (e^>* + (j- j*«) + f; (e*‘* + c""'®) + 5(c'* + e"’*') 

\-/ = cos 58 + 5 cos 39 4 10 cos 6. 

20. Hyperbolic Functions. Just as the circular functions are 
related to the circle, so a corresponding group of functions is 
defined in relation to the rectangular hyperbola ; hence the name, 
Hyperbolic Functions. These functions are denoted by adding 
h to the abbreviation for the corresponding circular function ; 
thus, sinh v, cosh u, etc., denote the hyperbolic sine, cosine, etc., 
of u respectively. In analysis it is convenient to define the hyper- 
bolic functions exponentially thus : 

2 8inhu = e“-e"S 2oosh n = e“ + e 
tanh n-sinhu/cosh u={e*-e + e ®) 


’>).i 


•( 28 ) 


B.M. 
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Ex. 8. Prove that eosix — coshx, and sin ix — i sink x. From 
these results, shew that cosh (x + y) =cosh x . cosh y -f- sink x sink y, 
ami obtain the formula for tank (x + y) in terms oftauh x and tank y. 

(L.U.) 

From (22), 2 cos = e»® + 

Let B = ix, then cos ix = i(e~^+e^) = cosbx, by (23). 

Similarly, 2i sin ix = e~^ - e® ; multiply out by - i, then 
sin ix =li (c® — c-^) = i sinh x. 

From (llh), cos (A + B) = cos A cos B - sin A sin B : 
put A — ix, and B = iy, 

then cos i(x + y) = cos ix cos iy ~ sin ix sin Iy, 

or, cosh (j; + y) = cosh x cosh y - P sinh x sinh y, from above results. 
i.e., cosh (x + y) = cosh x cosh y -f- sinh x sinh y. 

Again, tan ix = sin ix/cos ix = i sinh .x/cosh x = i tanh x. 

But from (11c), writing ir, iy for A, B respectively, 
i tanh (x + y) = tan i{x + y) = (tan ix + tan fy)/(l - tan ix . tan iy) 

= {i tanh x + i tanh y)j{\ - i^ tanh x . tanh y) ; 
tanh (x + y) = (tanh x + tanh y)/(l + tanh x tanh y). 

Ex. 9. If x = hg {see 8 + tan 8), shetc that sec 8 = cosh x. 

Find the values of sinh~^xja and cosh~^xla in terms of x and a. 

(i) Since x = log (sec 6/ + tan t^), 

see 8 + ta.n 8 = e^, 

or tan^ 8 — {e^- sec 8)^. 

sec* 6* - 1 =c*^ - 2c* sec 8 + sec^O ; 
sec (^ = (c** + l)/2e*=|(c* + e~*)=coshx. 

(ii) Let M = sinh"^x/a, then 

x=u sinh M = ^a(e” -e~") ; 
ae“" - 2xc" + a = 0. 

Solving this quadratic for e", 

a 
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Now u is always defined by this equation, when the positive 
root of the radical is taken ; hence, disregarding the negative 
root and taking logarithms. 


M = sinh~^a;/rt = log 




In exactly the same way, by taking the exponential value of 
the hyperbolic cosine, it is readily shewn that 

cosh “ ^ xja = log ^ . 

a 

21 . Formulae for Hyperbolic Functions. The formulae proved 
in the above examples are so important, that they are here 
collected for future reference. 

(а) sin ix i sinh X, cos ix — cosh x, tanix^itanbx (24) 

(б) sinh (x ± y) - sinh x . cosh y ± cosh x . sinh y, 
cosh (x -!• y) - cosh x . cosh y i sinh x . sinh y, 

, tanh X J tanh y 


tanh(x±y)- 


1 -k tanh X tanh y 


{< ) sinh ' -log • I 

& & I 


cosh'^ log (26) 

a a 

, , , X 1 , a +x 

tanh-' = „ log — . 

a 2 a - X / 

22. Summation of Simple Series. The simple methods of 
finding the sum of a trigonometric series de^ieud mainly upon a 
skilful ayjplication of the identities given in § 13, and sometimes 
upon the exponential values given in § 19. 

Ex. 10. Find the sum of the first n terms of the series : 

(i) cos a + cos (a + (/) + cos (a + 2f^) + . . . ; 

(ii) cos a cos fi + cos (a + 0) cos (13 + b) 

+ cos (a + 20) cos (/? + 20) + ... . (L. U.) 

(i) The rth term of this series = cos fa + (r-l)^}. 

Now, from § 13, 

2cos {a + (r- 1)6} .sin i6 = sin^u + . 6'^-sin (^a + • 6^; 
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2 sin 46* . y] cos (g (y - 1) 

= g [sin (a + - sin (a + 

. ( 6\ . f e\ . ( so\ . f e\ 

= sin^^a + 2j-sin( a-^j + sinf a + g-j-sinl a + g 1 + ... 

. / 2w - 1 \ . / 2)1 - 3 „ 

+ sin (a + — ^ — . 6* 1 - sin (a -I ^ ^ 

. / 2«-l .\ . ( 

= sin( a + — 2 — • ^ )-sin( a- 


= 2 cos(^a + - 2 . sin ; 


y, cos (g + (r - 1 ) ^) ^ • 


cos (^g + - . ti ) . sin ln(f 


r-l 


sin 16' 


Or, let C„ = cos g + COS (a + 6) + ... -fcos {a + (« - 1)6*} ; 

then, putting in the exponential valui's from (21), and writing a 
for e*“, and u for e'*, 


1 


1 


1 


2C,=« + - + au + — i-au^+ „ + ... +au''~i + 


1 


au 


au^ 


au, 


n^l 


= a(l+w + M2 + ... + M”-i) + ^-(l + ^ + \ + ...+ 

a\ u M"~i/ 

o(l - m") 1 I — I/m” 


-> by (4), 


1 - M a 1 -1 /m 

/ n-1 / n _nN -i /» 

= \aM ^ \M--M '/ + — '^}]l{u\-a i) 

MM ^ 

' au ’ 

= 2 cos^g+ -g “ InOjBin 10 ; 

C„ =» cos + - 2 '- 6^ j sin Jn^/sin 10, as before. 
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(ii) Let C„ == COB a cos /i + coa (a + 0) cos (fi + 0) + ... , 
the rth term = cos (a + (r- 1) £^} cos {/i + (/• - 1) 0} 

= I cos {a + /3 + 2{r - 1) ^} + 1 cos (a - /3), by (13c) ; 

C„ = l ^[cos{a^-/3 + 2(r-l)^^} + cos(a-;8)]. 

Now the first sum is precisely the same as (i), a + 13 replacing a 
and 20 replacing 0 ; the second is constant for every term ; hence, 

Cn = I cos {a + /? + (w - 1 ) t*} . sin n6>/sin 0 + In cos (a - (3) 
cos {a + /S + (n - 1) . sin + n sin cos (a - /?) 

^ 2 sin 0 

Exercises 3. 

1. Prove that 

sm ^ + sin 3^-* sin 5-4 s sin 7-4 = 4 cos A cos 2A sin iA. 

2. If A sin {x+a)=4 cos x+3 sin x is identically true, find the values 
of A and a which are constants. 

3. The space s described in time t by a moving particle is given by 

.s = (rt®-6*) sin o>l+2ah cos tat. 

Shew that this is the same as 

«=(a2 + f(2) sin (o><+t), 

where tan t/2 -h/a. 

Hence find s when rt=2'3, 5=0-92, to=0-5 and <=0-7008. 

4. Prove that if ^ ^ f , then a tan /j = 6 tan u 

sin {a- (3) a-b ' 

5. Given that (l + s^'l-t-a) tan a=l-i-N^l-a, prove that 8in4a=a. 

6. If sin 6*-(-8in 20--a, cos «+co8 2^=6, shew that 

(u® + 5“) (a^ + 5* - .3) = 26. 

7. Given that p - l-(-8in-t<, and g=l-i cos*tl, shew that 

2{p®-‘ g-’)-H9g*=27(l + co8*«). 

8. Shew that the relation 

X= a -1-6 cos X 

may be transformed into the relation 

X(l-f<*)=(a-6)(/x*+<>), 

where <=tan * and /x*=(a+6)/(a-6). 
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9. If Vl -e . tan ^=’J\ + e . Ian ^ > prove that 
( 1 + e cos ^^){l - e cos (/j)= 1 - e®. 

10. If a sin^A + ft sin^i?=c, and a sin 2A — & sin 2B, shew that 

c{b-c) 
a(a+h-2c)' 

and find a similar expression for sin^ii. 

a + fi 


sinM = 


11. Shew that tan-ia + tan“ifi=tan-if ~ hence shew that 

. ,1, ,1, ,1, ,8 77 

tan-1 _ + tan-i +tan ' ^+tan-i 

a 8 10 21 4 


12. Prove that sin-i P+sin-* ^--sin-i 7i, where P=2ahJ(a^ + l-), 
Q=2cdj{c^ + iP) and R --2(ac- bd){ad+ bc)j{{ac-h(1)'^ + {ad-\ bc)^}. 

Hence shew that sin-i;J+sin ' -sin-i,^t;. 

Solve the following equations : 

13. sin 3& + eo8 cos &. 

14. 3 (tan^ti+sec 2ti-7)+ 14=0. 

16. sin 761+810 36- 13(cos 7(y+cos 36). 

16. sin 26 . sec 46-cos 26+co8 00 = 0. 

17. sin 20 . (5 + 4 cos 26)-3(sin 30 + 8ui 6). 

18. Calculate the value of x from the equations 

3 sin 6 -t 5 cos 6=5 ; 5 sin 6-3 cos 6- x. 

19. Shew that any complex number z may be written in the form 
f(cos 6+t sin 6), where r is real and positive and 6 is a real angle. 

If, as usual, the symbol lz| denotes r, shew either geometrically or 
analytically, that and Zo, being any two complex numbers, (zi + z.^!, 
is not greater than |Zi| +f22|, and can only be equal to it when the 
ratio Zj : is real and positive. (L.U.) 

20. Explain how the sum or difloreiice of two complex quantities 
may be represented by means of an Argand diagram. 

If Zi, Zj, Zg be three complex quantities such that Zj -Zi + Zj, and 
*4 (>'i» ^^i)> (^2> ^i)’ (^3> ^3) I*® corresponding values of r and 6, prove 
that if ri>r2, then ri-r 2 <r^<.r^+r 2 , and 

61 - sin-* < 63< 61+ sin -* 

ri Ti 

where sin-* * denotes an angle between 0“ and 90°. 

'"x 


(L.U.) 
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21. 0, A and B arc the points which represent zero, unity, and 
a+ib in the diagram of the complex variable; OC is the internal 
bisector of the angle BOA, and the parallel through B to OC meets 
AO in D. Shew that the i)oint in which the circle through B, D and A 

meets OU represents one of the values of (a + ih)^. Indicate the point 
which represents the second value. (L U.) 


22. The centre of a regular hexagon is given by 2 - i, one of its 
vertices by - 1 + i, find the numbers giving the remaining vertices. 

(L.U.) 


23. Define a complex number and prove that in general (i) the 
product of any number of complex numbers is a complex number, 
(ii) the quotient of two complex numbers is a complex number. 
Express in the form A + iB, 


1 


1 


(p^iq)-' (p-iqf’ 


(ii) tan {x^ ly). 


(L.U.) 


24. Express ~) + 4i in the form /•(cos q + ( sin t^), hence extract its 
square root. 


25. By expressing - ■ l-ittb in the form /"(cos y + ! sin ff), find 

the three value.s of ( -2'3o+ l-SMi/) '. 


26. Express log (a t-ih) in the form p+iq, hence shew that 
(i) log°^|.|^ 2itan-i(//« and (li) 1-7():12 i-0-540oi 
is one of the logaiilhius of 5 + 3i. 


27. Exi’ress the complex products 

(i) (7- Hi)(8 1 7i), (li) (7-8i)'’l« ‘ 1')^ 

in the form r(cos d+ i sin W), tabulating corresponding values of 
?■ and 0. (L.U.) 


28. If iQ log(j--rn iy),(x i-fi + iy). where f and Q are real, find 
the values of B and (J in terms of x and y. Shew that the family of 
curves F constant, (J constant, cut each other at right angle,8. 

1 (L.U.) 

29. If x^iy cosh (iH ir), shew that 


-u- 2 /' =.1; ^1, 

cosh^a sinh^M ’ cos^e sin-f 


(L.U.) 


30. If 


I 

- + 

r+i?/ 


. =1, where x, y, u, v are real quantities, find the 
u + »' 


values of x and y in terms of « and v. 


(L.U., Sc.) 
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81. Shew that when a and b are both positive, a+ib may be expressed 
in the form J o*+6* . eW, where tan 6=bja. 

Examine the cases when a and b are not both positive, illustrating 
by a diagram. 

Given that .+<7i>t+ L 

p Lpt it 

express p in the form Aei'>, giving the values of A and 6. (L.U.) 

32. Express cosh (1 + i) in the two forms, p + iq and r (cos d+i sin d). 
The current entering a telephone line is fo\ind to bo given by the 
real part of 

cos cat + i sin tot 
co8h(p + tp) 

Express the current in the form a sin (w< + i»). 


33. Shew that the modulus of the function 
2 + cos (f + i sin 9 
2 + cos 9 + 1 sin 9 

is unity. 

84 . Express (a+ib)'’’-"' in the form A + iB, where a, b, p, q are all 
real ; hence determine the condition that the given expression should 
be real. 

35. Shew tliat if a;=cos tl + t sin d, 2 aos n{)=x" + x ", and 

2 j sin nO=x" -x ~’' ; 

hence prove that 

64 cos’d-cos 7d + 7 cos 50 + 21 cos 30 h35 cob 0. (L.U., Sc.) 

36. Prove that sin 70/sin 0=1 + 2 cos 20 + 2 cos 40+2 cos 60. 

87. Shew that 

(i) cosh (n+ l)a:+co8h (a- l)a:=2 cosh nx . cosh x, 

(ii) sinh (n+l)x-sinh {n-l)x=2 cosh nx . sinhx. 


38. If tan*=tanh^, prove that 8inhM=tanx, cosh «= sec x, and 
w=logtan^^ + 2)- 

Calculate by the tables sinh (0-5) and cosh (0-5). (L.U.) 


39. Define tanh x and shew that if x=log tan then 

tanh x=8in 0. 


. , , X , x+\/x*+a* 

smh"* =log • 

o " 


Prove that 


a 


(L.U.) 
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40. By expiessing einh ^ in logarithmic form, calculate its value 
to four places of decimals. ” (L.U.) 


^2 _ 1 

41. Prove that tanh-* , =lo£r x. 

a;2 + 1 “ 


(M.U.) 


48. a;=co8h-i 

49. x = 8inh-' (l-Oo). 

50. tanh .r— 0'13+log,^l-6. 

51. a;=tanh-i (log 1-6). 


42. Deduce from the exjionential values of cos 0 and sin 0, their 
coimection with the hyperbolic functions. 

Prom the identity tan 2x-»2 tan x/fl-tan’^x), find the corresponding 
value of tanh 2x. 

Shew that by a proper choice of A and li, Ae-‘^ + can be made 
equal to 6 cos 2y - 7 sin 2tf. (L.U.) 

Solve the following equations : 

48. e='-9-3e-^=8-3. 

44. 8e'+15c-'=22. 

45. cosh X - 6 tan 23-9° —0-6. 

46. cosh X + 10 sinh X- 2-007. 

47. 9 cosh X + 23 sinh x f 54 — 0. 

52. What is the sum of the series 

1 + Jnc'* + . ^a-e-'^ + };.■{. JlnV’** + to oo 

whena®<l? 

Deduce the sum of the .scries 

1 + ,\a cos hJ.. 'I'rt® cos 20 + to « 
when 0 is an angle in the first quadrant, and a^<l. 

Sum the following scries : 

53. sin a + sin fsin ^u+^“ ... to a terms. 

54. cos X , cos 2x+ cos 2.C . cos 3 x+ cos 3.r . cos 4x+ . 


3 5 7 

55. 1 -t- |-,j -t + I ^ + . . . to infinity. 

ro 4 6 - 8 , 

56. 2x - „ + , . .r- - _ x’ + — 

I o I .) 7 

57. sin a-f sin {a i fj) i sin (a + 2/f)+ ... to a terms. 

KB V 2r+ 1 

58. 2. cos — , „ . T. 

rsaO 


(M.U.) 

(L.U.) 

to n terms. 

(L.U.) 

(L.U.) 

(B.U., Sc.) 
(L.U.) 


• 60 . 


?l If* 

Prove that ^ sinh (2r- l)x/ coah (2r- l)x=tanh nx. 

t i I t~\ 


*60. Shew that f 1 + cos g 


)(l + cos'*g")( 


1 + cos 


1+cos J,- 

O 


H 
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*61. Find the sum of the lengths of the lines joining a vertex of a 
regular polygon of n sides to each of the other vertices in terms of the 
length of a side of the polygon. (L.U.) 

*62. Find the sum to infinity of the scries 

X oos a-}x^ cos 2a + ^ar’ cos 3a- ... . (L.U., Sc.) 

*63. Find the sum of the lengths of the lines joining any vertex of a 
regular polygon of n sides to each of the other vertices in terms of the 
radius of the circle circumscribing the polygon. By making n in- 
definitely great (or otherwise), shew that the average length of a chord 
of a circle of radius r drawn through a fixed point on the circumference 
is 4r/V. (L.U.) 

*64. If U, 8 denote the infinite .series 

cos + .>• cos 4 .r- cos 3y + . . . . 

sin ti+.r sin sin 2^ + ... 

respectively, shew that ('=(cos 0 - r);]). and sin OU), where 
J)=l -2.1 cos y + 

it being assumed that .<■ is less than unity. 



CHAPTER IV 

SPHERICAJ. TRIGONOMETRY 

23. Spherical Triangles. The line of intersection of the surface 
of a sphere and an)- jilane jmsing tlirough the centre of the 
sphere is calh'd a great circle. 

The fif^ure bounded by the arcs of tliree frrcat circles is a 

spherical triangle. 

Formulae for the Cosine and Sine Rules 
for spherical triangles will now be investi- 
gated . 

Ex. 1. Eslahli^lt the Jonmih 

cos a =cos b . cos r + siti b . sin e . cos A. 
for a ,s])hericcil triangle AH(\ and dedaee 
frmn it the rule of sine.s. ^ 

Use the fonnuUie to determine the angles \ i , 

of a triangle in irhieh « = -18” US', b~(j~U'2)\ \ ' ' 

and c = 83° 54'. ! ! 

Let ABC (Fig. 3) be a spherical triangle 
formed by the arcs A/I, BC and ('A of 
great circles on the sphere whos<“ centre q 

Fii!. 3. Spherical triangle. 

Suppose the tangent at A to AC meets 
OC produced in IJ, and the tangent at A to AB meets OB 
produced in JH. Join I)E. then L DAE = A. 

From the triangle DEA, by the cosine rule lor plane triangles, 

Z)/i2 = EA- + AD^-2. EA .AD. cos A. 

Similarly, for triangle DEO, 

DE‘^ = EO- + OD^ -2. EO. OD . cos EOD. 

.W 
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Hence 

EO^ + OlP-2. EO . OD . cos EOT) 

= EA^ + AD'^-2 . EA .AD. cos A. 

But L EOD—a, any side being measured by the angle its arc 
subtends at 0 ; 

and since l DAO = l EAO = 90°, 

EO^ = OA^ + AE^, and OD‘^ = OA^- + AD^, 
and the above relation becomes 

EO . OD . cos a = + EA .AD . cos A ; 

OA OA EA AD 
•• OD^ OE ' OD'^^^^' 


i.e. 


cos a — cos c . cos b + sin c . sin b . cos A, 


which is the required formula. 

Similar formulae may be proved for cos h and cos c, and these 
may be written 

, cos a - cos b . cos c 
cos A = ... ' 

SIB b . sin c 


cos B- 
cos C 


cos b - cos c . cos a 
sin c . sin a 

cos c - cos a . cos b 
sin a . sin b 


This is the Cosine Rule for spherical triangles. 

Since sin*. 1 = ] - cos* J , 

by substitution from (27) for cos A, 

■ t j , /cos a - cos h . cos c\* 

sm*.^ = 1 - ( — 

\ sm 6 . sm c / 

Biu*h . sin*c - (cos a - cos h cos c)* 
sin*6 . 8in*c 


•(87) 


(1 - cos*6) (1 - cos*c) - (cos a - cos h . cos c)* 
sin* ft . sin*c 


1 - cos*a - co8*ft - co8*c + 2 cos a . cos ft . cos c 
8in*6 . 8in*c 
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The function forming the numerator of this fraction is usually 
denoted by in^, so that 

• ^ 

sin A = . — ; 

sm 0 . sm c 

sin A _ 2ft 

sin a sin a . sin h . sin c’ 

In a similar way it may be shewn that 

siriR_ 2 m _ sin C 

sin b sin a . sin b . sin c sin c 

Hence the rule of sines ; 


sin A _ sin B _ gin C _ 2n 
sin a sin b sin c ~ sin a . sin b . sin c ’ 
where 4n^ = l -cos-a -cos-b -cos^c + 2 cos a . cos b . cos c. 
In the given triangle, substituting in (27), 


(28) 


sin 65° 2-1' . sin 83° 5 1' . cos A = cos 48° 18' - cos 65° 21' . cos 83° 54 


=0-6652 -(0-1163 X 0-1063) 

= 0-6652 - 0-0442 
=0-6210 ; 

log cos A = log 0-6210 - log sin 65° 24' - log sin 83° 54' 
= 1-7931 -1-9587 + 1-9975 
= 1 -8369 =log cos 46° 36' ; 

.4 =46“ 36'. 

Similarly for B, 

sin 83° 54' . sin 48° 18' . cos B = cos 65° 24' - cos 83° 54' . cos 48° 18' 


= 0-4163 -(0-1063x0-6652) 
=0-4163-00707 =0-3456-, 
from which log cos B = 1-6680 = log cos 62° 15' ; 

B = 62“15'. 

Lastly, sin 48° 18' . sin 65° 24' . cos C 

= cos 83° 54' - cos 48° 18' . cos 65° 24' 

= 0-1063 - (0-6652 X 0-4163) 

= 0-1063-0-2769= -0-1706. 
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Since this value is negative, cos C must be replaced by 
cos (180° - C), because cos (180° -C)= - cos C ; 
log cos (180° - C) =log 0T706-log sin 48° 18' - log sin 65° 21' 

= 1 -231 9 - 1 -8731 - 1 -9587 = 1 -4001 
= log cos 75° 21'; 

180° -C = 75° 21' ; 

C = 104“39'. 

Having found the angle A, the remaining angles could be found 
from the sine rule, thus, from (28), by taking logs : 

log sin R = log sin A +log sin h - log sin a 

= log sin 46° 36' + log sin 65° 24' - log sin 18° 18' 

= 1 -SeiS + I -9587 - 1 -8731 = 1 -OlOO 

= log sin 62° 15' ; 

B = 62° 15', as b<‘for(‘. 

It must be remembered, ho\v<‘ver. that the sine rule ahsays 
gives two possible solutions, since sin t^ = sin (18f)°- ff), and unless 
the data are sufficient to allow the proper value to be selected, it is better 
to avoid the sine rule. 

24. Spherical Excess. In the above triangle, 

A + B + (J = 46° .36' + 62" 1 5' + 104° 39' 

= 21.3° .30' 

= 180° + 53° 30' ; 

thus the sum of the three angles of the spherical triangle is greater than 
180°. This is true of every spherical triangle. 

If E = spherical excess, ?.e. 

E = A + B + C — TT, 

the angles being expressed in radians, then 

Area of Spherical Triangle- Er^ (29) 

where r = radius of sphere. (See Exercises 16, No. 20.) 
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Ex. 2. Frove that iih any spherical triangle ABC, 

2 sin s . sill (s - a) 

irhere 2s = a + b + c. 

Use this formula to verify the angles found for the triangle giren 
in Ex. 1, viz. one in which a = 48° 18', /> = 6!>° 21', and c = 83° 54'. 
From Plane Trigononn'trv, 

A 


1 -tan2 


cos A — 


2 . 


1 +tan2 


A 


^A 1 - cos A sin h . sin c - cos a -r cos h cos c , 

.. ^^2 1+COS.4 .sin 5 . sin c + cos (f - cos cos c’ 1" )’ 

cos {h - c) - cos a 
cos a - cos {b + c) 

sin l(n - b + c) . sin \{a + b-c) 


sin l{a + 6+ c) . sin l{-a+b-\ c) 

_ sin (.S' - b) sin {s - c) 
sin .s sin (s -<f) 

B C 

Similar expressions can be likewise proved for tan and tan 


Hence 


tan 

tan 


, j A _sin (s - b) . sin (s - c) 

tsn” _ . . ^ f 

2 sin s . sin (s a) 

j B _ sin (s - c) . sin (s - a) . 
2 sin s . sin (s - b) 

j, C sin (s - a) . sin (s - b) 
sin s . sin (s - c) 


2 ■ 


.(30) 


where 2s = a + b + c. 

In the given triangle, 

2s = 48° 18' + 05° 21' + 83° 54' = 107° 36' ; 

s = 98° 48', and log sin .v =1'9949; 

,s -n= 50° 30', log sin (.v - n) = 1 -8874 ; 

s - 6 = 33° 24', log sin (s - 6) = 1 -7407 ; 

.s-c = 14°5t', log sin (s -c) = 1-4102. 
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log tan ^ = 1(1-7407 + 1 -4102 - T-9949 - 1-8874) = 1-6343 

=log tan 23° 18' ; 

^= 46 ° 36 '. 

log tan I = 1(T-4102 + T-8874 - 1 -9949 - 1 -7407) = 1-7810 
=log tan 31° 8' ; 

5 = 62 ° 16 '. 

log tan J = 1(1-8874 + 1-7407 - 1 -9949 - 1 -4102) =0-1115 
= log tan 52° 17' ; 

.-. 0 = 104 ° 34 '. 

These values agree quite closely with those previously found, 
and it will he seen that formulae (30) are much more convenient 
to apply than (27), as they are more readily adajited to loga- 
rithmic computation. 

Et. 3. In any spherical triangle ABC, prove the formulae : 

and apply them to find the shortest distance between Southampton 
(Lat. 50° 54' iV., Long. 1°24' R'.) and New Orleans {Lot. 30° N., 
Long. 90° W.), regarding the earth as a sphere of radius 3960 miles. 

T . sin a sin b sin c , 

Lot ^ ^ „ = — - = k, 

sin A sin B sin C 

then a + sin fc _ A: sin A + A; sin B _ sin + sin R 

sin a - sin b A; sin /I - A; sin B sin A - sin B 

Hence, from (14), 

sin ^( g + 6) . cos l(a - b) _ sin ^{A + B) cos i(A - B) , 
cos |(a + 6) . sin \{a-h) cos ^(A +7i) sin ^(A - B) ’ 

J(iy+ b) cos i(«j- b) _ tai^^ ( A+ B) 

■' sin i(a -b) ’ cos |(B + b)~tBn i(A -B)' 


( 81 ) 
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Again, 

tan ^(A + B) - 


sin ^{A + B) _ sin ^A + B) . cos ^{A - B) 
cos ^(A + B) cos ^(A + B) . cos J(4 - B) 


sin ^ + sin R 
cos A + cos B 


, from (14ffl) and (14c), 


sin a . sin C sin h . sin C 

■ + - 


sm c 


sm c 


cos a - cos b . cos c cos b — cos c . cos a 
■ + 


, from (28) and (27), 


sin b . sin c sm c . sm a 

sin a . sin 5 . sin C'(sin a + sin b) 


sin a . cos o - sin a . cos b . cos c + sin h . cos h - sin b . cos c . cos a 

sin a . sin b . sin C(sin a + sin b) 

^ sin 2« + J sin 2b - cos c(sin a . cos b + sin b . cos n) 

sin a . sin 5 . sin C(sin rt +sin ?») , ,,,, 

= -T— j- — =- — ^ -—i—ix, froitt (14), 

sin (n + b) cos (a -b) - cos c . sin (a + b) 

sin a . sin b . sin C (sin a + sin b) 

sin {a + b) {cos (a - b) - cos c} 

sin a . sin b . sin C'(sin a + sin b) 


sin (a + 6) {cos a . cos 6+ sin a . sin 6- sin a . sin 5 . cos C’- cos a. cos b} 

from (27) • (j C< 

■ n , ■ ■ 7 ^ 2 sin . cos . 2 , sin |(o + b) cos 4(a - b) 

sin 6 . (sm « + sm o) 2 2 / 2 \ y 


8in(« +5)(1 - cos V) 
from (12) and (14) 


2 sin i(a + b) . cos \[a + b) .2 . sin® 


C 


= , (.Qt which is formula (a) of the data, 

cos l{a + b) 2 

Divide this result by (31), 

. cot ^ = tan UA - B), which is formula (b) of the data. 
sm|(a+fc) 2 ^ ' 


These formulae are known as Napier’s Analogies. 

ll.M. E 


( 38 ) 
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Let N in Fig. 4 be the North Pole, S, C, the respective })ositions 
of Southampton and New Orleans ; draw the meridians through 
S and C, then the great circle arc SC is the shortest distance 
between the towns. 


N 



no 4. Distance between two places on the earth. 


In the spherical triangle NSC, 

NS = complement of latitude ol S = 90° - 50° 54' = 39° 6', 
NC^ „ „ „ C’ = 90°-:i0° = G0°, 

L ^^^0 = difference of longitudes of S and C 
= 90° -1° 24' = 88° 36'. 

Now, to find SC it is necessary to determine the angles NSC, 
SCN ; denoting these by S and C, and applying (32), 
log tan |(/S + C) 

= log cos 4(60° - 39° 6') + log cot - log cos ^(60° + 39° 6') 

= log cos 10° 27' + log cot 44° 18' - log cos 49° 33' 

= 1 -9927 + 0-0106 -1-8121 =0-1912 
= log tan 57° 13', 
and log tan ^(S - C) 

=log sin 10° 27' + log cot 44° 18' - log sin 49° 33' 

=1-2585 + 0-0106-1-8813 = 1-3878 
=log tan 13° 43'. 
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Hence i(S + C)=57° 13', 

J(<S-C) = 13°43'; 

/S = 70°56'; C = 43°-30'. 

Finally, from the sine rule (28), 

. sin CNS . sin NC sin 88° 36' . sin'60° 

sin SC = ^ = > 

sin S sin 70 56 

log sin SC = log sin 88° 36' + log sin 60° - log sin 70° 56' 

= 1 -9999 + 1 -9375 - T-9755 = 1 -961 9 
= log sin 66° 21' ; 

SC = 66° 21' = 1-158 radians. 

'riiis is the angle SOC, and since OS = OC = 3960 miles, 
length of are SC = 1 -158 x 3960 miles 
= 4585 miles. 

Distance between Southampton and New Orleans is approxi- 
mately 4585 miles. 

The side SC might have been found from formula (14), as 
follows : 

cos SC=cos NS . cos NC-i-sin NS . sin NC . cos CNS 

= cos 39° 6' . cos 60° + sin 39° 6' . sin 60° . cos 88° 36' 
=0-3881 -e 0-0134 =0-4015 
= cos 66° 20' ; 

SC = 60° 20' = 1-158 radians ; 
length of arc SC = 1-158 x 3960 miles 
= 4585 miles 

as before. 

It should be observed, in general, that if the positions of S 
and C are given by lat. a°, long, ^° ; lat. )3°, long. <f>°, respec- 
tively, then LSNC = 0~i>, if longitudes are either both E. or 
both W., but L SNC = 6 + <f>, when one is E. and one is W. 

Also L NSC = 90°Ta°, according as the latitude is N. or S., 
and similarly for l N CS. 

If both latitudes are S., the south pole should be taken as a 
vertex of the triangle. 
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Exercises 4. 

1 . Prove that in a spherical triangle ABC, having a right angle at C, 

(а) cos c=co8 fit . cos b, 

(б) tan c=;tan a . sec B, 

(c) sin a=:8in c . sin A. 

Hence, solve the triangle in which a =45° 42', and 5 = 51° 6'. 

2. Shew that in any triangle ABC, right-angled at C, 

cos A = cos a . sin B. 

Hence, solve the triangle in which A =68° 18', and H = 43° 54'. 

3. Prom the results proved in Exs. 1 and 2, shew that the relation- 
ships between the sides and angles of a right-angled spherical triangle 
are given by the two following rules of Napier : 



Taking C as the right angle, the sides a. h, together with the com- 
plements of the remaining parts, are called the Circular Parts of the 
triangle. 

If a circle be divided into five scctore, and the circular parts be 
written in these sectors respectively in the order in which they stand 
in the triangle, then, after selecting any one part, called the Middle 
Part, the two contiguous parts are called the adjacent parts, whilst the 
two remaining parts arc called the opposite parts, 

Napier’s Rules are then : 

(i) Sine of Middle Part=Product of tangents of adjacent parts ; 

(ii) . Sine of Middle Part = Product of cosines of opposite parts. 



EX. 4] 


EXERCISES 


69 


Solve the following right-angled tiianglcH : 

4 . a = 38“ 30', B 90“. c == 52° 48'. 

5. a = 71°, 6 = 52°. 6’ = 90°. 

6. 4=71° 18', B = 90°, 0=58° 42'. 

7. a = 50°, c = 75°, 0 = 90°. 

8. 4=37° 18', c = 79°42', 0=90°. 

9. a = 42° 36', B = .58° 12', 0.--90°. 

10 . 4 = a, 0 = 90°. 

11 . a = 81°, B = rA° 42', 0 = 90°. 

12 . 4 =73° 3', il = 42° 26', 0 = 90°. 

* 13 . If £=8pherica] excess of a triangle in which 0=90°, shew that 
tan if] - tan \a . tan \b ; 

hence, solve the triangle in which a = 82°, and 6 = 64°. 

* 14 . In a spherical triangle 4SO, a perjicndicular is drawn from 4 
to BC meeting it in /> ; shew that 

cos ('!) : cos DB — cos B : cos c, 

and deduce that cot Il/)=tan c . cos B. 


Solve the following spherical triangles : 


15 . 

a 

= 62° 

15', 

6 = 

■■ 43' 

38', 

c = 

51° 

43'. 

16 . 

a 

= 48° 

51'. 

6- 

39° 

.54', 

c~ 

61° 

53'. 

17 . 

a 

= 42° 

15', 

6- 

53° 

54', 


37“ 

27'. 

00 

a 

= 63° 

41'. 

6 = 

. 58° 

38', 

C — 

84° 

27'. 

19 . 

a 

= 41° 

16', 

6^ 

- 43° 

18', 

r — 

71° 

36'. 

20 . 

a 

= 48° 

42', 

6^ 

46° 

54', 

r’- 

76“ 

1'. 

21 . 

a 

= 68° 

18', 

B - 

-107° 

36', 

c = 

86° 

24', 

22 . 

A 

= 55° 

10', 

6 = 

: 72° 

18'. 

f r= 

88° 

48'. 

23 . 

a 

= 82° 

18', 

B 

28° 

49', 

Cz= 

64° 

42'. 

24 . 

a 

= 44° 

24', 

h--- 

: 38° 

42', 

r-^ 

38° 

25'. 

25 . 

In 

an e 

quilateral 

triangle. 

prove 

i that 


_ (I j.*! 

2 cos cosec ^ . 


* 26 . Shew from the cosine and sine rules that 

cot tt . sin 6 =cot 4 sin O -f- cos 6 . cos 0 ; 
hence find 4 when o=45°, 6=20=60°. 
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*27. Prove that 

sin (s-b) . sin (s-c) +8in s . sin (« -o)=sin b sin c, 

where 2s=a + 6+c ; hence shew from (30) that 

, A sin s . sin (a - a) 
cos* „ = — 


and deduce that 


^ ... 9 

2 sm b . sm c 

. , A sin (s-b) . sin (s - c) 
sm* = — '-z-l — T 
2 sin b . Bin c 


A A 

*28. Assuming the expressions for sin ^ and cos g > from Ex. 27, 

,, , . . 2v'^8in a . sin (fi -a) . sin (a - b) . sin (a -c) 

prove that sm A = ; 

sm b . sin c 

hence shew that 

4 sin a . sin (s - a) . sin (a - b) . sin (a -c) 

= 1 - co8*« - eo8*b — cos*r + 2 cos a . cos b . cos c. 

A A 

*29. Shew from the expressions for sin ^ and cos ,, in Ex. 27, that 
in any spherical triangle : 

sin i(A + B) . cos |c=co8 J(a - b) . cos \V. 

Hence deduce that 

cos i(A +R) . cos Jc=co8 |{a +b) . sin \C. 

If C = 90°, prove that 


sin {A+B) = 


cos a -+ cos b 


OliA \ 

1 + COS a . cos u 

*30. The area of an equilateral triangle is )\,th wholi' surface of 

the sphere upon which it is traced ; find the angles of the triangle, and 
if a is one of the equal sides, shew without tables that 

sec a=.^6 + v'2 - 1, 

having given that 4 sin 15° = .y/6 -^^2. 

Hence find a from the tables, taking — 2-4495 and v'2 = 1-4142. 

*31. Without using tables, and taking the value for sin 15° given in 
Ex. 30, shew from (.32), that, if in a spherical triangle, 

a + b — '^ir, a-b=j 7r, and = 
then \(A + B) =:tan'i _ fi) = tan-» 

Hence, from the formula of Ex. 11, page 54, shew that 
tan A = — -J 3- - - . tan R = --"V - . 
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*32. The angular distance between two places, B, C, measured along 
the arc of a great circle on the earth’s surface, is a°. B is situated in 
latitude 6° N., longitude p.° W., whilst C is situated in latitude <^° N., 
longitude \f/° W., p. being greater than tp. Prove that 

cos a =cos 6 . cos <p . cos {fi-\p)+ sin 8 . sin 

assuming the earth to be a perfect sphere. 

Hence shew that if G were on the equator and the longitude of B 
wore (^ + 60°) W., then 

2 cos a = cos 8. 

*33. The sum of the sides of a spherical triangle is 180° ; prove that 
8in“ 2 .> +sin“ 2 ~^' 

Find the angles of the triangle in which 

a ^58°, 6 =.52°, c=:70°, 
and verify the above fornmla. ^ 

Assuming the Earth to be a sphere of mean radius 3960 miles, 
calculate the shortest distance, measured along the arc of a great 
circle, between each of the following pairs of towns, using the appended 
table of approximate latitudes and longitudes. 


Town. 

1 I.,ititu(le 1 

Longitudr 

Adelaide 

- 1 34“.57'S. 

138“ 38' E. 

Bombay 

- ' 18°.5.5'N. 1 

72° 54' E. 

Cape Town 

- ) 33°40'S. 

, 18°30'E. 

Gibraltar - 

36° 10' N. 

5° 20' W. 

Havre 

49° 30' N. 

0° 10' E. 

Honolulu - 

- ' 21° 18' N. 

1 157° 51' W. 

Liverpool - 

- 1 .53° 2.5' X. 

1 2° 59' W. 

London 

- ! .5r30'N. 

1 0° 5' W. 

Melbourne - 

- j 37°.50'S. 

1 144° .59' E. 

New York - 

40° 45' N. 

1 74° 0' W. 

Plymouth - 

- ' ,50°22'N. 

4° 9' W. 

Port Nelson 

56° 30' N. 

92° 59' W. 

Quebec 

- , 46°48'N. 

71° 13' W. 

Yokohama - 

35° 30' N. 

139° 35' E. 


34. LiverjKJol to Port Nelson. 35. Liverpool to Quebec. 

36. Liverpool to New York. 37. I»ndon to Gibraltar. 

38. Havre to New York. 39. Plymouth to Cape Town. 

40. Cape Town to Adelaide. 41. Bombaj’’ to Melbourne. 

42. Yokohama to Honolulu. 
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43. From A, a point on tho Earth’s surface in latitude 61°. a distance 
AB of length 20,000 feet is measured along a great circle perpendicular 
to the meridian through A. Calculate the angle which the great circle 
through B perpendicular to BA makes with the meridian through B. 
(Consider the Earth as a sphere of radius 3960 miles.) • (L.U.) 

*44. Two ports are in the same latitude I, their difference of longitude 
being 2A. Shew that the distance saved in sailing from one port to 
the other along a great circle instead of due East or West is 

2r{A cos 1 -sin“^(8in A cos 1)}, 

where r is the radius of the Earth. 

Calculate the distance thus saved if the latitude is 60° and the dif- 
ference in longitude 90°, taking the radius of the Earth as 3960 miles. 

(L.U.) 

45. Calculate the great circle distance between Singapore (1 24' N., 

103' 51' E.) and Yokohama. (Lc.U.) 

46. F 'or a spherical triangl%.4/lC, prove tliat 

cos A= -cos Boos (' + am B sin V cos a. (M.U., Sc.) 
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25. Total Differential Coefficient. Let F {x, y) be a point on a 
curve y=f(x), and let P' (x + A.r, y + Ay) be another point on 
the curve close to P, then from Fig. 6, tan 0= KF'jPR =A«//Aa. 



Flo. 0. DiffcrcTitlal coefficient. 

Now let F' ap])roach P so that ultimately the secant TPP' 
becomes the tangent at P ; then 

Ay 

Lt — ^ tan 0, 

Aj- 

where 0 is the angle made by the tangent at P with the z-axis. 
This angle is called the slope and tan 0 the gradient of the curve 

at and Lt is denoted by ~ ; lienee 

Aj 5-0 

dy 

dy 

and the gradient of the curve y = f(x) at the point (x, y) is - 

dx 


( 88 ) 
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^ is the total differential ooefflment of y with respect to x, and 

expresses the rate at which y changes with x. 

In general, if Ax, Aj/ are corresponding increments in x and y, 
then since y=f{x), y + Ay=f{x + Ax), so that 
Ay=f{x + Ax) -f{x ) ; 

• Tt A^ + Ax)-f{x) 

•• dx'^ito Ax' 

It is evident from this result that the differential coefficient of 
f(x) is also a function of x, so that it has a gradient at every finite 

d d d^ 

jjoint. This may be written ^ ^ or and is called the second 

derivative or differential coefficient of f(x). Similarly the process 

d^u 

may be repeated n times, the wth derivative being written 

Ex. I. Differentiate sin „ with regard to 6 from first principles. 

2 (L.U.) 

Let t/ = 8in and A<^, Ay be corresponding increments in d and 
V, then 

. . tt + AB 

y + Ay = mn - ; 


e + A6 


d Ay 


Ay = sin- 2" -sin 2 = 2 cos (^2 4 4 > '^y (1^«) J 

_ fti AH\ .Ay .Ay 

. Ay + i 1 /H Ae\"" T 


Ay 

•• Ay 


y Ay\ 4 

2 + 


•• di-ijur 


/y Ay\ 
( 2 '^ 4 ) 


cos - , since Lt ■ = 

1 2’ Ay 
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26. Fundamental Standard Forms. The determination of the 
differential coefficient of any function of a single variable depends 
upon the following elementary standard forms : 


where 


(i) y=a)t", 

(ii) y = ae>>*, 

(iu) y = ginax, 

(iv) y = cosax. 


y,=nax““*, 
yi = abe’‘*, 
yi=:acosaz. / 
yi = - a sin ax,] 



together with the important theorems established in § 27. 


(84) 


Ex. 2. Find the differential coefficients of the following func- 
tions : o*, loqaX, sin~'^x; and deduce the derivatives of log^x and 
cos~^x. 


(i) Let y = a^, and suppose that 0 = 6^ so that logpa=c, then 

y = e'’* ; hence by (34) = cc'’® = a^ loge a. 

(ii) Let y = \o^aX, then x=ai ^ ; 

(Is 

by (i), dy"'^'' ' 

Now let A: = log,. a, then a = (*, so that e=a* ; 


^ logfU ’ 




(lii) Let ?/ = sin then x = sin (/, and , =cos - 2 :^ • 

du ’ 

. dy 1 


dx Vi-x 2 

In (ii) let a = e, then jy =^log,.x, and 

dy _l 
dx X 


Also 


cos‘ 


, -8in~^x ; 


''^(cos-ix)= (sin-ix)= by (iii). 
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27. Function of a Function, Products and Quotients of Func- 
tions. Let y=/(M), u = F(v), v = (f>(x), all the functions being 
continuous ; and let Av, Am. Ay be increments corresponding 
to a small increment Ax in x, then 

Ay Ay Au Ai\ 

Ax Au Av Ax' 


hence, on proceeding to the limit, 

f = Lt - Lt • Lt . Lt 

dx A 2:==0 A ('=0 AJ =0 

since Ay, Au, Av each tend to zero with Ax ; 

1 dy dy du dv 

dx du dy dx 

Again, let y = uv, where u = F(.r) and v-4>(j'), 
log i/ = log « + log r. 

Hence, by the results of Ex. 2 and the preceding ]>aragra)»h, 

1 dy 1 du ^ 1 dv 'j 

y ' dx u ’ dx V ’ dx ’ 

, , ^ (86b) 

dy du dv 

or j -V • , , 

dx dx dx . 

Similarly, if «/ = m/c, 

1 dy 1 du 1 dv 

y dx u ' dx V ' dx ■ 

dy / du dv \ / „ 1 (36c) 

” dx"r-dx ■%x)/’'-) 


Ex. 3. 
(i) Let 
then 


Diffcrenliute Uut x, taii~ ^x, and sec x irllh respect to x. 
y =tan x = sin x/cos x, 
log y = log sin x - log cos x ; 

. . - ■ V = . • , • (sm x) - • , (cos x) 

y dx sm x dx cos x dx 

cosx sin X , 

- . - + , by 34 ; 

sin X cos X 


= \+ tan*x = sec^x. 
dx 
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(ii) Let y — ta,n~^x, then c — t&ny, so that -j^ = Bec^y = 1 +z^ ; 

. 

' ' dx i + S '* 

(iii) Let y = Bi‘cx, and suppose u = cosx, then y = u~^ ; 

du ^ du \ 

, =-smx and , = - 
dx du ir 

dy du du sin a: 

j = sec^x . sm x. 

dx du dx cos-^x 

28. Summary of Standard Forms. The results of Examples 2 

and 3 are so important that they are here collected for reference. 

(i) y-a*, yi-a*logea. (v)y^sm‘x, y, = (l-x®)“^. 

(li) y-logax, yi-^.logae. (vi) y.^cos *x, yi= -(1 -x-)”^- 

X i^a\ 


(iii) y = log,x, ri- 


(vii) y = tan-*x, yi = (l + x-)-h 


(iv) y=tanx, yi = sec'‘x. (viii) y = secx, yi = sm x . sec-x. j 

Ex. 4. Diffcrcntmtc ihe functions : 

(a) y = £^ log a •i-5«® + 2 tnn^^bj. -log (1 -bx) + log (1 +hx), 

(b) y = log 

(a) From the standard forms, 

dy , 2b b b 

^ - r,e lop a + r,,' lop „ + , + r + 


= 5(x* + a*) log a + 


1 


o < 

(b) Let , then, by (35c), 

■TaC O 

du 3(4j -3) -4(3,r-4) „ 


(4x-3)2 


7d4c-3)2. 


do 3x-4 

c=-8m u, then , =cos tt = cos , 

du \x - 3 

1 *1 i. 1 3x - 4 

(/ = lo 2 c. so that , = = cosec 
’ ^ do c 4 j-3 

du dy dr du 7 3x - 4 

• • — coti - — • 

dx do du dx (4x-3)= 4x-3’ 
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Ex. 6. Find the gradient at the point {x, y) of each of the follow- 
ing curves : 

(a) 3a^ + 12a:y-12y® + 18a:-62/ + 5 = 0, 

(o) Since 3a^ + 12xy - 12y^ + 18x - 6?/ + 5 = 0, 
by differentiation, 

6x + 12(xyi + y) - 2iyyi + 18 - 6?/^ =0, 

from which 

(6) Taking logarithms, 


_dy _ 3 + x + 2y 

dx 1 - 2x + 4y‘ 


2 log y = log (3x2 - 5) - log (5x2 _ 3 ^ . 
2 dy 6x lOx 32x 


' ' y dx 3x2-5 5x2-3 (3x2 - 5)(5x2 - 3) ’ 
16x 


. dy^_ 

•• dx (3x2-5)(5x2 


y3x2 - 5 16x 

x^-3)' >5x2 - 3 “ 


Ex. 6. Find the nth differerUial coefficients of c"' sin bx and 
l/(x2-o2). If y = (ax + b)l(cx + d), prove that 


dx dxr Vox*/ 


(L.U.) 


(i) Let 
then 


y = e“® sin bx, 
y^ = e“®(a sin bx-b cos 6x) 

= (a2 + 62)^e“* sin (6x + <^), 


tanT^ =<f>. 
a 


where 
Repeating the process, 

2/2 “ + 2 <#>) . 

Hence «/„ = (a® + b‘‘)-e“sm^bx + ntan 


y 




1 1 . 


X® - 2a \x ” a x -f a j ’ 


„ j 

2a\(x-a)2 (x + o)2j‘ 


(ii) Let 
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Hence, on repeating the process, 

^ 2al(x-a)“+i (x+a)“+‘/ 

(iii) The numerator=aa; + h=^^ca: + = -(^c-x + J 


hence 


;'/i= - 


n A. I T , dd ^ 

V = -H where fc = o . 

^ c cx + d c 

kc 2kc^ 

{cx + df’ ^^~icx + df’ 


6Ac® 


(cx + d)*’ 

. , _ 12AV .f 2Ac^ 

UdJ-i Icx + d)^ ' ((ca: + fZ)^| 


E.vercises 5a. 

Find the differential coefficient with respect to x of each of the 
following functions : 

2. (.3a- + 4)(a;-l)(2a:+7). 3. IJa-*. 


1. (2x-3)(5x-l). 

4. 


2y,fx'^X^' 


7. KH. 

10. log (4a: -9). 

... • , * 

13. ain-i j.— . 

2a 

16. tan'^ {2a:- 1). 

19. a:® + log g. 


5. 


3x + 2 
8. ae". 

11. tan 4x. 

3x-l 
5 


14. sin“^ ' 


17. sinh (2x + 3). 

20. tan X - X. 


6 . 


(2x + 3)2’ 

9. o“+*. 

12. a sin (5x + 3). 
15. tan-* 

a 


18. cosh-* 


4x 


Find the gradient at the point (x, y) of each of the following curves : 

21. i/ = (6x*'-2x + 7f. 22. j/=(a*+x*)i 23. y = (b*-x»)i 

25. y=log (x + n''x« - 1). 

27. !t=co8*2x. 

28. j/=o cos* 29. y^logsinx. 30. j/=tan*3x. 


24. y - -==== ^ --- • 

<J 4x* + 3x + l 

26. y=log tan^2x4- -j- 
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31. y---£s^x^ + 2x + i.. 32. ^ = a:“log4x. 33. i/ -(a; -a)®(x - 6)*. 

34. y =a:^ log (x + 3). 35. y=xlogcotx. 36. y=4zsinx. 

37. y = (4x -3) sin 3x. 38. tan (x + S) log (x + 9). 

39. 2 / = 2a:* sin (3x + 2). 40. ?/=« sin^(ix + c). 

41. y=x sin (log x). 42. y=e''sinx. 43. y = e''"'^. 

2j- 1 -2x 

44 . y=e-^ sin 3x. 46. 46. y = g^^ 2 - 

47. y = 2x-'i‘ ^"^43 -‘7 = 


60. y(a - bxY = (« + bx)^. 
52. y(x“-a:+l) — 3- 5x. 


51. 2/(1 -x) = 2 +x“. 
53. y\'l - .r*. 


54. 




55. 


2x2 -3X4 5 

56. 

7x2-4x + 2 

J/n' 

a“+x== = 2-x. 

y= 

3x - 5 

y= r,-3x ■ 

57. 


4x^ 

- 3x - 7 

58. 


a -2x 

59. 

J-2(.') + x)» 

y = 

'.5x2 

-r 6x - !) 

>j- 

a ^3x' 

y= (3+x)» ■ 



rlog 

4x2 3 

61. 


, j-2 ^ j. ^ 1 

62. y 

, , 5x - 9 

60. 

y = 

2x2 + 5" 


“''’X2-X+1 

'"f'cxsir 


63. y=iog 


1 + X sin a- 
1 - X sin X 


64. y-- 


log X 


65. 

67. 

60. 

71. 

73. 

*76. 

78. 

*81. 

* 88 . 

* 86 . 

• 88 . 


I 1 \a^-x^ 

log- . 

y = e!‘^ co.s (bx+c). 
y(a + b sin x) - cos x. 
y = tan- 


1 + X log X 

68. y=(¥-x^)‘^'. 

68. 2/(1 +COB x)- sin x. 
1 

3x-2’ 


70. y-x^ tan 


72. y“tan ’ (sec x + tan x). 


1 

74. »/ — sin . log . 

a ^ X 


y = (sin x)'. 76. y = ^ sin^x. 

ax^ -\-2Iixy + by^ = \. *79. y—x^. 

y=x^ . 


*77. (tan x)* - (tan yY- 
*80. y = e'\ 
i/n-i b cos x\ 


*82. y = 8in“’ ( , 

V^' + «eo8x/ 

y=pf+x’. *84. e" — logx. *85. x“ = e'''. 

y log cos X = log sin x. . *87. x sin y — y tan x. 

X— 6e'+». *89. x*(x* f2/‘*)--(f®(j/*-x®). 
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1 4 j: 
1 -x‘ 


90. </--tan '^x-i I lo< 

91. If ij =sec 0, shew that Zt- =.'/(%- -2). 

atf 
dy 


92. Evaluate f 

rfj' rt 


93. Find (i) when y -10-®'', 

(ii) wJien //-log tan ( ^ - o 

(iii) when 2 /=:Hin*i(] - 

94. If xy=/ix^ + b, prove that » ■=2.(/. 

95. Given that y h eoa (log .t) + 1 sin (log x), shew that 

, ', + x , -i y — 0 . 
dx^ dr •’ 

96. Evaluate log (sin x'^-). 

97. If xy — ax^^ \ prove that 

98. Ilifferentiate eosee x and tan ’ tan 

/ \ 1 

Find 


; and shew that if 7 / = (.sin 


\dx) (r- 1)(24--+ 1) ' 

d^u 

99. If u—i's'm find the value of ; hence, shew that 
‘ dx* 

dh/ <fy^^l/ 

dx^ dx X 

*100. Shew that, if the indefHindent variable x in the 
coefficient dyjdx can be expressed in terms of t, where x 
function of t, then 


dy , dy idx 

dx dt/dt’ 


and 


dh/ 

dx^ 


becomes 


nlr 

d-y 

df/ 

d^-x' 


\dl ' 

dr- 

dt 

dr, 

)/[dt,l 


Prove that if x = e', the equation 
dx’^^ dx 


** " + X + phj - 0 frecoines + p^y ~ 0. 


(RU.) 


(L.U.) 


(L.U.) 


(L.U.) 


differential 
is a given 


{L.U.) 
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*101. A ladder Ah, I feet long, hinged ot its lower end A, is raised to 
a vertical position by a rope attached to it at a point O distant s ft. 
from A. If O moves with a uniform horizontal velocity u ft. per sec., 
she w tha t when B has risen y ft. vertically, its vertical velocity is 
lu-JP -y*lsy ft. per sec., and that its actual velocity on the circle 
describe is Ihtj^y ft. per sec. 

Calculate the value of y when 1=26, s=ll, u = ^-5 and B'a vertical 
velocity is 4 ft. per sec. 

*102. A heavy uniform rod of weight IF is suspended symmetrically 
and in a horizontal position by two vertical strings of length I distant 
2a apart ; a couple of moment M is applied twisting the bar about the 
vertical axis of symmetry through an angle $ ; shew by virtual work, 
or otherwise, that 

3^^_lFa« s i n^_ ^ ^L.U.) 

- 4a^ sin* ^ 


PARTIAL DIFFERENTIATION 

29. Partial Derivative. Let u—f{x, y) be a continuous function 
of two variables, and suppose any constant value be given to y, 
so that u becomes a function of x only, then the differential 
coefficient of u with respect to x is called the partial differential 

coefficient of f{x, y) with respect to x, and is written to dis- 

du 

tinguish it from the total derivative 

0^1 

Similarly, if a constant value be assigned to x, tlien is the 

partial derivative of /(x, y) w'ith respect to y. In the same way 
partial derivatives of higlier orders are defined, and, in general, 
for a function of n variables, the partial derivatives with respect 
to any one variable are formed according to the ordinary rules of 
differentiation, after the remaining (w-1) variables are con- 
sidered to have constant values. 
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§Z0] 

Ex. 7. For the following curves : 

(a) ax^ + 2hxy + by^=0, {b) x^ + ax^y + bxy^ + cy^ = 0, 

find ^ and ; hence exhibit the relation between these three 
ox oy dx 

derivatives, and shew that x^ + y = mi, 

ox Oy 

where u stands for the whole expression equaled to zero, and n is 
the degree of each expression. 

(a) Let u = ax^ + ‘lhxy + hy^, then, considering y to be constant, 


and considering x to be constant, 


'du 

= 2ax + 2hy, 
3 m 

^y' 


■■ 2hx + 2by. 


Further, since ax"^ + 2hxy + bif — 0, 

by differentiation, when both x and y vary, 


2ax + 2h(y^x2) + 2by £=0-, 

2(hx + by)2= + 


or 


or 


Om dy 
dy dx 

9u dy 3u 
dy dx ^ dx 


du 

'dx’ 


0 . 


X + y 2 = 2«J^ + 2hxy + 2hxy + 2by^ 


Since each term involving the variables is of the 2nd degree, 

n = 2. 

'7\ai 

But 

UX - 

= 2 (ax* + 2hxy + hy^) = 2u. 

(6) Let u=x^+ux^ii + bxy^ + cy^, then, with y constant, 
du 
dx 


= 3x“ + 2«xy + by“, 


and with x constant, 


dll 

^y' 


■■ ax^ + 2bxy + 3cy*. 
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Finally, when both x and y vary, 

.3^ + , (i-J + g) + i. {f + 1x,J g + icf 1=0; 

(aa:^ + 2hj-// + Sc//-) ~ + 2ff r/y + h//‘^) ; 

(? y 3i“ + 2axy + by- 
(/.r ax- -I- 2bxy -(- 3cy- 

■ The numerator and denominator of this fraction are ecpial to 

^ and - respeetivelv. so that, ao;ain. 
ox cy 

du dy 
dy dx ^ dx 


The degree of tin- exiiression is obviously 3 : 

,/■ + y ' = 3.r® + 2ax^y + b.ry^ + (ix'^y + 2bxir !- 3c//“ 

^ 3(./* + (i.r-y -(- bxy~ -t- cy'*) = 3u. 

30. General Theorems. The formula 

?ll /?U 

J?y (3’) 

i.s generally lru(‘. and is very useful for fin<ling the total derivative 
of any implicit function, /( e, ,'/)=(>, as the above exanqile shews. 


cu dy ?u . dy 
^ • . T = ■' 0, or , 
cs dx rx dx 


'ff , }( 

The formula x . -I y , = «)/ is illustrative of Euler’s Theorem on 


dx 


Homogeneous Functions, wh\<-h may be stated genevallv as follows. 

If a = f(x„ X2, Xn) be a homogeneous function in n variables and of 
the mth degree, then 


0u d\x f'u 

* rxi rxo ^*3 


ru 

Xji ^ mu. 
rxn 


.(38) 


Ex. 8. A rectangular plate is x inches long and y inches wide ; 
shew by considering an injinilesimal expansion of the plate, that if 
a be its area, then 


ca Ja j 

««=,, ■dx + -,-~-dy. 
ox ('if 


Here « = -cy. 

Let the side x iuorease t,o .r + \r, whilst // remains constant, 
the corresponding increase in area being Aa ; 
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then a + A(x - ( x + Ax) y ; 

and since a = .E//, Aa = y . Ax, 

so tliat 


3a , Aa 
= Lt = 


'■}x 




A-C 


Tliis gives the rate at whicli the area increases as x increases. 
Siinilarlv, 


?a 

—X. 


If, liowever, botii x and y increase' together, then 
(la (I 
(lx (lx ^ 


(la (I , , (hi la 3a (hi 

r. ( 'V/) ■■ 9 + 37; + 


from which 


or 


, da da 

(/a = _ • dx + • dy, 

9x dy 

(la (1 , , (lx c‘u (lx da 

-r = -, - ixi/) = // • , f j- = ; 

ily (ly (ly ox dy oy 

. , da da 

.. (la --- ■ ax + ^ ■ dy. 
dx dy 


31. Total Differential. The result shewn in (37) on p. 84 gives 
the total differe'iitial in t(‘rms of ])artial derivatives, and the 
formula ma}' he shewn to be true generally for functions whose 
partial derivatives are continuous. Hence ; 


If u -f(x„X2, ... Xn) be a continuous function in n variables, whose 
partial derivatives are also continuous, then the total differential of u is 
given by 


du - 


r!u 

Px, 


dxi + 


?u 

?X.j 


dx.2 + . . 



dXn. 


(39) 


32. Partial Derivative of a Composite Function. I.et (‘>=f{x, y) 
where x = A(i(, v) and y=B{ii, r ) ; then by substitution 

('b '’)• IH'f- '')K 

and, assuming r is constant, 

Po) Pf dt PA Pf PB _ Pf Px ^ Pf Py j 

?u Pu PA ?u ^ PB ?u Px Pu Py ?u' 

Similarly, if u is constant, : (40) 

Pf _ Pf Px Pf Py 1 

?v Px Pv ' Py ?v' 
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These results arc easily extended for any number of variables. 
Multiply the above equations by du, dv respectively, and add ; 
then 


^ . du + ^ . dv = ~ { ^ . du + 


df /?ix , 3a; , \ 3//3«/ 

. „ „ , „ . 5 - . rfM + . rie ) + 

ou ov ox\ou cv / dy\du 

i.e. df= ^.dx + ^. dy, by (39). 


. du + ^ . dv 

Cn^ 


)■ 


Hence the equation 


df = g^.dx + g^.dy 


U equivalent to the two equations, 

61 _ 6f dx 61 6y _ 8i_8l 8x 81 8y 
8n~8x ' 8u^8y " 8n ’ 8v~8x ’ 8v^ 8y ’ dv’ 


when f is a function of z, y each of which is a function of u, v. 


£x. 9. If — y) where x = F(u, v) and y—f[u, v),Jiiid the 
partial derivatives ^ in terms of u atid v ; hence determine 
these derivatives when x = rcosd and y~rsin(t. Find also, in 
this case, the values of sAeie that 




'Cx^ Oy® 


af 

3*<o 


1 3<o 1 


'dr* r dr^ 


32(,> 

'dd^' 


Suppose the values of x, y are substituted in the given function, 
80 that it becomes io = \p(u,v), then, from (40), 


3<i> 'dot 3E 3(i> Oy 

'du Zx 'du dy 'Zyu 

3<o 9a> 'dF dit> df 

'dv dx dv dy dv' 


Solving these equations for 


3<u 3<i» 
dx’ dy’ 


3 (II 9a> 


9a: _ ^ 



(iW 1 

3«i» 

dF 


'dF 


9u 

'du ' 

'ou 

'du 


Ou 

'du 

3 / 

9oj 1 

9a> 

dF 


dF 

?/ 

c'r 

c>u 1 

dv 

dv 


'dv 

t>U 
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/9oj 


9a) 


9a) 

(do) 

dF 

9u) 

dF\ 


'do 

do 

9m// ’ 



da 

9m 

do / 


where 


'dll 'do do du’ 


J is called the Jacobian or Fonctional Determinant of F, f, 

with respect to u, v, and is sometimes written Similarly, 

each of the numerators above is a Jacobian, and the transforma- 
tions may be written 

"du, d{oy,f) l d(F,f) dw /d(F, e>) / 'd{F,f) 

'dx 'd{u, v)j d(u,v)’ dy d{u, o) I 'd(u,v)' 

When x = r cos d and y = r sin 6, r, B replace u, v, and 

dF dx of dy . . dF ■ a a 

dr Or dr dr dB dB 

Patting in these values, 

doi 3<ii „ sin 0 d<» 'w dio , ,, cos B dii> 

dx dr I dB oy 9r r dB 


To find ^ and let ^ = ^ = cos 


9a) sin B dit> 


9a) 9a) . cos B d(i) 

y= - = ^ am B + ^ ; 

dy dr r dB 

, 9^0) 9 /?a)\ 9^ 9^ sin B 9^ 

® - ax ■ (5 j - ?x - ^ ■ IV - — ■ ""““S ( 

u) in the above value for ^ , i.e. 

or 


' / / 1 9^<“ sin B d^(t> sin 6 9<u\ 

;-COS t/(^C0S B - y- ■ 

sin B / ,, 9^0) . . 9o) sin B cos B dui\ 

r \ ordB dr r 9tf® r dB) 

n 3 ^ 0 ) sin'" 3 9 ( 1 ) 2 sin 0 cos W 9^« 2 sin 6^ cos 9a) 

= coB“0 . =r-^, + -,-71 


sin“9 9 * 0 ) 
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Similarly 

Of? ,, 'dr] cos 0 di] 


di/ 'dij 


- sin- f) . - -H 

or- r 


8 - 0 ) cos“ d 3 u) 2 sin cos d d‘' 


dr 


- + 


2 sin cos d Bit 


Hence, on iul(iition, 


r 0r dd 

cos- d d'do 
^ r''' dd- 

d'fo 3-<u 3-<i) 1 3<'i 1 d'"i 

3x- ^ 9y- 3r- r 3r r- 3«- 


T- 




33. Independence Test for a System of Equations. A test for 
the inde|)enden('(‘ of a sy.st<'m of homogeneous linear I'quations 
was given in § 12. A more goneral test will now be given, which 
is applicable to any system. 

Lct»,(r=l. 2. ... >i) be // function.s of « indej>endent cariables 
Xy, then the functions will not be inde])endent if the .lacobian .7 
vanishes : ?'.e. if 


f'U, 

f u, 

Pu, 

P’S, 

Px, 

e'Xn 

CUi 

rn, 

f'u. 

?x, 

Px. 

f'Xn 

f'Un 

f Un 

Pun 


r X. 

exn 


Ex. 10 . tS/tf’ir that the fol Ion ini/ .\i/.‘<liuits of ei/oofioiifi arc con- 
sistent, i.e. the eqmtions if rack system are not all i ndejiemJenl . 


(1) H^=3x- + yz. 


( 2 ) 




- x'* x^yz, 

- yh'^ - ‘dx^yz. 


u 


2.r -i : - 1 
X ~ y — 5 ■ 


■d), 

= 0 . 


rxr + y 2 : - 7 0 , 

:)(w 32// fc+21=0. 


(ly 


^ -“Gx, 
4x^ 


d>x 
'dx 


On, 

-2xyz, 


-oz-'J 


dn^ 

h 


^X-Z, 


i ’U._, 

dz 


-■ x'b/ ; 


^' = 2i/z^~3x% V'-A 
ay dz 


■ 2y-z ~ iix^y ; 
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J = I 6,'c; z 

3?z 

-Gxyz z{2)/z-ox^) 

= 2xyz J 1 

2x^ + 1/2 r- 

I -3//2 2//2-3.t2 2//z-3.r2 

It is oasy to show otherwise' tliat the given equations are not 
all indeyjcndcnt, for 

Uj'^ - 9;/o = - 3x-yz + = u.j. 

(2) In this system there an' four equations and only three 
unknowns ; in order tht-refon' to a])|)ly the general nde, another 
symbol, ir, may be introduced, which will be put equal to unity 
after the yiartial derivatives have been found. The system may 
thus be written ; 

u j -- 2x + 2 — la — 

^ 2 = r-//-5a' = 0, 
a , — T)./- + // + 22 - 7 ir = 0, 

= 3(1 r + 32// + 2 + 24 a- = 0. 


y 

y{2yz-3x^) i 

1 =0, from S 10 (iii) 

^3 (p. 23). 


Since file system is linear, the partial derivatives will be equal 
resyieetively to the eorresiionding eoefheients, and the Jacobian 
will become yirecisely the deti'rminant of tht' coefficients, the 
vanishing of wlucli implii's tliat tlie given equations are not all 
indeyiendent, as yiroved in S 12 lienee tht' condition e.xjiressed 
in (10) is a particular case of the general condition (42). 


Now J = j 


0 

0 


1 

- 11 
1 

= 

- 2-0 

1 

0 + 4 

1 

-4 



1 

- 1 


0 

- 1 


1 1 M 

-1+3 

0 

-5 



5 

1 


2 

-7 


3 - 1 

1 +7 

2 

-7 


3(1 

32 


1 

24 ' 


1 30 - 32 

32 - 24 

1 

24 

=- ! 

2 

2 

2 

1 


-1, = 

= 0. 







2 

2 

0 


-5 








\ 

4 

2 


-7 1 








1 4 

4 

1 


21 , 







Thus the equations are not all independent, as is knowm from 
Ex. 8, p. 30, from which the given system is derived by taking 
2 = 1 . 
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Exercises 5b. 

Find ^ of following cases ; 

1. ie* + y* + 3a*y=0. 2. ax* + 2hxy -^-hy^ -V'2gx + 2fy -\-c=Q. 

3. x*la* -y*jh* = \. 4. m= 2 log (x® + 2/® + a®). 

5. M = tan-'? 6. «* + oa^ + 6a;*+a;®-cy®=0. 

x + y ij a 

7. The tangent plane at the point («, v, iv) on a surface whoso 
equation is /(x, y, z) =0. is given by 

(X - u) +(7j-v) + (z- w) ,-l^=0. 


Find the equations of the tangent planes to the surfaces : 

(1) xy — az, at the point (4, 6, 8) ; 

(2) x*ja* +y*jb* +z*jc* = \^ at the point (4, .3, 3). 

8 . Define the partial differential coefficients of a function of two 
variables with resp<'ct to one of them, and shew that if /(x, .v) = 0, then 


dx (3x/ t'y’ 

Prove that the conic 3x® + 2xy - y* + 2x + 4?/ - 1 — 0 is parallel to Ox at 
the points where it intersects the line 3x + y + 1 - 0. (L.U.) 


9. Denoting by suflSxes those variables which an> taken as inde- 
pendent in each case, shew that if x, y, z are connected by a relation 
/(x, y, 2 )= 0 , it is not, in general, true that 




xA 


The pressure p, volume v, and absolute temjxTature T of a, gas are 
connected by the equation pv — BT, uhere B is a constant. Prove 
that if 0 is a function of the state of the gas such that 


then 

and find the value of 



+ B, 


(L.U.) 


10. If v=f(x, y), what do 

A --- 

If »= . e prove that 


'dv 

Ox 

dv 

ct 


and represent 

, C*v 

=« 

f X® 


V 


(L.U.) 
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11. Verify Euler’s theorem for the equations : 

{a) u-~axy + bi/z + czx, 

(b) u= x^yz^ + 4- Isi^y^z - 8z*x*. 

12. From Euler’s theorem on homogeneous functions -. 


CM 


'du 


+y-. —nu\ 
ox ^ dy 


shew that 


x‘ 


'd^u 


(3*ii 


, 'd^u 


Cx‘ “ ox dy 
13. Illustrate the theorem that 

o^u 


+ 2 ^ 2 / - _ =«(»»- 1 )“• 


OM, 


Ox 'dy Z)y 'dx 

{a) -when u~ax'^ + 2hxy + by^, 

{b) when M=log tan (yjx). 

*14. If F{x. y)—c>. f{x, z) = h, where a and b are constants, prove that 
dy cF Z'f fdF Oj 


dz c>x cz! ^'y ox 


c 1 

Shew also that if v= where t'-— 


y‘ 


then 






t'X* 


+ 6 * 


0^ 

w 


*15. The equation refers to the conduction of heat along 

a bar without radiation ; shew that if 

v=Ae <" sin ( h< - gx), 
where A, g, v are {wsitive constants, then 

16. Verify that if «— n co.sh h(i’/4-c) . cos (l^x + rf), whei-e a, b, c, d 
arc constants, then 


Z)^U 

'.■'xi' cY 


= 0 . 


*17. Shew that if w = a cosh b (y + c) . cos (bx - pt) satisfies the equation 

e’*M 

a, b, c, p, p being constants, then /a={b* -^>*)/b*, provided neither b nor 
u are zero. 
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18. What is UH^ant by jmrtial as (listiiiguishcd from total dill'erentia- 
tion ? 

Find the partial differential coefficients of with respect to x and y, 
and its total differential coefficient with resjx-et to x when x and y are 
connected by the relation x^ + xy + y'^ = \. (l^.U.) 

*19. The equation f(x, y)='0, where /(.r, y) denotes the function 
ax® + 2hxy + by® t 2gx+2j'y -f r, 

represents a conic. Shew that by changing the origin to the point 
( w. v), f(x + u, y + v) =0 bceonies 

i'X*t ( 

ax~ + 2hxtf ^ X \ f5--0, 

t'w ''dr 

Shew, further, that the e({uatit>ns (), ~ 0, can only giro finite 

solutions for « and e, provided 

I a /i is not zero. 

I A b 

Find when a - 4. b-1. h 3./ -1, g-- -2. r - 5. and assuin- 

dit i.v J » 

ing these derivatives both vanish, .shew that f{x *- », y - c) 0 becomes 

4x® s 6xy *■ y- 1 . 

*20. If Flx.y,z) denotes the function f(x, y. z) 2lx + 2wi/ -r2>iz + li, 
where f{x. y, z) o.r®-* fiy"^ + cz^ 2fyz t 2gzx s 2 / 017 /, shew that 

Ffx -t- a. y ^ r. z -i w) 
may be written in the form 

fix, y. z)^ X y . '' 7 c ’ '' + .V. 

Shew al.so that the equations ' - — <>, 9, 

’ , u cr Cw 

can only give finit<‘ solutions for 11 , r, ir, when 

a h g is not ze'io. 

h b f 

\<J f <■ 

Shew further that +?', 4 w ^ -r /« 4 nir * hm; + d, 

2\ (■« 4’ I M’/ 

and that when the derivatives vanisli. subject to the above condition, 

a h g . 

f‘ h /, 

!/ / c 

\ I m 71 d \ 


s — ' a h g I 

h b f 771 

\g f c 71 
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21. If 2 = log (tan x- + tan y). shew that 


sin 2x . ^ + sin 2i/ . =2. 

.'X oy 


22. Given 2 as a functifni of two independent variables x, y, define 

the partial derivatives and — , and illustrate their meanings 
geometrically. 

If J[z) — {<j))u. where z and ii are each functions of x and y, prove that 


(.2 1 . a Oil c z 
X ' y I X oy 


(L.U.) 


23. If u=x‘^-if and r — 2xy, find in terms of x and y the partial 

differential coefficient , ** : 

'.r 

(i) when it and v are regarded as functions of x and y, 

(ii) when ti and // are regarded a.s function, s of x and r. (L.U.) 

24. If tan )( --cos r'sinh //, tanh e = sin ar/cosh y, shew that 


^ It OV . K u 

and --= 
d.r ' 1 / y 

*26. If x -e" cos r. y -e sin r. pio\e that 


Ox" 


.2/ 2/- 

„2 ‘ ,.2 


(L.U.) 


*26. Verify that i -.1 sin l.r - nf) + II cos (.r - nf) satisfies the dif- 
ferential ecjuation , 2 . . 2 - 







(D.U.) 

*27. 

If .r 

-:COSh V . 

rosli e. y -sinh it . sinh v. 

. prove that 




iS-. 






I<2 

- — (sinh- It ~ sinh- e) ( ■ 

X- Oy-J 

(L.U., Sc.) 

*28. 

If r 

r cos d. 

y - r sin prove that 






-^,(iog r)_ .(log r) 

- - \ COS 2f/. 

(L.U., Sc.) 



'.T Oy 

.M- y- 

r- 

*29. 

If « 

~x l-y, V 

— xy. shew that 





■S, _ 


.9 ** • 

(L.U., Sc.) 




xt'y • !r 

i. r* V 

*30. 

If X 

~e" 4 c“*', 

. y C VC ", prove that 




'Ou 


S' t ^ 


.>2^ ^s2- 


, ..=3' , +y ^ 

Ov- Cx 






.V cy' 

(L.U., Sc.) 
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*31. If u =f{ylx) + o\^i* + y*, shew that 


x^^ + y^=a^3*+y*. 


’ 'dx 


*82. If a!=»' cos O, y=r sin 6, prove that 




'du ?*M 


[oh. V 


^ ^ <ixoy dr* iV dy*' 

*38. If x=cuv, y=c\^(l +m*)( 1 prove that 

34. Shew that the equations, 8x*-27j/* + z* + 18a:y2=0, 
4ta!^ + 9y* + z* + 6xy —2zx + 3yz—0, 2x-'3y+z=0 
are consistent. 

85. Prove that the equations : 

a=a;* + z*y + 1*2 - xz^ -yt? ~ z*, 
v=x + z, 

w=x^~z^ + xy-zy 
are not all independent. 


(L.U., Sc.) 


(L.U.,Sc.) 


MAXIMA AND MINIMA 




34. Practical Roles. If y=f{x) be a continuous curve, the 

gradient of the curve measures the rate at which y changes 
du 

with X. Hence, when y passes through either (a) a maxi- 

mum value, (b) a minimum value, or (c) a ])oint of infie.\ion. 

du 

If in passing through the zero value / changes 

/2 

(o) from a positive to a negative value, i.e. is negative, 
y passes through a mazimtim value ; 

(6) from a negative to a positive value, i.e. is positive, 
y passes through a minimum value ; 

(c) from a jiositive to a positive, or from a negative to a 
negative value, the curve passes through a point of 
inflexion. 
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Hence, tLe following practical mles for finding maximum and 
minimum values : 

1. Find and equate to zero. 

2. Solve this equation for x\ let a; = a be a root. 

3. Find and substitute a:-=a in it ; if the result is : 

(i) Positive, y has a minimum value at cc = «. 

(ii) Negative, y has a maximum value at a; = n . 

(hi) Zero, a further differential coefficient must be found, 
and the first one of even order which does not vanish 

dhi 

at a' = « must be used in place of for tests (i) and 
dhi 

(ii). If ~ does not vanish at x = n, there is no 
ma.vimum nor minimum value at this point. 


Ex. 11. Fi'iul the vahies of x which make y either a tnaximum or 
minimum in the folloicing functions : 

(a) ;// = 4a:3 + 3.r2-90a;+144, 

_3a-2 + 2x4- 11-1 
W ^-4j-2 + 6i + 19-3’ 


(c) y = + 6, 

nd calculate the correspondinq ixilues of y. 

(rt) Since y = 4x3y32;2_9Q2._^j44.^ 

= 12x- + 6x - 90 = 6(2x2 + - 15) = 6(2x - 5) (x + 3), 


nd 


d’^y 

dx^ 


= 6(4x + ]). 

dy 


Hence, when ,- = 0, x = 2-5 or —3. 
ax 

When x = 2'5, = ?/=0-25, and when x = 


-3. 


d^y 

dx2 


= -66 and y = 333. 


2 / is a maximum at x = - 3, its value there being 333 ; and 
is a minimum at x -- 2 5, its value there being 0'25. 
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(6) Since 


and 

When 

or 

giving 


3x^ + 2x + lll 
^“4a:2 + 6^’+]9-3’ 

dtj (4x2 + 6x + 19-3)(6r + 2)-(3a:2+ 2:c-f ll'])(8.r + G) 
dx~ (4:c^67TiF3)2 

l0.r2 + 27j--28 
“(4i;2 + 6a: + 19-3)2’ 

(Py - 80x2 - 324x2 + cmx + 857 • 1 
fZx2= (4x2 T6xl^l 9-3)2 • 

1 0x2 + 27x- 28 = 0, 

(5a -4)(2x + 7)=0, 
x=0-8 or -3-5. 


(hj 

dx 


When x = 0-8, which is positive, and 


'-atS-''-”’''''’- 


-2033-9 , . , . . . 

When x= -3 5, “^773^3 » which is negative, and 


y= 47.^ = 0-8636. 


?/ is a maximum at x= -3-5 its value there being 0-8636 ; 
and «/ is a minimum at x = 0 8, its value there being 0'5109. 

(c) Since y = x^ - 5x^ + 6, 

= 5x* - 20x2 ^ _ 4) 

ax 

f^ = 20x2{x-3). 

ax2 

When 

x = 4, ^ = 320 and y=-250. 


When 
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When a! = 0, 

must be found. 


, = 0, and further differential coefficients 


-^ = 60x(x-2), which also vanishes at a;=0, 

dly 

^ = ]20(a:-]), which becomes - 120 at x=0 and 
y^%. 

y is a maximum at x = 0, its value there being 6 ; and 
?/ is a minimum at x = 4, its value there being - 250. 

Ex. 12. A cylindrical tank closed at each end, of capacity 
V cubic feet, is to be constructed from sheets of metal having a total 
area of S square feet ; shew that when S is a minimum : 

(a) the length and diameter are equal, 

(b) P:,S3 = 1:54^. 

If the capacity is to be 20096 gallons, find, without using tables, 
the radius of the tank when S is a minimum. Take 7r = 3‘14, and 
6-25 gallons to a cubic foot. Calculale also the total area of plate 
required. 

Let r = the radius and ^=the length of the tank in feet ; then, 
since it is closed at both ends, 

S = 27rr* + 2-rrl = 27rr (r + l). 

V 

Also V = TrrH, so that 1= , ’ 


.'. jS = 23rr(r + 


•• dr 


= 2Trr^ + 


dS . 2r 2 

1'). 


For a maximum or minimum, = 0 ; 

dr 

= Vj2->r or ao . 

The former obviously gives a minimum, and the latter a 


maximum. 


I Y r 2 


Now, from above, ~ 


; = 2 ; 


J = 2r; 

Length = Diameter. 
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r-547r; 


Again, since l — 2r and S = 2 ir« (> + 1), 

>S = 27ri(} +2»-) = 67rr2; 

2 167rV 216^» r 

••72“ 72 ~ 72 4^2' 

S’ .V- = 54r . 1. 

In the particular case, 

20096 gallons = 20096 -6 25 = 3215 36 cu. ft., 
and from the abovt' analysis, 

„ V 3215 36 
’ '27- -C28-">'- 

1=8 feet. 

Also, it has already been proved that 

/S = 6ir)2 ; 

.-. ,S = 6 x 3 14 x 64 = 1205-76 sq.ft. 


Ex 13 The ‘shape of a hole baud by a d) ill 1'^ a (()}u '.wjiiouvt- 
ing a cylinder. If the cylinder be of height h and radius 1 , and the 
seini-veiticiil angle of the cone be a wheie Ian a^hji, shen that.foi 
a total fixed depth H of the hole, the volume icmoud is a maaimnni 

^//i = |u/7-l) (LIT) 

Let i! = height of lone and F = volume removed, thin 

H — It -k l = h + r cot a = h + i^fh , 

1 = 11 -h and r" = h(II —h), 

and V = tttVi + = iui^Sh + 1} ^lirh [11 - h) (2// + 11) 

= irr[mi + hm-2¥)-, 
dV 

=lTr(IP + 2IIh ~Gld)=0 ioi max or mm., 
Lp. -6lr + 211/1 + 11^ = 0, 

giving h = lll{-l>^7} 

It is obvious, therefore, for a maximum value of F, 
/i=’H(V7-l). 
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35. Concavity, Convexity and Points of Inflexion, It will 

readily be seen from the results of § 34, that a curve y =f{x) is 
concave upwards, or convex upwards in the immediate neigh- 
bourhood of a point x = a, according as not being zero, is 




positive or negative. 

Further, at a point of inflexion, does not change sign, but it 

does pass through a turning value ; hence, as long as both deriva- 
tives are continuous at the point considered, a necessary condition 

for a point of inflexion is that should vanish. 

Ex. 14. Find the maximum and mi)nmum ordinates and the 
'points of inflexion on (hr ciirre 

,y(a;2 + x + l)=2x2-el. 

2 r2+ I 

^•^~x^ + x + i ' 


(L.U.) 


Since 


and 


d/I 2/-4 2.r-l 
dx 
d'^y 
dx^ 


(x^ + x + \f’ 

_2(^r + l)(x‘^+x-2) 

(j‘ j' -t- 1)“ 

For maximum or minimum values, *;^ = 0 ; 

dx 


or 

giving 

dhj 

Substitute in 


2x- h 2.1 -1=0, 

.r2 + .i - .1==0, 


dhj 

dx^' 


2(2x + l )(.f^ + j--.l-:j) 
(x^ + x~l + .j)® 


l^v'3). 


^-1 _^/3 + 1)(-4) 


= ±,W3- 

Hence // is a maximum when x- - .^(1 -4-^/3), and a minimmn 
when .T= - J(l - v/3), and the values of y are 


2'x^ + l (2j;2 + 2.r-l)-t 2-2.r 2 + 1 

x^ + a: -f- 1 + X - + i! 


,/3 


^5(3? ^'3). 
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^ is a maximum at a; = - 1{1 + ^3), its value there being 
|(3 + ^3); and j/ is a minimum at x=-|(l-v/3), its value 
there being |(3-v/3). 

Again, for a point of inflexion, ^ = 0, i.e. {2x + 1) (a^ + a; - 2) = 0, 

or {2x + ])(a!-l)(a! + 2)=0, giving a:= - 1, or -2. 

To test these, denote (2a:4-l)(a:-l)(a; + 2) by f(x), and let A be 
a small positive quantity less than unity. 

Then considering signs only, 

f(-i-h)=-2h(-^-h)Q-h) = i-)(-}( + )=+. 

2h{-i + h)^ + h) = ( + ){-)( + )=-. 

Hence, at *= -i, passes through a turning value. 

. - dv 

Similarly it may be shewn that passes through turning 
values at each of the other points. ^ 

Hence points of inflexion occur at 

X= 1 and -2. 


Exercises 5c. 

Determine at what points the ordinates of the following curves have 
maximum and minimum values, and find al.so any points of inflexion : 

1. y=3^ -Gx^ - IBx -f). 2, i/=4a:®-33a:^ + 90x + 6-76. 

3-2 27 

3. ^=4**-15x“ + 18x + 7. 4. y — - 5 - +2 + - „• 

3 X* 

5. y=x*(3x*-40x + 150)-4. 6. y = 12x'‘-45x« + 40x» + 7. 

_ x* + l o (x-3){2x-9) 

9. y = (x-l)(x-2)*. 10. y = x*-3x* + 8. 

” i+* 

11. 2/=x'‘-x “, where a = 1 -4. 12. 2/=a sin x + 6 cos x. 

13. Find the magnitudes of the maximum and the minimum ordinates 
of the curve «/ = (x + 2)®(x - 3), and the position of the point of inflexion. 

(L.U.) 

14. A man has n hurdles of equal length and he wishes to enclose a 
rectangular portion of ground which shall have maximum area ; find 
the number of hurdles be must place on each side of the plot. 
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EX. So] 

15 . A hollow cylindrical vessel is to be made from a sheet of metal 
twenty inches square. Find its base radius and its length when its 
volume is a maximum, allowing for both ends and 18-49 square inches 
for joins and waste. Take 7r=3-14. 

16 . A length of wire 71-4 ft. long is cut into two portions, which are 
bent into the shajoes of a circle and square respectively. Find the 
radius of the circle and the side of the square when the sum of the 
areas is a maximum. 

17 . A cylindrical tank is to bo made, closed at each end, to hold 
39,260 gallons of water. Find its length and radius if the quantity 
of iron plate required is to be a minimum, taking 7r = 3-14 and 
6-25 gallons to a cubic foot. 

18 . Find the maximum value of xy w hen x->ry — 20. 

19 . If in testing for a maximum or a minimum value of y—f(x), 
it is found that ^^^=0, what further tests must be tried ? 

A wire 3 feet long has to be bent into the form of a rectangle with 
an external circular loop at one corner and the rectangle is to have 
one side double the other. Find the dimensions of the circle and 
rectangle so that the total area enclosed is a minimum. (L.U.) 

20. Calculate the side of a square prism of maximum volume which 
can be cut from a right circular cone 27 ft. high and 9 ft. in base radius. 
Find also the volume of the prism, and shew that its ratio to the 
volume of the cone is 8 : 9n-. 

21 . From a given circular sheet of metal it is required to cut out a 
sector so that the remainder can be bent into a conical vessel of maximum 
capacity ; find the angle of the sector to be removed, and if r is the 
radius of the metal, find the volume of the vessel. 

22. A conical tent is to have a given volume F. Find what is the 
ratio of its height to its base radius when the least possible amount of 
canvas is used. 

If, in this case, the canvas is spread out on the ground, what fraction 
of a complete circle is it ? 

23 . The stiffness of a beam of rectangular section is proportional to 

the product of the breadth and the cube of the depth. Find the 
ratio of the sides of the stillest beam of rectangular section with given 
perimeter. (L.U.) 

24 . A beam rectangular in section is cut from a cylindrical tree trunk 
one foot in diameter. The sides of the section are x and z inches long 
respectively, and the stiffness, y, of the beam is given by the formula 

y=Axz^, 

where A is constant. Find the values of x and z which make y a 
maximum. 
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26. Find the radius and length of a right cylinder of maximum volume 
which can be cut from a right circular cone of height h and base 
radius r. and shew that the volume of this cylinder is ^.ths that of the 
cone. 

26. Find the dimensions of the cylinder of maximum volume which 

can be cut from a sphere of 10 in. radius. (L.U.) 

27. Calculate the radius and length of a right cylinder of maximum 
volume which can be cut fiom a sphere of radius r. Prove that the 
volumes of the cylindei and the sphere are as 1 ; ^/.3. 

28. A rectangular window has a semicircular top. The perimeter 
of the whole window is 35-7 ft. Find the ladius of the semicircle and 
the height of the rectangle when the area of the window is a maximum. 

29. The range iJ, of a projectile on a horizontal piano, is given 
by the formula 

J?gr— 21'* sin ft . cos ff, 

where V and g are constants ; find the value of 0 when A is a maximum. 

30 . The sum of three sides of a sector of a ciicle is two feet. P'ind 
the radius of the circle and the length of the aie of the sectoi when 
its area is a maximum. 


31. The length and girth of a right eiicular cylinder aie together 
equal to a given constant c ; shew that the whole suiface is a maximum 
when the diameter of a transverse section equals o'(2Tr - 1 ). 

32. A firm is satisfied from its past experience that its exjxmdituie 
per week in pounds is 

120 + 3-.'>a: + — ,.+00U, 

where x is the number of horses employed and .*1 the usual turnover. 
If A =£2744, find the number of horses which will cause the expendi- 
ture to be a minimum, and calculate the cost in this case. 


33. A body is projected fiom the foot of a plane inclined at an 
angle 4> fo horizontal, with a velocity V whose diieetion makes an 

angle 6 with the horizontal. Its range E is then given by the formula 


2F* 

E= ^ . cos t) . sec* (j> . sin (t)- 0). 


Shew that if g, V and are constant, is a maximum when the 
direction of projection bisects the angle bt'tween the inclined jilane and 
the vertical. 


84 . Find the maximum and minimum values of ae-a^ sin (ix, and 
prove that the ratio of consecutive maximum values is constant. 

(L.U.) 
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35. A box without a lid is to be made from a rectangular piece of 

tin, 32 in. by 20 in., by cutting out squares from the four comers and 
turning up the projecting pieces to make the sides of the box. Deter- 
mine the dimensions of the Ik)X that it may contain (he greatest possible 
volume. (L.U.) 

36. Find the relative dimensions of a cone which has the maximum 

volume for a given area of surface, including the area of base. Verify 
that for such a cone, the area of the curved surface is three times the 
area of base. (L.U.) 

37. The sum of the perimeters of n equal squares and a circle is 
2a feet ; prove that when the sum of the areas is greatest, the side of 
each square is equal to the diameter of the circle, and that the area 
-4 of each square is given by 

(~ +4»)'^ . A =4aK 

Calculate a side and the radius of the circle when u is 2. a is 78, and 
77r = 22. 

38. The sum of the perimeters of h equal circles and a square is 
2h feet ; find the rclatif)n between the diameter of a circle and the side 
of the .square when the sum of the areas is a maximum, and calculate 
the diameter and side when n is 7, b i.s 52, and It --22. 

39. A tall telegraph pole is to be strained to a vertical position by a 

sloping wire from the pole to the grountl. The wire has to pass over a 
wall 7 feet high and 5 feet from the pole. What is the h'ast length of 
wire that can be employed between irole and the ground ? (L.U.) 

*40. Find the maximum values of the expression 

jV~o>~ 

!J%/p 

first, when (' is regarded as the only variable, and secondly, when ca is 
regarded as tlu' only variable. Slw'w that the function is, in fact, a maxi- 
mum on each occasion. (L.U.) 

*41. ABC is any triangle and -l/> i.s drawn to meet BC such that 
AI)=^AB. A point G i.s taken in .4(-', and GF drawn jiarallel to AD 
meeting BC in F ; if GB inter.sects AD in K, BC — a, AB = h, BD = c 
and BF = x, shew that 

(„) gfJ^'^^, 

' a~c 


[h) AK 


ab{.r - c) 
x{a -c) 


Hence prove that the })roduct GF . AK is a maximum when x^=ac. 
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Sketch the curve y{x* -4) =x*+x + 1, and find the maximum and 
mmimum values of y. (B.U.) 

4S. Sketch the curve y=- where a and h are positive. 

. (a + *)(6+a:)’ ^ 

Shew that it has a maximum &ix=J(ah) and a minimum at a; = - J(ah). 

(M.U.) 

* 44 . Given the total surface, that is, the sum of tlie curved surface 
and the base, of a cone, prove that the volume of the cone will be 
greatest when half the vertical angle is equal to tan 1 (S.U., Sc. ) 

*46 A uniform thin rod of length I and mass m is susjiended by one 
end so that it can oscillate as a pendulum ; a particle of mass is 
atl^hed to the rod at a distance x from the point of support. Deter- 
mine X so that the period for small oscillations may be a mmimum. and 
find the period. (L.U. ) 
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88. The Problem of Integration. If y = f{x) , and ^ = ^ i^) > where 


both/(x) and 'h{x) are continuous functions, then the problem of 
integration consists in finding the function f{x) when only is 
given. Since /(x) -i-A, where A is an arbitrary constant, has the 
same derivative as/(a:), it follows that the problem of finding/(x) 
will have an indefinite number of solutions, difiering only by 
constants. Each of these solutions is known as the indefinite 
integral of <^{x), and in finding such an integral the arbitrary con- 
stant should always be added. 

The integration of simple functions depends upon the following 

fundamental standard forms ; 

(а) j x“ dx = ^ ^ j + A, for all values of n except 

(б) j^^=log,x + A, 

e“ 


(c) je 

{d) J si 
(e)/ 
(/) / 
(?) / 


‘dx = 


■ + A, 


a being a constant 


sin sx . dx ^ 


cos ax + A, 


cos ax . dx = sin ax + A, 
a 

seo'^ax . dx - ^ tan ax >■ A, 
a 


coseo’ax . dx = - cot ax + A, . 
a 

1<V> 


•(«) 
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Ex. 1. Evaluate the integral yl—2x)"dx, 

(a) when n = S, {b) when « = -4, (c) when n='l, (d) when n= -1. 
(a) When n = 3, j'(l — 2.r)" . (?a; = j'(l - 2x)^dx 

= j"(l - 6 x+ I2a^ -8x!^)dx 

= X - 6 . l’ + 12 . - 8 ..1, by (43a), 


— X - 3x= + 4x’ — 2x^ + A. 

The expansion of the function is only used here because ii has a 
small positive integral value ; this, however, is only a ])articular 
case, and, in general, the following inetbod of substitution must 
be employed : 

Put n = l -2x, then dv= -2 . dx, and dx= ~ldc : 

“ 2x)^dx= - fjo® . du- - le^ r B= ~ ,[(1 - 2r)‘*-f B. 

This differs only by a eon.stant from the value found above, for 
- i (1 - 2 x)^ + S = - i(l - 8 x + 24x2 _ 32;j3 + ^ , 5 .^ 4 ) + ^ 

= X - 3x= + 4x“ - 2x* + A, where A- B-\. 


[h) When n= - i, the integral becomes 
1(1 ~2x)~*dx= “ above substitution, 


_ _ 1 


4 + 1 


+ A = l .v-^ + A 


= ^,(1 - 2x)“3 + A. 

(c) With the same substitution, when ?^= ij, 

Jd - 2x)'i . dx= - .dv= - +.-1 = - +A 

= - ,V(l-2x)' + A. 

(d) With the same substitution, when Jt= - 1 , 

|(1 -2x)-idx= -i^'V-^dv= -1^^= -ilogu + d, by ( Idb), 

= - 1 log (1 - 2x) + d = 1 log - 4 A. 

1 — 2z 
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37. Definite Integrals. When the integral of a function <^{x) is 
required between two specified values of x, the integral at once 
becomes definite, and the given values of x are called the limits of 
integration. Thus suppose the integral of (x) is required between 

f'' 

x — a and x = b, then this is written l <l> {x) . dx, and (h-a) is called 
the range of integration. “ 


Let 



.dx=J{x)+ A. 


then 




■ dx = \jix)+A 


=m+A-j[u)-A=m-m, 


so that there is no arbitrary constant needed in evaluating a 
definite integral, since this cancels out. 

Further, it should be carefully noted that when a substitution 
is used to evaluate an integral, the limits should be changed to 
correspond with the new variable. No later transformation back 
to the old variable is then needed. 


Ex. 2. Emhuitc 


)os^9-7a: 


. dx. 


(L.U.) 


Let H = 9-l.r. then x- 1(f)- n), and dx= - I . du. 

N ow, when .r - 1 , w = 9 - 7 = 2, and when x = 0, u = 9 ; 



— . dx= - 
7x 


1 

I9J9 • 
1 V21 •> 

49L2 


du = 




I (9u~^‘ -ii’')du 


/'«; 

(490 


[6u - 135] 


r 

J 9 


(12 -135)-^!? (54 -135) 


= 4,o(»ie3-4UV4) 


= 0-3167, 


on taking ^3 = 1 -4422, and ^/4 = 1-5874. 
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Ea:. 3. 1/ {2x -3)y = 24a^, firul the value of ^ y .dx. 

Let 2 = 2a; -3, then x = l(z + 3), and dx = \.dz\ also when 
a; = 6, 2 = 9, and when a: = 2, 2 = 1 ; 

24a;3 


£ 


2 2x -3 


d,x 


323 + 2722 + 812 + 81 


. dz 


= i j'* (322 + 272 + 81 + ^ dz 

= ^[2 


I 


2® + y 22 + 8I2 + 81 log 2 

= I {729 + 2 ; . 81 + 729 + 81 log 9 - 1 - - 81 - 81 log 1} 

= 1228 + 81 log 3 = 1317 nearly. 

Ex. 4. Evaluate the tMegrals : 

(a) |cos26l . dd, (b) . dd, {c) Itan d .dtt 

Shew, by fwthng tan d for 2(, that 

6t 


ro 5 

Jo ( 


, dt = 2->2 

lo (1+4^2)- 

The indefinite integrals of the second and third powers of a 
sine or cosine may be readily found by means of the identities 
given by (12) and (13), p. 36. 

Thus from (12), (a) becomes : 

j'cos2^ . dl^ = ^j'(l +COS 2d)dd = l{d + 1 sin 26^) + A 

= ^{2d + sin 26) + A. 

(b) From (13), 

Jsin®^ . dd = jJ(3 sin d - sin 36) . d6 = J ( - 3 cos d + \ cos 36) + A 

= ,V(cos 36-9 cos 6) + A. 

In (c), put x = cos 6, then dx= -em d . dd ; 

“1^= -loga; + ^ = -log cos 6 + ^ 

=c log sec 6 + A. 


.*. ftan6.d6=f?— ^.d6 = 

J Jcos 6 
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Putting 2<=tan 6, gives 2 . dt = sec^d . dd, and 
1 + = 1 + tan*0 = sec^O ; 

(1 + 4^*)^ = 8ec®^^. 

TT 


When 
when t=0, 

'■5 84 

(1+442) 


4=0 5, tan 6 = 1, 


6 = 


4 ’ 


tan 6=0, 6=0. 


, *-r 

Jo ( 1 + 442)2 Jo 


4 tan 6 . sec^d . dt) 
2 860*6 


TT 

-f 


sin 6 , (i6 


1 


= 2(-^/2 + 1 )=^ 2 -A 


= 2 - cos 6 I = 

Jo 

£a:. 5. 7/ 2^v . dx = v - log {1 +v) + A, where v is a function 

which is zero ivheti x = 0, prove that v = 2e^ sinh x. 


Since 2^1) . (ix = <;-log (1 + y) + ^, 


by differentiating each side. 


2v .dx-{ \ - 


1 + y 


dr = rr- . dv ; 
1+v 


2 . 

1 +v 


Integrating each side, 2x=log (1 +v) + B ; 
but y =0, when a:=0, B=0; so that 1 +y = e2* : 

y = c2-' — 1 =e*(e® — e“*) 

= 2e* sinh x. 


Exercises 6a. 

Integrate each of the following functions with ivspect to x : 

2. (2a: -5)". 3. (4-a:)-«. 

1 


1. 3a:^. 

4. a;’'+x’?. 

7 . (a: + l)(3:-2). 


.-la: + 7’ 

8. (l+2a:2)(i_3). 


8. a:(3a: + 4)2. 

9. ^ 


5a: + 3 
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10 . 

(3a;-7)«. 

11 . . 

5a: + 2 

12 . 

x®-5 
x + 2" 

13. 

x® -5 

2^x ■ 

14. \/2a+x. 

15. 

X® + 0® 

16. 

(3 - 2x)\ 

V 3a;® + l 

2x + l ■ 

18. 

5x® 

1 -x' 

19. 

Bin^x. 

20. cos®x. 

21. 

sin 5x. 

22. 

tan (2x + 3). 

23. sin X . cos x. 

24. 

cot X. 

Evaluate the following definite integrals : 



25. 

f^-^l.dx. 

Ji x-3 


27. 


28. 

r , 

J-ia:-^3 


30. 

1 (3x-5)-(/.r 

31. 

f ' 4x , 

1: 4x + 5-^^- 

fOlfr 

32. sin 5x . dx. 

'0 

33. 

1 sin®x . rZx. 
Jo 

CO 

4 f 00 s a: . sin . 
.'0 

. dx, 85, 1 sin^x . dx. 

Jo 

36. 

( tan®.r . cle. 

'0 


37. By putting ^l=:Ax? + \2,x + l, evaluate the integral 

„ p + 1 j 

12 7-, — ,-,T s 

Jo 4a;® + 12 a: + 7 

X + 1 

38. Evaluate I , . da’, by means of the substitution a' - 2 . 

■ ' Va-2 


39. Prove that j — - — — . dz=l0a - log 3. 

J —‘t CL -f- 

40- Find /^ . rfx. (L.U.) 

41. If A denotes the function x!(a- ra®), evaluate 
j X . dx and j X .dx. 

By putting x — ata,nd in the indefinite integral and its value, 
shew that 


l^ta,n 0 . d^=log sec ff + A. 

cfx 

Shew, by putting x — tan ft that 8 1 7 ^ 

Jo 
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f 

*43. Evaluate 1, , • d® bv means of the substitution = 

+«r 

hence, by putting ?)=tan 0 in both the integral and its value, show 
that [tan®(id0=l, sec® + log cos y. 


*44. By means of the substitution x — a 8in®6/ + cos®6/, evaluate 

dx 


'a 


-x)(x- (i) 


(Li. U.) 


*45. Find a function y of x, which is zero when x = l. and which 
satisfies the equation 


3|y . dx = 2tf‘ + A. 

38. Integration by means of Partial Fractions. Many algebraic 
functions of tlie form <f>(a;)/^(x), where \p{x) is n'solvable into 
factors, can be readily integrated by first sjilitting the function 
into partial fractions according to the methods of §6, p]). 7-10. 
The following will illustrate the jirocess. 

Ex. If n { 1 - 1 1)3' -h 1 5) = t.r'- - 1 2x -I- 1 3, evaluate 

(«) \y.dx, {h) I n.d-c. 


(a) From Ex. (i, p. S, 

4.r2-12x4- 13 
4x2- Ku -f-l.b' 


4 


2.r- 


2x-3’ 




where A' = log A, 


= .r + 2 log (2x — 5) - log (2x - 3) -f xl' 

= log + log (2x — 5)2 - log (2.r - 3) -f log A , 


= log 


(AeX(2x -5)® 
[ 2x — 3 




'« 

y . <Jx - 
Ja' 


x-i-2 log (2x - 5) - log (2x - 3) 

= G -f- 2 log 7 - log 11-3 — 2 log 1 + log 3 
-3-1-2 log 7 — log 3 
- 3 + 3-89 18-1 •098() = 5-7932. 
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Ex. 7. Find tfic valuer of (a) Jy . dx, and (b) j" ?/ • dx, where 

y = 3(4:a^ + x^+5)l{x(2oi^ + l)(x^ + 3)}. 

{a) Prom Ex. 6, p. 9, 

3(4o^ + x2 + 5) 5 2x 6x^ . 




x{ 23? + \){3^ + 3) X x^ + 3 2ar* + r 


3{’4:3^ + x^ + 5) 


, ^fdx f2x dx fi 
^(2^Tl ]lc ~ }1 c^T3 ~ ] 

-(dx (du (dv 


6x^ . dx 
23f+] 


where m = a:* + 3, and v = 2a;® + 1 

= 5 log a: - log u - log v + constant 


= log • 


+ coiistant. 


'(x» + 3)(2x“ + l) 

P 3(4a;3 + x2 + 5) ^ |, x® "I® 

' ^ J 1 X (2x3 + l)(x2 4- 3) • 8 (x2 + 3) (2x3 + 1 ) Jl 

=5 log 3 -log 55 

= 5(1 0986) - (2 3026 + 1 7047) = 1-4857 


Ex. 8. Establish the results : 


ib) 


and use the results to prove that 


f dx 

1 , x-a 
2a ^^x + a 


r dx 

1 , a + x 

= n log — 

2a ^ u-x 

Ja® -x® 

f dx 

1 X 

= - tan ^ , 
a a 

Ja^ + x® 




when x>a. 
when x<a. 


r 


41 dx 


I x(41 -x3)>/25 -x® 
(o) By the methods of § 6, 


=0-416. 


1 

x3-a3 2a {x-a x-faj ’ 
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2 ^-2 ■ = jJj (Jog - ") - log {x + a)} + A, 




or 


[b) In a similar way, 
1 


log* “ + A (44a) 

J x** - a* 2a X + a 

{ +J_I ; 

-x^ 2a (a + x a-xf 


dx 


1 


2a 


{log (fl + x) - log (a - x){ + A , 


or 


j dx 1 

J ~ X- 2s 


1 a + 5' « 

. log T A. 
2a a - X 


•(44b) 


(c) This integral may be readily found by putting x = a tan 
then dx-a sec^t^ . dd : 

J -I- J a- sec^tf a j a a a 

No constant of integration is needed because both sides vanish 
at x = (l. 

Hence / (44c) 


In the given integral jmt 25 - x- = u*, then -xdx — u du, 
41 -- — IG + and the new limits become 0 and 4 ; 

• f = _ f" 41 du 

"J:!x(41 -x2)^''25 -x^” Ji (16 +m“)(25 -m^) 

III (25 - ?t2 16 + 

" [ 10 4 I’ 

= ~logh + ^=0-2197 +0-1964 


= 0'416. 


B.M. 


ir 
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Exebciseb 6b. 

In each of the following examples resolve the expression for y into 
partial fractions and evaluate the indefinite integral jy . dxi 


1. 2/(x* + 5a: + 6) = 1. 2. y{x^ -5x + &) = 2x-5. 

3. y(2x^+x-6) = 5x-U. 4 . 2/(14r2-17x-6) = 25. 

6. «/(12a:2-26a: + 12)=7. 6. y(x^ +x -\2) = ^x + \\. 

7. 2/(a:2 + 4a:-21) = 10(a: + 4). 8. 2/(12 - 17a: ^fia;^) = 14 - 11a;. 

9. 2/(66 - 29a: + 3a:=)=. 18-1 lx. 10 . 2/(2 +5x - 12x2) =22. 

11. 2/(x-l)(x-2)(x-3)=2(3x2-llx-t 9). 

12. 2/(x-2)(2x-3)(.1x-1) = 16-13x. 

13. 2/a;(a: + 3)(x2+4) = 12 + 8x-3x2. 

14. ^(l-x‘‘)=4x. 15 . 2/(4 -x2) = 4. 

*16. 2/(*-3)(x2 + 2)(x2+3) = 2(3x»^ 4x2 + 3x + 6). 

*17. 2/(3:* -1) =6x2. »lg_ ^(8a:3-l) = 3(2x f 1). 

*19. 2/(ffl* - x^)(62 - + 2b‘^) - 2aV- - x\ 

*20. y(z*+x^ + l)=2(x^-}). 

Evaluate the following definite integrals : 

21. r 22. 1' 23. 

J.I x®-x-2 J-iSx-x^ lo 2J^-^ 


23 r_-^ 

Jo 2a2 + r)x + 3' 


24 . j; : 

*»■ Jr. 


r 31 

ia 12x2-x-20 ■ 

Ji (x + l)(x + 2)(x-3) ' 
10X.-21 

irs (2x-5)(2x-3)' 
f* ^4 + 6x2-_^ 

J] x(x“ + 2)(x3 + 8) ^ 

dx 

Jib 4x»-12x + 13’ 


Jo 12x“ + llx 
f' 22x . dx 

^ ’ X- 3i«~7^ 


3x^ - 7x^ - 6* 

' _ 2(2x-l) 
x(i-l)(x-2)''''^’ 

’ 6x^ . dx 

(x-l)(x f-l)(x-2]' 
_l-3x 

(x^+i)(x+r)-“'- 


* 34 . Find the numerical values of the constants, A, B, C, D, such that 
for all values of x the following relation is identically true : 

16x Ax+B C D 


16x _Ax+B C D 
16 -X* 4+x* ^2 + x^2-x’ 


hence, prove that 




4-a8- 


tan 0 


By the substitution, x = 2 sin 0, evaluate the integral 4 / 

.'o 1 + si: 



9. Prove that 
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36. Evaluate the integral . dx. 

/ dx 

-■ 7^5 ^ 

sm x{6 aos a:- 8 in x-1) 

X 

by the substitution t=tan Hence evaluate it. 

ro i.t 

37. Evaluate the definite integral I — r,— ir— ^ • 

.'o + 2 

Qo T? I * r 17*2 + 8 a ; -12 

38. Evaluate ] . rfa;. 

39. Prove that , — — 7 -, . d* =0-819 nearly. (L.U.) 

Jo (x + l)(x^ + 4) ^ ' 

*«■ f (9^7.0^ ■ *■ (I-U-) 

*41. By making the sub.stitution x=2(l(] +(■), ])ro^■e that 

r — =2 log 2 . 

.'0 (4 + 5a:)«yi-a:''‘ 

39. Integration of Rational Quadratic Functions. If 

X=ax^ + 2bx + c, 

then the evaluation of Jdx X falls into two grou])s, according as X 

is, or is not resolvable into real rational factors. 

In the former case, it is best to split 1 \X into partial fractions, 
thus 

f _ if 

]Zx^-hx + 2 J(a;-])(3j--2) }\x-\ 3x-2j 

= log (* - 1) - log (3.r -2)+A 


= A + log , 


where A is an arbitrary constant. 

When, however, X is not resolvable into real rational factors, 
the function must be expressed in one of the forms or 

a^-x^, and the corresponding standard form established in 
equation (44) (p. 113) applied. 
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Ex. 9. 


Ex. 10. 


Ex. 12. 


I' dx j f . f dx 

= v/heie ii = x-l, « = 


r dx 

J 2x^ - 5i 


= } log ^^ — - + constant, by (44a), 
4a '^M+a 

1 , 4x-5-,/17 

-7J7-‘“®£:r5-4i7 + '“““' 




5a; + 6 

"" X - )’ , a = 1 ^/23, 


= J tan“^ *^ + constant, by (41c), 

/td il 

2 , 4x - 5 

= -T— . tan-1 . — constant. 

^23 ^'23 


Ex. 11. 


f _ dx_ 

J.3+“3x- 


2a:2 


dx 


J 1 u 


... 

Jo-6 


dx 

3 + 6a:- 


1 

4« ■ 

log 

1 

7^ 

log ' 


fl ^ 

_ 1 


2 " 

jo o' 


a + M 
a-u 
733 - 3 + 4x 


+ constant, by (446), 
+ constant. 

> - 4X 

dx 


0 96-(x-0-6)^' 

Put M = a:-0-6, then when a: = l’4, u = 0’8, and. when .r = 0-6, 


M=0 ; hence the integral becomes 

0-9798 + Ml<' 


f0*8 /7<i/ 


+ mT® ninoi 1'7798 
— =0 102 log 

— Iti 


0-9798’ 

= 0-102 (0-5766 - 0-5868 ■+ 2-3026) 
= 0102 X 2-2924 = 0-2338. 


0-1798 
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40. Variable in Numerator of Integrand. When the numerator 
also contains x, it must first be reduced, if necessary, by division 
as in § 6, so that it is of one degree less in x than the 
denominator. It must then be expressed as the sum of the 
difierential coefficient of the denominator and a constant. Thus, 
if the fraction is ('px + q)l{ax^ + bx + c), then the differential 
coefficient of ax^ + bx + ci& 2ax + b, and 


I lx — 6 

Ex. 13. Evaluate the integrals • <lx. 

The denominator = - 6x + 9 = 2 - 3x + ,[I ) 

= 2 {( i ;- ;:)2 + n . 

Hence it contains no real factors. 

Since the diflerential coefficient of the denominator is 4a; -6. 
and of 4a: - 3 is 4a: - 6 + 3, 


4x - 3 7 _ f * 4a; - 6 p dx 

10 2x2 - 6.r + 9 ■ Jio2x2-6x + 9 ■ Jio2x2-6x + 9' 


In the first integral, put M = 2x2-6.r + 9, then dit = (4x-6)cix ; 
and when x = 3, a = 9 ; when x = 1 '5, u = i b. 

In the second integral, put '(’ = x- i|, then dv = dx, and when 
x = 3, a; = ;j; and when x = l'5, a7=0 ; hence 


p 4x-3 
J 1-5 2x2 _ 6x + 9 


. dx = 



dv 



tan 


-1 


2^1 
3 J 


1 -.) 

0 


-log 2 4-^ = 1*4785. 
4 



418 


HIGHER MATHEMATICS 


[OH. VI 


Exercises 6c. 

[dx . 


^ in eacli of the following cases : 


1. Z = 16-x2. 

3. Z = a;* + 81. 

5. A = 55 - 6a: - x^. 

7. A = 9a:a-.‘10a:-119. 

9. A = 25a:® + 10a: + 2. 

11. X = lx{&-lx). 

13. X = aV + 2ahx + - c". 

15. X—ax(2c-ax). 


2. A=a:“-36. 

4. A=a;2-4a:-21. 

6. A = a;^ + 10a: + 106. 

8. A = 27-4a:(r + 3). 

10. A=4x(a;-5). 

12. A=6(.53:2-2a: + 2). 

14. X-a‘'x^ + 2acx + 2c^. 
16. X =a^x^ - iahx - 4 - h*. 


Evaluate the following definite integrals : 


17. 


/‘‘‘ 5x+l 

Jo x^ + 4 ' 

dx. 

18. r'/^. 

Iq 5 - x^ 

19. [' 

'n 

n^3x + l 

k a:^ + 1 

. dx. 

dx 

.1 xS4 6x+34’ 

22. f 

lo 


- .3.r2 
4+H 

1+a- 


dx. 

dx. 


23 




af* - 16 
dx 


. dr. 


24. 16 f’ 

ij>i X*- 16 

I (I fi'f 

25. / where a=2-8332 and & = 1-7918. 

.It - 25e~’^ 

28. Integrate x dxl(a^ - x^)- and dxl{a- +x^)'. 

X 

*27. Prove, by means of the substitution, <=tan that 


{L.U.) 




dx 


1 


or 


a + bcosx 

1 


, 6 H a COB X , 

3“^ — , , ■when a>6, 

a + o cos X 


'y/b^ 


, .b \ a cos X , 

— - cosn“^ j - — — , when a<b. 

a v b cos x 


Use the substitution of Ex. 27 to evaluate the integrals : 

W TT 

dx 




0 5 + 4 cos X 
dx 


9. f % 

Jrr SI 


sin X + tan x 


•• r 

jo 

■i: 


dx 

9 cos a: + 12 sin x 
dx 

2 cos a: + sin x' 


{L.U.) I 
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Prove, by the same substitution, or otherwise, the following results : 
/"(I + COS a:) . dx , . ,, 

*32. =log(8eca:-l). 

J sm a; . cos 

fcoax-BinXj , (1 -sin ar)n -cos a;) 

*33. I— dx=los- . — -■ 

J sm X . cos X am x . cos x 

( IT (^2^ 

— , where a is constant. 

. J 1 + cos o. . cos a: 


.'o 1 + cos a . cos a: 


, where a is constant. 


Prove the following results : 






1 + b cos y _ ^2 


“■> f w 

. (L.U.,Sc.) 38. f 

'ft I 


dtj _ 1 

0 Itt eos^fy -t-sm^d ~4 * 


37. r f^—n- , . (L.V„Sc.) 38. (M.U.) 


.lo{l + a:“)2 4- 


*39. Determine the values of J, if, (', such that 

4 + 5 sin x + cos ^ if(coa a; - sin x) Q 

1 + sin X + cos X ~ 1 + sin X + cos x 1 h sin x ^ cos x ’ 


hence evaluate the definite integral 


J 2 4 4 5 sin X t- cos x 
Jo 1 1 sin X H cos X 


41. Integration of Irrational Quadratic Functions. If 

X = ox* + ‘Ihx + c. 

the integration of . cfx and of | depends upon the 

expression of X as an algebraic sum of two squares. It is 
therefore necessary to establish the standard integrals when X Ls 
of the forms x* or o*±x*. 

Ex. 14. Evaluate the integrals (i) \ and (ii) Oa" . dx, when 
X has each of the following forms : J 

(a) X = o* - X*, (h) X = X* - a*, (cl X = o* -i- x*. 

(a) When X = o*-x*, put x=a sin d, then dx = a cos B .dd \ 

r dx fo cos d . dd f . 1 * . 

Jv/o^af J ocostf J a 
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and — . dx=a^\co&^ . d0 = \a^i0 + \ sin 2^^) +A, 

J J from Ex. 4, p. 108, 

= 1(1^ ^8in~^ ^ + sin 6* cos 0^+A 

V a a \ a“j 
= sin“i * + \Ti\la? - + A. 

(&) When -a^, put x = a cosh z, then dx = a sinh z . dz, 

and x^ —a^ = a^(cosh?'Z - 1) =a^ sinh^z ; 

f- fd 2 = 2 + .(4 =cosh' 1 ^ + A. 

}Jx^-a^ J a 

1 _f,/2 

If the substitution = y 2 • « J^ad been made, the integral 

would become 2 !^ ^^^2 “ ^ 

, x + v/x^-a^ ^ 

= log + B. 

a 

Hence, equating the two results : 

T .X , x + s/x^~a“ _ 

cosh" * - + .4 = log + B, 

a a 

which will be identically satisfied for all values of x ; putting x=a, 

A = B, 

'JO X ~l“ v^X^~~^ &“ 

80 that cosh"^ =log as proved in Ex. 9, p. 50. 

a a ^ ’I 

Applying the original substitution to the integral Jv'^A . dx, 

. dx^a^^sivih^z . dz=^ j'(e^-2 + e"^) . dz 
= - 22 - le-^) + ^ -■= {{d - e'^)(d + e-^) -4z} + A 

^2 2 ! - . q 2 2 

= (sinh 2 . cosh z — 2 ) + .4 = ■^x^ - a® - cosh-* + A. 

2 2 2 a 



§41] 


FURTHER STANDARD INTEGRALS 


121 


(c) When X=a^ + x^, put z=a sinh z, then dx— a coah z . dz, 
and a^ + x^ = a^(l +sinh22:) =a 2 cosh^z ; 


( dx f 

jslaP' + x? J 


dz = z + ^=smh-i 

a 


2 <jI 


Now the substitution, — ^ ^ 2 ’ r^itionalizes the integral into 


f dt 

Ml 


, 1 + / l+fi 

= Iog^_^ + ^ = log-j-^,+ /? 


— loo 


/ 2 / 1 

" \1 


l+i- 


B 




Equating the two results and putting x = 0, A = B. 


sinh“^ ^^ = log as proved in Ex. 9, p. .50. 
Reverting to the original substitution, 

|x/f/2 + .r- . da; = «2|cosh^z . dz + 2 + e--’)dz 


a- 

8 


(e^ - c“-) (e* + e--) + la'^z + A 


= in' sinh z . cosh z + la^z + A 

lx\'a- h X- + ia- sinh-’ * + A. 

a 

Collecting these results, the standard forms for the integration 
of irrational quadratic functions are ; 

H I ^ 


dx . 1 X , 

/— - =sin-^ +A, 




(6) / N^a® - X® . dx = Ja® sin-^ * + Jxs^a* - x® + A. 

j a 

j 


( 46 ) 
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(a) 




^ i. 1 * . * I * + *^*“"* j-A 

==^=cosh~* - + A = log +"> 

> _ «i a a 


(6) - a* . dx = Jx - a“ - Ja* cosh'^ a ^ 


= - a* - ia“ . log — ^+A. 


.(47) 


(a) 


I, 


dx 


- = siiili“* +A = log 


X + + x^ 


\'a* + X* ® 

(6) J N,(a*‘* <1 V = 1 V v/ft2 4_ ^2 

= |xN,''a® + x“ + |a* log 


4-x* , dx = ^xs'a- + x^ + Ja“ sinh"^ a 


+ A, 


+ A. 


.(48) 


42. General Quadratic Function. The general quadratic function, 
X = az^ + hx + c, 

may readily be expressed m the form v^±a^, for 


ax‘ 




where 


2aJ 

b , ‘lac - 

T»> • 


the sign of a* depending upon whether 4ac^> or 4rtc<6-. 

Ex. 15. Evaluate the integrals [ dxlJX and [ JX . dx, when 
X=5x^-ex-3. ' Ji-8 J's 

5x^ — 6x - 3 = 5 (a;* - 1 '20: - 0'6) 

= 6{(a; - 0-6)2 _ 9.36 - 0 6) = 5{(a; - &Gf - 0-66], 

Put u = x-0-6 and a2=0-96, then dv = dx, and when x = 3, 
I? = 2-4, and when x = ] -8, 'y = l-2, so that 

v + J ?;2 - a^l- ^ 


P dx 1 f-* dv , f, w + v'?;2 

]vs7X~ v/sj 1-2 v^«2-“a2 “ " • ^ 


vz 


> by (47a), 


= 1 . V5{log (2-4 + V4-8) - log (1 -2 + ^0-48)}, 

the constant log a cancelling out, 
= j(2-2361)(log 4-591 -log 1-893) 

=0-4472(1-5241 -0-6382) = 0-4472xO-8859-0-3961. 
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Similarly, by (476), 

f JX.dx = Jb\ Jo^-a^.dv 
Jl-8 Jl-2 

= \ ■ Jb - a?- log ^ J 

= iV5{2'4V4-8 -0-96 log (2-4 + 74'8) 

-l-2V0-48 + 0'96 log (1-2 + „/{)• 48)} 

= 1 -1 18 {5-2584 - 0-8314 - 0 96 (log 4-591 - log 1 -893)} 

= 1 118 (4-427 - 0-96 x 0 8859) 

= 1-118(4-427-0-850) 

= 1-1 18x3-577 
= 3"999 or 4 very nearly. 


Ex. 16. 
(a) 


Eualuate the integrals 
fo-j f] r rrr, , 

(6) s/27 + 12x- 4x2. dx. 

j3-is/l75 + 20x-4x2 Mi:. 


(a) 175 + 20x - 4x2 = 1 75 - (2x - 5)2 + 25 = 200 - (2x - 5)2. 

Let v = 2x -5, a2 = 200, thenrfi.’ = 2 . dx] and when x = 9-5, v = 14 ; 
and when x = 3-5, i) = 2, so that 


P'-’’ dx j p-* dt^ 

J 3-0 s7Il5 + 2toMi2 “ 2 


sm 


-1 


ni4 


= .l(sin~*0-9899 - sin“20-1414) 

= 1(1-4283-0-1420) 

= 0 - 6432 . 

V 

Note that .sin~^ - must be expressed in radians, 

a 

(h) 27 + 12x - 4x2 ^ 27 - (2x - 3)2 + 9 = 36 - (2x - 3)2. 

Let i) = 2x-3, then dv = 2.dx, and when x = 4-5, v = 6, and 
when x = l-5, v = 0 ; 

.’. f s/27 + 12x-4x2 . (ix = lf s/36-t)2.cZx 

Ji-5 “Jo 

= J 1^36 sin"2 ^ + i;s/36 - 112 J 

= \ . 187r = 4*6»-. 
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Ex 17. If X = 4x^ - 4a! + 145, calculate the oalues oj 
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(ft) I and {h) j" JX . dx. 


nJX 

4x2 - 4x + 145 = (2x - 1)^ + 144. 

Leti; = 2x-1, then dv = 2.dt, and when x = 5, y = 9, and when 
x = 3, v = h ; 


• M r ' f** 

•• j3V4'x2-4x + 143~^J'. 


dv 

7^2 + f44' 


loe 


i) + v 


./e2 '+ 144' 

r2 




= i{log 24 - log 18} = 4 log i ^ = Uog 1 
= .i(log 4 - log 3) = ?^(l-3863 - 1 0986) 
= 01439 


,/4x2-4x + 145 


.dx = \\\ 
J 3 


.V + 144 . do 


Ex. 18. Prove that 4 


/ — 1 4 1 i' h \ + 114: 

— ^ ('s i’“ -t 144 + 141 log — 

= H135 + 144 log 24 - 65 - 144 log 18} 
= I {70 + 1 4 1 X 0 2877 } = 27-8572. 

f*’ '* 47x - 46 - 8x2 , 

Joas/ 2 ( 2 i 2 _ 2 x + 13) ® 


or. 


2(2x2-2/- + ]3)=4x2-4n-26 = (2x- -1)2 + 25-= m2 + 

where m = 2x-1 or .x = .\(n + l). 

Also 47x - 16 - 8x2 _ 39 J. 4 . (; _ 2(4x2 _ 4 ^; 4 . 26) 

= 1(39m + 51)-2(m2425). 

Now, .since i( = 2x-\, du=^2.dx, and when x = 0'5, m = 12, 
and when x = 0’5, m = 0 ; hence 


8 5_47x-46-Jx 2 
v'2(ir2l2x + 13) 


re 5 
Jo 0 


Jo s 


(39tt + 51)-2(«2 + 25) 


1(2-1-25 


. du 


fl 2 u.dlt dv fl 2 - 

7sn-25-U, 

-39pt?+25 + 


2 uju^ + 25 + 25 log 


u + + 25 


» 39 (13 -5) +51 log 5-2(166 + 25 log 5) =log 5. 


12 

JO 
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Exercises 6d. 


Integrate each of the following functions of x. 


1. V(r 6 “-“^ 2 ). 2 . 

l/J(16-x2). 3 . J(x^-36). 

4. 5. 

v'(x*+hl)- 6. 1 /J(x^ + 81). 

7. N/(x=-4.r^21). 8 . 

l/v'(.x2-4x - 21 ). 9 . v /(55 - ex'- 

10. l/\/(55 -6x ~x^). 

11. J(x^ + Wx-i-106). 

12 . l/^/(a:“+l 0 a^-^l() 6 ). 

13. s,l(9x2-30x-119). 

14. 1 /s^27 - i.-clx ^ . 11 . 

15. \(a~x- + 2ahx + b'^ -c^). 

16. 1/Ja^x^ -i 2rjcx + 2c^. 

17. NV/x(2e - f/x). 18. ]/A(2 c 

Evaluate the follo\ving de'finite integrals : 

dx 

10. / _ . 

20./'--- 

■'-'■N'f)4-J2.r-x2 

r-® <! r 

21. 

22 r'" 

Jo «j441+a,'2 

Vx“_49’ 

23. f ‘ 

24. / , - 

- ' n161 + iVx + x^ 

25. r 

J* \fx{x + \i2) 

26. /' - 

J-!''sOl 2 - 6 x-x 2 

27. r 2 . fix _ 

.1-35 ^/l 8 - 7 .t-x- 

,28. r^' — . 

Jwio >y(; 2 .j :2 - 2 a 6 .r ' 36^ 

29, / V ^8 + 7x - x- . r/r. 

lA 6 

30. / s’x® - 3() . dx. 

JhH 

31. r , - . 

Jo vll4 — 6 x-;r^ 

32 r 

- 4.r - x^ . dx. 

, 

33. v'18x-6.7-x2 . f/.r. 

Ml 

fib a (}X 

*34. ; 

j’*'® >J^h^ -L 2060 * - 

/•» , 

i-ji 

35. v'.t•2 + l4x^ 113 . dx. 

36. n'x(x - f 30 ) . fix. 


*37. Shew by means of the substitution y—x (x'^ -f 1 / that 


(x= + l)v'2(r' + ]) « 
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•88. Evaluate 8 T . dx. 

Jo 'Jm-ixo 

•39. A function y of a: i8 defined by the relation jy.dx='JaO + yO; 
the function, it being given that x and y vanish simultaneously. 

•40. Iff - ■ — - - anda=2tan“^4, provethat 

■>'> •J(l+oosx)(8cosx-i-15smx) * 

li=2tan ^(y’)- 

O' dr 

•41. Evaluate j , where =32- 7x-a:“. 

•42. Find the precise relation between x and y when 



it being given that y=0 when a:=0‘7o. 


48. Integration of a Product of Functions by Parts. Let P(z) 
and Q{x) be two functions of x, which may, for shortness, be 
denoted by P and Q respectively, then from (35h), p. 76, 


d 

dx 




Now, in general, will be a function of x ; denote it by It, 
where R stands for a function, R{x), then dP = R . dx, 

or P=^R.dc, 

the constant being omitted for the present. 

Hence, substituting for P m the above formula, 

or QR • 
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§43] 


Integrating this gives 

jgi? . dx = PQ-^(^J^R . dx^x + 4, 

JqR . dx = QjR . dx - dx^dx + A (49) 


This is the formula which gives the integral of a product of two 
functions. Expressexl in words, the rule becomes ; 

The integral of a product of two functions = (First function multiplied 
by the integral of the second) - Integral of (differential coefficient of first 
function multiplied by the integral of the second), either function being 
selected as the first. 


Ex. 19. Evaluate the indefinite inlegral I a: . a: . da:, and 
prove that J 

IT 

2 1 a; . sin~^ x .dx=\ v . sm2v .dv^ ^ . 

Ju Jo 4 

Ht'jc X could he talscn aa the hrst iunetjon, because when 
differentiated it gives a constant. This should, in general, be 
the chief considcTation in choosing the first function, but it is 
simpler in this case to take sin"^ x as the first function, as will be 
seen. 

Hence 


Jx sin“^ X . (/.T = sin“' xjxdx- j*^ - Jx . dxjdx 

= },x^ sin“^ X - .1 . dx 

= },x^ sin“i X + .1 i . dx 


= .\x^ 8in~^ X + 1 f\/l — a:* . dx-\ f-— 

J “Js/l-x 2 

= ix^ sin-^ X + J (sin~^ x + xVl - x“j - | sin"^ X + *4 
= l{(2x“ -1) sin-* x + xVl - I*} +A. 

Taking x as the first function : 
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thus the evaluation of the integral depends upon the integral 

Jsin~^ X . dx. To evaluate this, the method may be applied by 

considering unity as one function, thus taking sin"^ x as the first 
function ; 


I 


sin ^ X . dx = x . sin“^ 


= X . sin^i 
= x . sin"^ 

= X . siii”^ 


+ |dM, 


. dx 


where m- = 1 


x + u 

a" + \/l - x^. 


Hence, inserting this value, 

j*x sin~^ x . dx = x^ siii-^ x + Wl - x'^ - Jx sin“’ x dx - Is"*! - . dx ; 

2^x sin“* X . dx- x^ sin~i x + a;s' 1 - x^ - I sin~^ x-lx-Jl-x^ + A' 
= |{(2a;2 - 1 ) sin“i x 4 xv 1 -x‘^} + A'; 

Ja: . sin“^a; . d.r — l{(2x- 1) sin-’ x ^ xs'^l -x®} + A 
(whore 2A=-4'), as before. 

Again, 2 J x sin"^ x . dx = .l - 1) sin"^ x + xj] - x^) 


TV 

■ 4 ’ 


TT 

and I . sin 2u . dr = j ujain 2r . do - Isin 2y . dv 

W 

= 1^ - \v cos 2«;4 -|Jc( 


= -Iv. 


cos 2e . di' 


cos 2?’ 4- i sin 2r 


JT 

' 4 ' 


lo 
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The equality of the integrals may also be shewn by putting 
v = sin“^ X in the first integral, thus 


shew that 


so that ilx = coB V . dv, and when x = l,v = ^, and when a" = 0, r = 0 

IT TT 

21 X . . r/x = 2 1 v . sin v . cos c , ilv = 1 v sin 2v . dv\ 

Jo Jo jo 

IT 

Hence 21 or sin^ij" . (Zj;= I v . sin 2v . dv = ^- 

Jo Jo 4 

Ex. 20. Assuming that { , — = log‘^^'^^^ , shew that 

Jsa~ + x‘^ a 

+ + + log (.r + Ja- + x^)l 

by integratlny by jMits. 

I’aking unity as one function, and regfirding N^«“ + ,r- as the 
first function : 

. dx = xs^a^ + x- - f — . dx 

J JnV + x 2 

J N W " + X“ 

= x\'a^ + x^ - fs^o* + x^ . dx + a-[-^ - ; 

J ]s'a^- + x^ 

2 ^ log +a'-, 

J « 


' + x^ . dx + a 


0 r (foe 

]s'a^- + x^’ 


.'. ■ (^x'=l (xs'a,- + X- + a- log 

Ex.2\. Eraliuite the integral ^sin^i) . d 0 : (a) by applying the 

identity 1 siiAti = 0 sin 0- sin 30'. [b) by parts. Shew that the two 
results agree. 

f* 

Hence prove that 24.1 ,, . (ff = l. 

^ Jo{l+<T 


I 
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(a) From the given identity 

. do = ;^j'(3 sin 0 - sin 30) . dO— - f cos 0 + cos 30 + J 

= - j cos 0 4- (4 cos^^> - 3 cos 0) -t- A 

= ?j — cos 0 4- A. 

(b) Taking sin^f^, sin 0 as two functions, 

j'sin^t* . d0 = am^0( - cos 0) -2|sin 0 cos 0( - cos 0)d0 

= - cos 0(1 - cos^ 0) - 21 * 008 - W . d (cos 0 ) 

= coa^O - cos 0 — 'd coa^O 4- A 
= \ cos^O ~ cos 0 + A, as b(;forc. 

It should be noticed that the values of the integrals, without 
modification, are 

(a) -f cos 6*4- cos 3f^ + /l, 

(b) , - sin^d . cos 0 - ^ coa^O + A ; 
and these are identical, as is shewn by jmtting 

4 cos**^ -3 cos 0 for cos 30 in (a), 
and 1 -cos-d for sin^d in (h). 

Put < = tan then d< = | sec^ ^ . dO, and 1 4-f^ = scc^ 

A z z 


Further, the limits ], 0, of i give 0 for d ; 






tali'* . sec/ o 
Z Z 


0 


0 

2 


. do 




sm-* 2 • cos** 2 


= i; [ sin®d.rfd = i; 

"Jo 

= ;:(-j + i) = i. 


I cos®d - cos d 

(from the above result) 
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Ex. 22. If S, C denote respectively the integrals 

Je®® sin bx . dx, Jc“ cos bx . dx, 

determine, by integration by parts, the values of S and C. 
Verify the results independently by use of the identity 
cos bx + i sin bx — e'^^, 

ichere i = J~l. 

Taking sin bx, cos bx respectively as the first function, 


S = sin bx . dx = sin bx ■ 
a 


- ^ • fe““' C' 

J 


cos bx . dx 


sin bx - ^\c, omitting the constant ; 


and C = 1 c"-' cos bx . dx='' e'“ cos bx+^ ■ (■“ sin bx .dx 
I a n _ 


- ^ cos hx + ^ . N. 
a a 


Hence aS + bC = e"^ sin bx, 

bS + a('= - c®-'’ cos hr. 

Solving these equations for S and C, 

gax gax 

S = - — (a sin bx — b cos bx), C = (a cos bx + b sin bx). 

+ b'-* a* -t b- 

The same results may be readily established by the use of 
imaginaries, thus, writing as usual i for v - 1 , 

cos hx + i sin bx = ; 

j'c®-'(cos hx + i .sin hr) . dj- = Je®-' . . dx= Jx 


so that 


= c'®‘' jia + ib) = {a - (h)c®-' . e''^^/{a- + b^) 
= (a- fh)e®'^(cos bx + i sin hx)l{a^ + Ifi), 


C + iS = c® '' [(« cos bx + b sin bx) + i{a sin bx - b cos b.r) }l(a~ + b^). 
Equating real and imaginary parts : 

f7 — cos bx + b sin bx)/(a® + b“), 

and S = e®'*(a sin bx - b cos bx)/(a= + b“), 

as before. 
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Exercises 6e. 

Integrate each of the following functions by parts : , 

1. X cos nx. 2. e’ cos x. 3. log x. 

4. tan -lx. 5. x tan i x. (B.U.) 6. x log .c. 

7. x^ sin 3x. 8. x® cos 2.r. 9. log x;(l - .r)“. 

10. Shew that if a function </>(x) can be expressed in the form 




then 


. </)(x) . dx--e' ./(.r). 

Use this theorem to evaluate each of the following functions ; 
11. I e" (2x 4 3) (2x + 1 ) . dx. 12. [e" (x'* + C) . r/.c. 


13 

15 


. J e*(8in X + cos x) . dx. 

, J e' sec x(l H tan x) . dx-. 

17. jieaydx. 

n 2r)-x-x3 

19. 1 - .e' . dx. 

^y(5+x)(,3-x) 

20 , f’ 

Jo 


14. + f-) . d/,(] x.(i). 

16. 1'^, (x log >• + 1) . dx. 

18. ]' e^(.r-2)(2.r-i :-l}(:ir + l)f/x. 

'n 


^y(5+x)(,3-x) 

8in-i0 6 

e’’ {log ( 1 + sin x) - log cos x + sec x’, . dx. 


21. Evaluate, by repeated application of the method of integration 
by parts, the definite integral 


f X- . (log x)i . dx, 
Jo 


and verify the result by u.sing the substitution x~e-'' to evaluate the 
integral. 

If 8r, C„ Tr, 8e„ denote the indefinite integrals 

Jain’'x.dx, Jco8’'x.dx, jta,n''x.dx, Jsec’'x.dx, 

respectivel 3 % where r is a positive integer, prove the following reduction 
formulae (22 to 2.’5), by the method of integration by f)art8 : 

*22, n . = - cos .r . sin" x ; hence evaluate <9., and 8^. 

*23. nCn — {n - +cos''-^ x . sin x ; hence evaluate f'., and Uj. 
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*24. (rt - ] ) jT,, — tail"" ’x- - (« - ; licnce eviiliiaU- T.j, and verify 

the result by substituting t — tan x to reduce the integral. 

*25. {n - ])Se„~{n - 2 )»?e „..2 + Bec"'2 ar . tan a: ; hence evaluate Se^ be- 

TT 

tween the limits ^ and 0, and verify the result by evaluating the integral 
independently by inean.s of the .substitution t = tnn x. (Le.U.) 

*26. If denotes the indefinite integral . sin r . dx. shew that 

In = ( n sin x-x cos .r) - >/ ( « - 1 ) 1,,^., ; 

and evaluate the integral when ii =;{. 

27. Evaluate j e . dx. 

Jo 

*28. Shew that if I„ denote the integral 

f X" (a* + X*)* ^ dx, 

Jo 

when II is jiositive and greater than unity, 

a/,, a(a - l)o“/„..2=x" i(x- + «-)K (L.U., Sc.) 

*29. Shew by integration by ))arts that if /„ denotes the integral 

1 e'-' sin”.*' . d.r. 

Jo 


where j8:=tan“' then 
a 




(;d 


-n(ii 

-1 

(L.U., Se.) 

*30. 

Shew that 

- Xr 

1 (e~^^ cos px)^d, 
. n 

1 

4 


(L.U.) 

*31. 

Prove that 

It sin". 

r . dx ( 

a-1 

) 1 sin" -X . d.r. 

(L.U.) 



Jo 

I'tt 



Jo 

*32. 

Prove that j 

1 sin 7/ix 
0 

. sin }/x . 

dx- 

{ii sin iinr cos mr)l{m- 

+ n^), where 


II is an integer and in is not an integer. (L.U.) 


*33. Shew that I sin" x . cos'" x . (fx = ^ j sin"~-x . eos"'x . dx. 

.'o . 0 

(L.U., Sc.) 

TT TT 

*34. Prove that ill cos" tJ . d(^ —(n - 1) j coa"~^9 . dd, where n is a 
positive integer. • “ • “ (Iv.U., Sc. ) 
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'•‘35. Prove that if u„— I x" cos ttx . dx, and a> 1, 


+ w + M (» - 1 ) M„_.. — 0. 


36. Find / sin X . dx. 


(L.r.,Sc.) 

{L.U.) 


’•‘37. Prove that j (S.U.) 

(a:4v/x“-l)" «--A 

44. Miscellaneous Methods of Integration. Gamma Functions. 

The definite integral, 


f’biuPa- . 

Jo 


cos« X . dx, 


where p and q are positive integers, including zero, can he easily 
evaluated by means of Gamma functions. 

Let r(] + ii) be a function defined by the relations • 

r(l+n) = n.r{n); r(l)™l; r(})=x'7r. .. .(50a) 

then, when n is a positive integer (see Ex. 0 on p. 13!)), 

r(n + 1) = n . r(n) = n(n - 1) . r(n - 1)-= .. -| n (60b) 

When n is a positive multijde of i. wide l(2iii - 1) for )i, tiieii 

r(l +«) = ! (^1 + — 2 ) = ~2 ■ 2 j> 

_2«i-l.,/ 2»«-3\ 2n(-l 2);i-3 /2ni.-3\ 

o J- M "t Q } — o • o • o 


By repeated applications of (29a), 


r(i+' 


2wt — ] \ 2/a — 1 2/a - .3 2/// - 5 


2 ■ 2 


-i • l'(i), 


I’ 1 + - 


8m - 1 \ 2m - 1 2m - 3 2m - 5 




With these properties of the Gamma function, the value of the 
above definite integral is given by the formula 


sinf X . cos’ X . dx=- 


,/P + l\„/Q+l'' 


p + q+8'1 


....(51) 
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This is true for all values of j) and q, but the evaluation of 
r(l + n) when n is negative or fractional in any denominator 
other than 2, is not simple. In practical integration, however, 
these negative and fractional values are rarely met. 

Ex. 23. Evaluate the definite integrals 

n TT 

{a) sin^ X cos"'’ x . dr, (b) 1 <!in^’ x . dx, 

Jo Jo 

and by means of the substitution, x = tan 0, shew that 


1 ? . dx 


(o.) By (51), 


_ r(:]) . !'(^_ l_.J, . ® 


This integral could also bo evaluated without Gamma functions 

by putting y — sin ,r, tlien dg = co3x . dx, and tlie limits 0 for x 
become 1 , 0 for y ; hence, 

f sin‘’x CQ3''xdx= [ y*{\ - ifi)^dy= [ (//'-2y® + ?/®)dy 
Jo Jo' ' Jo ' 

1 

= r.lE ~ vf + ',?/® = 5 ~ T + » = ;i 1 .S) before. 

0 

Tlie substitution 7/ = sin.T will, however, only reduce the 
integrand when the index of cos x is odd ; similarly, when the 
index of sin .r is odd an effective substitution is y = e03x, as- 
the next example will shew. 

(f») Put ?/ = co8.r, then dy = -sin x . dx, and the new limits 
become 0, i ; 

.•. I sim’x- . dx= - j" (1 - >r)^dy=^ j" (1 -'2ifi + ifi)dy 

, - 1 

y- ty^ + ««/“ = 1 - H i**.-, • 

L _o 
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By Gamma functions the work is, however, shorter, for 


J sin^a; . J sin®x . cos®x . dx = 


r(3)r(i) 

'2r(i) 

2^/77 


'9 — r, .-1 “ r ^- = i”-;, as before. 


In the given integral, put x = tan 0, then dx^sec^O . dd, and the 


new limits are “ and 0 ; 


. f X® . dx f' tan® 0 ^ , f- ■ 

Jo (1 +*-)'’ JflSeci^fy 


= 1 sin® ti . cos’ 0 . (it) 

r( 2 ) . r( 4 ) 3.2 

= — ' 1 — 

21 ^( 6 ) 2 . 5 . 3. 4 . 2 ™’’'” 

45. Integrals of the form [dx/fP^'Q). The evaluation of the 
integral 

r d.r 

where P and Q are fuiiccions of x of degree not higher than 2, 
may be effected by suitable substitutions. These are, in general, 
as follows ; 

(a) When P and Q are both linear, andi 
{/)] When P is quadratic and Q linear, / 

(c) When P is linear and Q quadratic. 


put z- Q. 


put - P, 
z 


•( 52 ) 


(rf) When P and Q are both quadratic, put z or z“ 

Ex. 24. Evaluate the ivdejivitc integral 
f dx 

]{ax + h)\icx + d' 

a, b, c, d being po-ntive constants, (i) uhen ad>bc, (ii) irhen ad = bc 
{u\)'when ad <,bc. ’ 

Po dr 

2 — 0 - 9555 . 

Jo (4x 


Hence shew that 2 


(4x + ])\^3.x + l 
Let ij^ = ex + d, then 2y . dy = c . dx, and 


Cl 1 

ax + b= ^{y’^-d)+b= ^ {ay^ - ad + be). 



45] 


INTEGRATION OF IjF^IQ 


137 


Write a? for ^ then 
a 

(i) when a(Z> he, ax + h=^^ {y^ - (F) ; 

(ii) when ad = bc, a = (), ax + h=- . ; 

c 

(iii) when adchc, write /?- for -ti?, then 

rtX + & = "(/+/I 2 ). 

Taking each of these in turn, 


(i 


■>1, 


d:t 


{ax + h) \cx + d 


.2f <hl ^ 1 ]og'''““+.l 

a]y^-<F iia ^y + a 

1 , s'a(cx + d) s'ad- bc . , 

'- 1 — . log— = +A. ...{58a) 

sa(ad-bc) x a(cx + d) + \ ad - be 


(ii) The given integral beeonie.s 


^ l^y=r - ^ +B --B- ~ 

a.'y- ay ax'cx + d 


.(53b) 


(iii) and the integral assume.s the form 


2 f ^.¥ , 2 , 


1 + C 


\'a(bc - ad) 

It should be noted that when ad = he, 


. , . /a(cx + d) „ . 

tan-' \ V j +C' •.•(63c) 
' be - ad 


■■■ \ 


(IX + ~ ^ + '0 • 

dx 


-.-IB (54) 

• (cx + d)- c(cx + d)- 

a very imjKirtant integral. 

In the particular case, h=l, e = 3, d = i, and (id>bc\ 
from (.i)3u), 

Vl2.r+l-n'« ^ 


dx 

Jo^rH‘^')"73r:+l 


h’g -7 

. *^s'] 2 .r + 4 + l. 


= log [ - log ), 


= log Y’ = log 2'6 = 0 9555. 

In such a case as this, it is much better to work the integral 
out without reference to the general result, by making the sub- 
stitution y^ = Sx + l. 
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Ex. 26. Calculate the value of the definite integral 
r-ts dx 

J - 1 1 {2x + 5) J 4a:® - 9 


[CH. VI 


From (32c), let 2x + 5 = -, 
z 


then 

171 

II 

also 

II 

1 


5 I and dx= - 


dz 


4,x2 - 9 = - 5 - 9 = ^2 (1 - 102 + 162^) 


1*^ (/-» _ 12 _ / . \Z‘ 

■ ^2 I'” 1 «' '1 


and the limits - 1 5, - VI for x become 0'5 and 0'625 for z. 

f-15 ^ 

J-i7(2a: + 5)\/4a:®-9 8jo625s/(2- iV)^“(i6)" 


"log y ~ (li 

1 G 

= l log 3 - 0-1373. 


05 


0 62 j 


> ^>y (17), 


Exercises 6f. 

Evaluate each of the following definite integrals : 


1. / sin®a: . co.s''a: . d c. (L.U.) 2. | cos' 

^0 '0 


3. sin** . dx. 
.0 


’d . dd. 


• J 

4. cos'^* . tan®* . rfi. 

0 


5. / 8in®2d.dd. G. / (cos"*. tan*.i; + sin'’*eo.s®*^.d* . 

.0 'o 

7. Evaluate the integral j **(1 - .t®)= . d*, by the substitution 
a;=8in 6. n ” 

*8. If /= I sin^d . C08®d . d$, shew, by the use of Gamma functions, 
Jo 

that 21/ =8. 
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9 . Defining the Gamma function by the relation 
r(«) . l'(l -»)=7r coaec nir, 
where 0 <ri <1, establish the following results : 

(a) r(i) = >, W r{}).TQ)=^^ 2 , (r) r(i) . = 


Calculate the values of the following : 


fn (4 (4 

10 . 1 sin^ ^ . 0088 ^ 

11 . 

1 8in “ . cos8 ^ . dtJ. 
Jo 2 

TT 

12 . 1 sin^a; . scc^j: . dx, 

Jo 

13 . 

ir 

/ t?in '‘lx , coa 4:r . dx. 
Jo 

TT 

14 . 1 cos 2x . cos 3x . dx. 

Jo 

15 . 

[ tan^x . dx. 

Jo 

1 ' X* 

16 . ,, .dx. 

Jo (l-l-.c8)8 

17 . 

r., 

jo (1 +X8)» 

rr 

18 . 1 cos'^j: , sin^x , dx. 

.0 

19 . 


20 . T— .. 

• 8 xV8x + 9 

21 . 


22 . . 

Jo (1 +2.rjs/2 ( x8 

23 . 

P '' d.r 

(2x - o) V 4 ' .p 


I* Q 

*24. Evaluate the integral j P . djr, where putting 

(9-x)/(4x-9)-;;2. 

P '• 

Hence shew that if / =- I P . d.r, 2 tan / + 1 =('. 


25. Determine the values of the constants A, B, C, such that 

X A Bx + C _ 

(2x-.3)(x“ + 2) '^x'-3^ x2 + 2 ’ 

r cr . dx 

hence evaluate the indefinite integral j ' 

/ •« 50 _ 

— ' ’ / 

-o8(4x + 13)v/5.t+4 
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27. Shew, by the substitution t=tan '^, or otherwise, tliat if A' 
denotes the expression ^ 

a cos x + h sin *, 


then 


C(lx_ 1 

J ^ + b"- 


log 1 


•Ja^ + b^ -h+a tan ’ 
+ 1^ + h — a tan ' 


a and b being positive constants. 


Hence evaluate 


i:-. 


dx 


cos X + 7 sin x 


*28. Evaluate the definite integral ( . dx, by the Gamma 

functions, using the relation ■ “ cos- j- 

I^(a-i l) = wr(/i) 

for all values of ii. 


f- f~xi~ 

29. Evaluate the integral j — . dx, by taking a new variable 0, 
where a; — 2 ain-(y, ‘ 


30. Prove that 


Jo 4 cos 


Jo ' 2 — X 

do 


cos2(y-(-9 sin^fy 12 

X . dx 


(Llk, So.) 
bv mean.s of 


*31. Evaluate the indefinite integral | — „ 

J \l(a^ - x^f(b^ + X-) 

the substitution = +x^)i{(i^ - x^) ; hence find the value of 

' X . dx 


*32. Prove that 


325. I 

■ 0 v(169-x2)»(81-l-xi=) 

TT 

I =v^2 . log (1 -1-^2). 

Jo sin X J- cos X 


(L.U., Sc.) 


*33. If = ri^, evaluate the differential coefficients of log {x + y) 
and xy with respect to ,r, and express them in terms of y ; hence find 
the values of 

(o) f — , and (b) f y dx. 

Jo y Jo 

taking a in each case as 4. 

[ IT 

-5 f — rs— (L.U.l 

_ J cos^x + h* sm^x ' ■’ 

*36. Find the value of 2 f x 'v/* — . dx. 

Jo ^a+x 



EX. ()F] 


EXERCISES 


U1 


36. Evaluate the integral 4 '^1 . dx, where f y^ = a^. 

TT 

37. Prove t?iat / , 2 ~ ~r^ *- “-" ■ 

jo 1 sin-^x 2v^(l ^ i 6^) 

TT 

38. Prove that j sin^x . dx = (87r -9J3)Jf)4. {L.C-) 

39. Prove that [ cos''x . sitpr . .‘577/128. (L.U., Se.) 

.*0 

40. Evaluate f ^ (I -i-yt*dl. (B.U.) 

*41. By putting the quantity under the sign of the square root equal 
to 7/^, obtain the value of 

. — . 

J V nx - rt X * 


42. Find the value of i 

J (J +x^)-<Jl -x^ 

dr 


48. Prove that 


(1 +a-2)s'2-'-a2 6 

44. Evaluate the integral / - . 

J 1 (:5-.r)s'l -.r- 

*45. Shew that, if i/ (x - :5)— + lOx i ;i. then 
3;/- 1 — 4(x J- :5)-,(x- 3)-. 
Use this substitution to eidiuate the integrui 

dx 


(L.U., Sc.) 
(L.U., Sc.) 

(Li.U.) 


[ ' dx 

.'0 / -r* _ !t W 


-0 (x- 3 )nV- f 10 xH-9 

i. Calculate the integral f 2'/x 

titution 2x+ 1 = 1 /z. j, (2x + l)\'2) 


*46, 

substitution 


(2.e + l)\ 2x^ + .’)x+:5 by means of the 


*47. By iising the substitution z=heea7+tan.x, pro\c that 

TT 

f’-i sec- a: n 

' ,/o (seex+t.uix)” ’ 1 ' 

n being positive and greater than unity. 



CHAPTER VII 

EXPANSION OF FUNCTIONS. TAYLOR’S AND MACLAURIN'S 
THEOREMS. BERNOULLI’S NUMBERS. 


46. Expansion in Power Series. The lalculatioii of the 
numeiical values of many functions can only he effected by 
means of equivalent convergent series It is therefore necessary 
first to determine the series where such is valid for the range of 
numerical values required. 

The general test for the convergency of an infinite series has 
already been given in Chapter I. (§ 5), and some algebraic metliods 
of expansion by means of the binomial theorem are illustrated in 
that chapter. The binomial and exponential series are, however, 
only particular cases of a general form of expansion whii h will 
now be dealt with. 


47. Taylor’s Theorem. The most general method of expansion 
is that known as Taylor’s theorem, published for the first time in 
1715. It may be stated as follows : 

If/(z + /i) be any function of x which is capable of expansion 
in a convergent series of positive integral powers of h, then 


f{x+h)=^f{x) +h 


df 

dx'^\2 


dx^ ^ 1 3 


d%^ 


f ... 


In ,JnJ 

I n dy" 


+ ..., 


provided f(x) and all its derivatives are continuous within the 
numerical range considered. 

If D denotes the operator^, then the expansion may be written 

J(x + h) = |l + hD + |‘2 . + . D” + ... j f(x) (66) 

142 



§ 47] TAYLOE’S THEOREM 143 

Ex. 1. Deduce the birtomial, exponential and nine series from 
Taylor’s theorem. 

(tt) Write y for x in (55), and ]et/(»/) = ?/”, so that 
f(y+h) = {ii+h)”, 

then if D/y” = n(n -2)y”~^, 

Di,y'^ = n i/”“^ , D,/y” = ii{n 

and so on ; 

hence, from Taylor's expansion, 

{y + //,)” = f{y !“//) = )/" + nhy"^^ 


n (« - 1) 


;,2yn-2 + 


?/(w-])(»-2) 


. h^y”~^ + ... . 


Now write x for h, and put ?/ = 1, then 

/I , \« , n(n-l)(n-2) 

(1 +,r)” = l+nx+ -.X-+ .s“+..., 


d 


which agrees witli (1). 

■ (b) Let f{y)=c-", then f (y + h) = (■'<+'', then if Z>„sy , D,iey=eyy 
and D/ey = ey, where r is any positive integer. ' •' 
Substituting in (55), 

f h^ \ 

ev+i‘=f{,l+h) = \\ +/;+ + ...je*/. 


Write X for h and put y = 0, and 

[2 ' ' 3 


, x' x’ 

e- = l+x+-+, .p. 


which is the exponential theorem. 

• (c) Let /(y)=siny, then/(y +//) =sin (?/ +/i), 
and D,i sin y = cos y, D,,^ sin y = - sin y, D,f sin i/ = - cos y. 
and so on ; hence, from (55), 
mn{y\-h)=f{y + h) 

F . P /i* . 

= sm y + h cos ^ ^ sm y - cos y sin y + 

Now write 0 for h and put y = t), then 


■ n a 


which agrees with (21). 
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48. Maclaurin’s Theorem. If in (55) x be put equal to zero, 
then, assuming all the derivatives of f(x) remain finite, the 
expansion becomes 

/(;o={i . D,r+...jf(0), 

where D^’’ means that f{x) is diffisrentiatecl r times with respect 
to X and then x ])ut equal to zero. 

Now write x for li, and 

I(x) = (l +xD„ + . D/ + . Do» e ... + . D/ 4 ... j f (0) (50)’ 

This is Maclaurin's Theorem, and is very useful for expanding 
many functions whose derivatives remain finite at i =0. 

Ex. 2. By mean.'i of Machiuriu's ikeorem, proec that 
ku, + +2/i+2/i2 + 7r> + ',;'/i«+.... 

Hence calculote the mine of tun 4(1° to tine idncen of decimals, 
(17 = 3-14159.) (L.U.) 

Let < = tan^^+/4^, 

then Z)=^ = sec^ _ 1 + tan- ^ = 1 u- 

Z»* = 2(l +3fi) . Z> = 2(1 +3«2)(1 +/2), 

Zl-'= 2(8^ + 12/3) . Zl = 8/(2+3/2)(] +/2), and so on. 

Hence, jmtting /i =0, / = 1, and 

I>„ = 2, Df = i, £>o' = 1«> = 

from (56), 

/tt \ h '^ //3 h * 

tan^^+Aj = l +/tZ)o + j2 • -^V+ip • Df+... 

= 1 + 2h+ 2hM- fjh» f + . . . . 

Instead of substituting in (56), as has been done above, 
Maclaurin's Theorem is usually applied as follows ; 
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Writing t for tan j ns before, assume that 

< = tan ^+h^=^AQ+Ai/t+A 2 fi^+AJi^ + AJ>^ + ... , 

where the coefficients of the respective powers of k have to be 
determined, these being independent of h. 

By successive differentiation : 

D =1 ht^^A^+2AJt+3AJi^+iA^P^ ... 

D^^2t(l+ r-) = 2^2 + 6A^h + c . . . , 

J5® = 2(l+3/2)(l +?2) = 6J3 + 24A/ + ... , 

IJ* = St (2 + 3<2 )( \ ^fi) = 2■^A^ + ... . 


Putting li 


hence, tan 


— 0 in each of the above equations, 

^ 1 - 1 + 2/, * 2/r ^ + \r/A + . . . , as 


before. 


To calculate the value of tan IG'', it should be observed that h 
must be ex])ressed in radians. 


Now j = 45°, so that if ^ -t // =--40°, // =- 1°, 

4 4 

and ]8()° = n- radians = 3-14159 raJian.s; 

1° = 3-141.59-^180 = 0-017453 radian. 


Hence, taking the series t( rm by term, 

1 =1 

2/, =0-034900 
2/,2 = 0-(X)0609 
:;/;3=,O-0(K)014 
\i’A*=o-oo(X)oo 
1 -035529 


Hence, correctly to five places of decimals. 

tan 46° = 1-03553. 


49. Expansion by the Differentiation and Integration of a 
Known Series. In the above calculation of tan 46° correctly to 
five places of decimals, it will be noticed that the fifth term is 
smaller than lO"®. The next term in the series for /i is 
which becomes 10~® x 6-9 when // =0-017453. It is evident, 
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therefore, that as the scries is convergent, the reinaiuing terms 
have no efiect upon a result which is to be correct to five places. 

Suppose the terms of a scries are continuous functions of x and 
the series converges within an interval (a, b), i.e. a<x<b. If 
now a positive integer p can be chosen so that for every value 
of n equal to or greater than p, and for every value of x within 
the interval {a, h), the remainder, after the first n terms of the 
series are taken, is less than any arbitrarily pre-assigned positive 
number, the series is said to converge uniformly within the 
interval (a, b). 

Such a series can be differentiated or mtegrated term by term, 
provided the series obtained in each case is also uniformly con- 
vergent within the given range. This gives another method, 
de;^endent upon a valid binomial senes, of expanding many 
functions. 

Ex. 3. Assuming the binomial expansion for (1 - a)", derelop the 
series for log {\ -x) when x<], by differentiation. <uul venfy it by 
Maclaurin’s theorem. Hence ceilculate the value if log, 0'75 
correctly to four places of decnnals. 

Let i/ = log, (1 -x) = AQ + AiX + A.p:^-eA.yr^+A^ji^ 4-..., 
then - :^~^ = A^^ + 2 A 2 X +3A.jX'^ +iA^x^ + ... . 

dJC 1 * 2 / 

But -r— = -{1 -x)-^= -(1 +x + x’‘‘ \-x^ + ... +»" f...), 

] -X 

since x < 1 . 

The two series must be identical, so that equating the 
coefficients of 

r . = - 1 ; 

/. A,= -1/r. 

Hence, by giving r the values 1,2, 3, ... , successive coefficients 
are obtained, except A^. 

If, however, x be put equal to zero in the first statement, then, 
Ap=0, so that 

X* 

log,(l-x)= 
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To verify this by Maclaurin’s theorem, assume the same series 
as in the first statement, then differentiating r times, with respect 
to X, 


(1-x)'' 


r . yfr + 1 r + 1 . Ar+iX+ 


Putting x = 0, 

\r . Ay = - \ r or Ay = —] jr. 

By putting r = l,2, 3, ..., and finding A^ as before, the 
series becomes 


log,, (1 ~x) = 



.v* 

4 


thus verifying tlie juevious result. 

Note that for x<\, l-a-<l; log(l-x)<0, i.e. it is 

negative. 

To calculate log,, O-Tb, put x = 0-25, ={, then taking term by 
term, 

I =0-25 = = 0-031 25 

f = J = 0-00520 = r Vd 0-00007 

3 3.4'* 4 1.4* 

r® 1 r« 1 

= = 0-00019 '4 = = 0-00004 

5 y .45 6 6.4® 

^^, = 0 - 00000 . 

The sum of these is 0-28765; 

log., 0-75= -0-2877 = 1'7123. 


Ex. 4. Expand lair^ x hy integration, and deduce that 

1=1 

By the binomial theorem, 

(1 = 1 -x^ +x^-x^ f 1 y‘x^” + 

Hence |(1 +x^)~'^dx= j'(l - .r^ -t j-* 1 -\-...)dx, 


.2n+l 


'y*3 '7*5 T*^ 7“' 


or 
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To find A, put x=0, and both sides vanish, except A, so that 
A ^0 1 

. , 1 x’ x’’ x211-^ 1 

In this scries, put x—1, then 


= l-a + i _! +... 

4 o r* 4 ' 


Ihis is known as Gregory's ,'<ertc.', for it, but if is not suitable for 
calculating tt, as it is too slowly convergent. (See Ex. 21 , p. 152.) 


50. Expansion by the Formation of a Differential Equation. 

Sometimes an expansion can be readily eiiectcd by means of a 
diffeiential equation, as the following exanqde illustrates. 

Ex. 6. 7/ ^ = (1 _ ,r2)i . sin~^ x, sJieir tluit 

(1 + = xK 

Prove that, if g can be exjia-nded in a i,erict> of abrendiiig povers 
of X, the exjmision is 

^_a)3_2 2.4... 2n-2 ^»‘+’ 

3 3 5 3.5...2m- 1' 2a + ] 

and obtain the general term. (L.U., Sc.) 

Since y ^ (1 _ sin“' x. 

• ®sin~i.c 

dx (1 - .r2) l ’ 

(1 - X?) ^ + xy = l -j--x[\ -x^)^ siiri.r+a:(l ~x^)i sin'^x 
= 1 - x^ 

Let 1/ = (1 - x^)^ sin-^ x = /l^ + A^x + A^x}' + +■.. ^ A^xd +... , 

then, if this is an identity, when x=0, A^^O, so that the series 
begins with the term A^x. 

Also J I + 2 Jjx + 3A;,x^ +.... 

Substitute in the differential equation, 

(1 - x^^Ai + 2A2X + 3 A^x^ +...)+ Apx^ + A 2 ,x^ + /I3X* + . . . = 1 - x^. 
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This must bo identically true for all values of x, hence correspond- 
ing coefficients on either side must be equal, i.e. 

• A.i = l, 2 ^ 2 ~ 9 , 3 ^ 3 “ — 1 , 
giving ^1 = 1, ^2 = 0 and 

Generally, the coefficient of a:’’ = (r + 1)^;.^, - (r- +Ar_i 

and this must vanish for all positive integer values of r>2; 


Since = all the coefficients vanish for odd integral values 
of r : replace r bv 2p, then 

1 4 

2 p -hi 


Hence for 

?' = 2, 

■I; - 

1 

* ■> > 


j) = 3, 

.1, 

2 . 4 
3.5 

and for 

]) = », 

A 

2»+i 2n -h 1 ■ 




2.4.. . 

3.. ').. 

(2h-2) 

. 2»( + l ’ 


on substituting successive values of coefficients down to J3; 

2 2.4...2(n-2) x2“H 

• • ~3 ' d~‘" ~ 37'5TT2nTr ’ 27+1 “ 


51. Bernoulli’s Numbers. If the function 

// = }.x(e® + l)/(e*- 1) 

be expanded in ascending powers of x, and the exi^ansion written 
in the form 


X + 1 

2 ■ ei - 1 


V 2 



( 57 ) 


the coefficients R2r-i ('' — 1.2,3,...) when calculated are called 
Bernoulli’s Numbers, after their discoverer, .lames Bernoulli. 
These coefficients are of great importance in analysis, and a few 
are determined in the next example. 
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Ex. 6. If \x cdtli n =/Si, where S denotes the senes, 

Ag+A2X^ +AtX* +... +... , 
prove that a;(e® + l)=2/S(f>® — 1), and shew u'hy there arc no odd 
powers of x in the series denoted hy S. Hence, from the definition 
of Bernoulli's numbers, shev' that 

= ^ I ■ A2„, 

where 52n-i Bernoullian number, and adculnte the first 

four of these numbers. 

coth2 = l/tanh ^ =(<’- ■)/('’" -e~ -'j = (e^ + ])l{e^ -1) : 

S=lx coth '^= + l)/(i* - 1)- 

so that a:(o® + l) = 2S(ex-l). 

In the above expression for S rej>lace x by -,t, tlieii 

S= -ix(e-^ + l}/(e-^-l) 

= - lx (1 +e‘')/(] - = \x[\ +c*)/(e® ~ 1) ! 

hence the expression is unaltered, i.e. the correspond iii}' series 
for -X is equal to the series for f-x ; or assuinijii' S to be of the 
form Aq+ A^^ x +A 2 X^ -i ... -t-A.^xf ^ ... , then for - r, the series 
becomes A,^ - A^x + A 2 X^ 1 )^Aj,x^ + . . . 

These two must be identical, so that all the eoehicjonts of the 
odd powers of x must vanish ; lienee the senes consists only of 
even powers of x. Such a function is called an even function, of 
which cos a is another example. See (21), p 49. 

Again, since »S = lx(e® + l)/(e®- 1), therefore by (57) 

Jq +...sl + ~ -^.i 1^4 • 

Hence, equating the coefficients of x"”, 

( — 1)” ^R2n-l/|^*'“^2n> 

or = 

In order to calculate R 2 n-i 'W = l> 2, 3, 4, from this lelation, 
it is necessary to determine the first five coefficients of the series 
for S. 
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Writing S in the form a:(e® 4 -l) = 2jS(e®-l), and substituting 
the corresponding series for S and e®, 

x(^2+a: + ^'+^' + ...)=2(^+J2a^+J4X<+...)(.T+^+^ + ...), 

which must be, identically satisfied for all values of x ; hence 
corresponding coefficients are equal. 

Equating the coefficients of x, Aj = l, 
and proceeding similarly with the coefficients of the 

general relation is 


+ 


2r - I 1 2r - 


+ ... +- 


‘2r-2 


|2r + J ' 12r- I ' \ 2f-‘A jS 

rorr = l, .do/l 3 +.42 = 1/4, giving A,= 




1 

^2727' 


For r = 2, AJ\ f, + A,J j^+ .4 , = 1 /(2 1 4), 


A,^- 


1 

6' 


Forr = 3, .4o/l 7 +.42/| 5 +.4,/| 3 +^6- 7(2 L6), 

For /• = 1, ^/|0 4- .42/1 7 +.(,/!. 5 K4e/13 + .48= 1/(2 |_8), 

Hence 


1 1 c® + l , 1 

2®^'0tii2 = 2^7^= +6 


1 x'* 1 x» 

30 ■ 4 “'’42' 7 


1 X® 

30 ' I"*" 


and by comparing this with (57), or, wluit comes to the same thing, 
using the above relation and putting a=l, 2, 3, 4 successively, 

Bi = , Ba - B, — , ’, 5 , 


Exercises 7. 

Expand each of tlie following functions in ascending powers of x, 
and verify the expansions by assuming the series for e^. 

1. cos X. 2. sinh x. 3. cosh x. 

4. c' sin j;. S.e’cosx. 6. sin a: . cosh r. (L.U., ISc.) 

Establish the following results : 

_ , 2x^ 17r’ 

’•tan^=^+3 + P5 + 316+-’ 


when x<l. 
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8. log cos x= - la;* - ^., 3 * -^a;* - . 

9. sec x = l + At® + + i^a:* + ... , when a:< 1. 

10. log (1 +COS t) =log 2 - }t* -^ga;^ - ... . 

11 . log (1 +sin t)=t-lt* + Ja;®- ,l,a:* + ... . 


12. Obtain the series for log, (1+a;) in ascending powers of x, when 
t®<l. 

Deduce that if n > 1 , 


log,.(n + l) -log,(M- l)-2 


II Cin^ ) 

and calculate logp2 correct to four figures. 


(L.U.) 


13. From the series for log,(l +t), prove that 

, n + 1 2 m !/■ 2m Y 1/ 2« ^ 

Find log,^ correct to four places of decimals. 


5 

T I 4 


(L.U.) 


14. State the series for the expansion of log, (1 4 a ) in ascending 
powers of x, and find the condition for the convergency of the series. 

If a and b are .small compared with x. shew that 

log, (t + rt) - log,t = “ 1 + ;log. (.T + h)- log, a'l . ( L.U. ) 


15. Expand sin-^t, and deduce from it that 

e a 4s + Tjt-rt + •■• - 

hence calculate tt to four places of decimals. 

Obtain the expansion of each of the following functions, assuming 
the validity of the binomial expansion : 

16. cos-*a;. 17. sinh-^r. 18. tanh-^x. 19. (sin“‘z)*. 

20. Expand sin {x+h) in ascending powers of h ; hence shew that, by 
taking the first three terms only, sin 60° 57‘3' can be found with an 
error less than 4 x 10-’. 

By using the series for tan-'x obtained in Ex. 4, p. 148, calculate 
the value of tt to five figures from each of the following identities : 

21. j — 4 tan-’^ -tan-^.rAr 

22. ^=4tan-iJ -tan-i-i, -f tan-^jjig. 

23. Prove that sec x = l + x+ x*+ *,»* + [ar*+ h .... 
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24. Shew that 


0^5 

eMog{l ..r)==*^|"2 + ”[f+l5+-- 


25. If 2 / =log (x 4- \/l + a-^), shew that 

<Jy 


(lx 




hence, prove, hy as.stiming the binomial expan.sion to be ^'alid for the 
values of x concerriecl, that 

log ( a ^ «y I L — .c - a-’ + ^\,x^ ~ . 

26. If 2 / -—sin (/. sm-'a), prove that 


hence, .shew that 


,1 'f.'/ ,12 _ n 


y^--Z'x 1^1 ---.p .x- 


:! 


27. If (1 4-j'2) sin 1 / -2,r, shew that 

hence, prove tliat the term in the expansion of // is 

2 a - 1 

28. if// -(l-.r) - sin '.r, sliew that 

{l-.r^)g-.ry-]. 


Prove that (I 


-j - sin hr -x + Hx® + ,'.x’ + Vi.r’’, 


accurately as far as .c" inclusive, for values of .r that are small. 

(L.U.,Sc.) 

29. If l/ — (l +.1-)““ siuh '.r, prove that 

Hence shew that (1 +X-) ^ sinh *.T=.r-H.r* + r- lx3_ (Ia!.U.,Sc.) 

30. If 2 / = (sinh-' x)-, pi-ovc that 

, . > 1 ^'/ ff'/ 


Shew that the first three terms of the e.\[)ansion of (sinh^'x)'^ in 
powers of x are .r^ - IjX* + (“-.x”. (S.U., Sc.) 

*81. If // — sin“* [(1 +x) sin a}, prove that 

2 / — u + xtauuH .1.1'^ taii“u4- ... . (D.U., Sc.) 



m 


HIGHER MATHEMATICS 


[oh. vn 


* 88 . Assuming that y is a function of x which ( 1 ) can be expanded in 
ascending powers of x, and (2) vanishes when a:=0, and (3) satisfies the 
equation ^ 

•'-J. 


dr^ ^ ' dx 


y = ai |a: + J 6 a:- + — + ' x* + . 


prove that, as far as 

b{b^ + 2c) 

24 

where is undetermined by these conditions. 

*33. Assuming the expansion, 

rfi />a3 

put a: = cos y + ) sin ys= e">, where i=J-\, and 0 < y < 2v, then 
X" —e”“ — cos rty + i sin ny ; 

hence shew that C + i8— - log (2 sin \y) + - y). 

where C = cos y + \ cos 2y + [ cos 3y ^ . , 

and iS =sin y + I sin 2y f [ sin 3y f 

Hence, by equating real and imaginary parts, shew tliat 
(a) (7 = - log (2 sin iy) and (b) S = l(iT-y). 

*34. By integrating the identity (b) of Ex. 30, i.e. 

sin a; + I sin 2a: + sin .3a- + . . . = J(7r - x). 
where 0< a;< 27r, between the limits x— — and a’=0, shew that 


(L.U., Sc.) 


1 11 

12 + 32 ' 52 


TT- 

' 8 ' 


*35. Denoting the series j 2 t )2 32 

/ > 1 1 1 1 1 

22 42 02 2^2 ^ 


{h) 


1 1 
. + 


1 


12 32 ' 5 : 




1 

( 2 w-l)’ 


+ .. 


— 4^ 


Hence, from the result in Ex. 34, shew that «= 7 r“/ 6 . 


y = \x coth 2 =^0 4 + A^x* + ... + H ... , 


*36. H 

shew, by using the exponential equivalent of the hyperbolic function, that 


(a) 2(e’^ -})^=e’(l+x-2y) + l •, 

(b) 2 (e^-l) + 


\dx^ dx, 


) = e-(3 


+ x- 


2 .y)- 


Hence, by putting x = 0 in each of these relations, find the values of 
Ao and Aj, and by repeated differentiation determine A 4 , A 
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*37. Using the series already developed in Exs. 33 or 34, for 

tC *c 

„ coth „ , prove by replacing x with iz, where i=:J - 1, that 

A A 

z . a: , B, „ B, , B,„, „ 


*38. From the identity 


sin x = x( I - 


' 2v) ( ^ 327r2) ^ ^ ^2^2) ^ 


shew by logarithmic ditlerentiation that 


X cot a- = 1 


9^2 


1 


a- 


»_ 2a:2 


x^ yi 
'2^; 


Hence, by expanding each of the binomial expressions, .shew that the 


coefficient of 3 ^“ is 


where 


2 S 


S2„ = ]+i, 


1 


1 

I + ... 


Then, by comparing this with the corresponding coefficient of the 
series for x cot z deduced from Ex. 3.5, jirove that 

2 I 2w 


B. 


-(9_)2., • *'2- 


*39. Calculate the first five numbers of Bernoulli by the methods of 
either Ex. 30 or Ex. 37, and shew that their \alucs are 

Hence, by using the formula for of the last example, prove that 




“ "945’ 


•S' 


9450 


and Si 


‘93555 


-2~ fi 

From these values, prove that 

2 . -3 . S , . 

*40. Assuming the expansion for log(l -y), and using the results of 
Ex. 39, shew, by substituting \ - y for x, that 

/■” log X _ 77* 
j, 1 - X 6 ' 

Obtain the same result by means of tbe substitution x=e’''’, and 
expanding by the binomial theorem. 
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NUMERICAL AND GRAPHICAL -SOLUTION OF EQUATIONS 

52. Practical Approximate Methods. Many equations required 
in practice can only be solved approximately. These equations 
in general fall into two groups ; 

(a) Algebraic Equations of the type .r'" ~\-ax \ h -0, where w>2. 

(/3) Transcendental Equations, such as -(-rr loi> / —h ; c^+ax = c', 
x-i-asinx + hlogx = c, etc. 

Equations of type (a) can be solved alg('braical1y for a/ ^3 and 
for m — 4, but the process is often long and difficult, and a grajihical 
method simpler and shorter. For w>l, and the transcendental 
equations, no algebraic method is, in general, available. 

The graphical method may be ajqffied in two ways : (i) by 
plotting a single locus, and (ii) by jilotting two loci on th(' same 
sheet and finding their point.s of intersection. The roots thus 
determined are only rough a|)proximations, and analytical 
methods may be ajijdied to obtain values from these correct to 
any desired degree of accuracy. 

53. Evaluation and Expansion of a Polynomial by Horner’s 

Method. In the case of algebraic equations, before jilotting on 
squared paper, it is usually necessary to reduce them to a simpler 
form, and this is quickly and conveniently done by an easy and 
compact method devis<*d by W. G. Horner, which is illustrated in 
the following example. 

Ex. 1. If fix) ^2x^-25x* + \08.i^ - mx^ + l]S.c~ 20, shew 
how to evaluate f(a), where a is an actual number, htj Horner’s 
method, and 'prove the result. Extend the method to obtain the 
expanded for)n offix+a), and verifif it by Taylor’s theorem. 
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Determine the value of a. lehich iciU cause the term in x'* to vanish, 
and by using this value obtain the transfer tned function. 

It is obvious that by putting x = a, 

f{a) = 2a5 - 25a« + 108rt» - 189rt2 + 118r, - 20. 

When a is a number, the value of f(a) entails the calculation of 
n®, o*, and the multiplication of these bv the respective 

coefficients. This may, however, be obviated by the following 
simple process. 

Write down the coefficients in proper order in a horizontal 
row ; multiply the coeflicient of ./® by a, and, writing the jiroduct 
under the coefficient of add it to this coefficient. Call this 
sum A^. Now multi [ily by a, and add it to the coefficient 
of x®. Call the ri'sult A^, and repiuit the proce.ss until Ag is 
found. This is then the value of /(n). Following this method 
the work appears as follow.s : 

2 -25 108 -189 118 -20 

2a A^a A., a A^a A^a 

2 A^ A^ A 2 A^ A(j 

To prove that Ag is the value of f(a), work back from Ag to 2, 
thus : 

Ao=Aia-20 = a (A -f 1 1 8) - 20 =- a'^ (A.// - 1 89) + 1 1 8</ - 20 
= +108) - 189a- + 118u - 20 

= rt«(2« - 25) + 108u® - 189n2 , l ISu - 20 
= 2a5 - 25a^ + 1 OSn® - 1 80a^ + 1 1 8a - 20 
= f(a). 

Let the method now be extended until there are only two 
terms remaining, thus : 


2 

-25 

108 

- 189 

118 

-20 


2a 

A^a 

Am 

.La 

A^a 

2 



A., 

Ax 

^0 


2a 

B^a 

B}i 

B2a 


2 

B, 

B, 

B. 




2a 


(La 



2” 



C., 




2a 

E^a 




2 

Ih 

Fg 





2a 


2 F, 
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To calculate each of the numbers in thicker type, it is readily 
seen that 

F ^ — 2a + 2a + 2a + 2a + 2(1 — 2b = lOrt - 25. 

+ C^ + +.^44) + 108 

= a (8a - 25 + 6a - 25 + 4a - 25 + 2a - 25) + 108 
= 20a2- 100a +108. 

C2 = a(C3 + S3 +A 2 ) - 189 

■=a^{Ci + 2B^ + 3Ai) +324a - 189 
= a2(6a - 25 + 8a - 50 + 6a - 75) + 324a ~ 189 
= 20a3 - 1 50«2 + 324a - 189. 

Similarly, 

= lOa^ - lOOaS + 324<t2 - 378a 4 118, 
and, as already proved, A^-fin). 

Now /(a:+a) = 2j:® + i^4a:* + A’,x® + ('2a-^ + Ejr r Jq, as will be 
verified by Taylor’s theorem. 

From (55), 

/(a +a;) = {1 + xD + '-^^D^ 1 . ilA/(a). 


Taking each term of the expansion in turn : 

/(a) = 2as - 25a4 4 1 08a® - 189a2 4. 1 ] 8a - 20 =- A^, 

X . D/(a).= (10a«-100a3+324a2-378a+l]8)a^ = SjX, 

% . D^fia) = (40a3 - 300a2 + 648a - 378) % 

\ A I 

= (20a3 - I5O0.2 + .3241^'- 1 89)3;^ = C^x^, 

3 3 

p. . IFf{a) = (120a2 - 600a + 648) 

= (20a^ - 100a + 108)x® = E^x^, 

^ . D^f(a) = (240a - 600) ^ = (10a - 2b)jA = F^x\ 

^ . Z>6/(a) = 240. = 

which agrees with Horner’s process as applied above, thus 
f{x-^a)=2s? fEaxMCjX* fB,x t-Ao. 

Now, for F4 to vanish, 10a - 25 = 0, or a = 2'5. 
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Finally, /(ic-l-2’5) must be evaluated. This may very con- 
veniently be done by Horner’s method ; thus, proceeding as above, 
the following table is easily constructed : 


2 

-25 

108 

-189 

118 -20 


5 

- 50 

145 - 

110 20 

2~" 


58 

- 41 

8 0 


5 

-37-5 

51-25 

18-125 

2 

-15 

20-5 " 

7-25 

26-125 


5 

-25 

- 11-25 


2 

-10 

- 4-5 

- 4 



5 

-12-5 



2 

- 5 

-17 




5 





2 0 


so that the traicslormcd function becomes 

/(x -I- 2‘5)s 2x“ - 17x-* - 4i- -) 26 125x. 

It should be noted tliat .r --2-r) is a root ol tlie equation f{x) =0. 

54. Analytical Solution of a Cubic Equation. The most general 
form of an equation of the third degree may be written 
X* -I- -i-^x + r=0, 

for should there be a numerical coeilicient of x^ other than unity, 
the equation may be divided throughout by that coeilicient. 

If .r be now replaced by x- 'p, the above equation may by 
Horner’s process be reduc<‘d to the form x*-t-(tx -f-h = 0. where 
a and b are real nund)ers. This is, therefore, taken as the 
general form of the cubic for })urposes of solution. 

The algebraical solution of this equation was first published by 
Cardan in 1545. He replaced x by ii + c, so that the transformed 
equation became +{3uv +a)x + b=(), and then imposed the 

further condition that u and v should be chosen so that the coeffi- 
cient of X should vanish ; this gives Sue -I- a = 0 and +v^ + b=0, 
from which u and v may be found. The solution of x" -I- ax -t- fc = 0 
then bec.omes : 



a’ ] i ( b 
27 J \ ■ 2 


V 


b“ a’l li 

4 ^ 27 J ■ 


(68a) 
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The three values of z satisfying the equation x ' + az + b - 0, are 
P + Qi «>P + «>‘p + qu), where p and q are the arithmetical cube 

roots of - „± + when — + -->0, and w, are the complex 

2 V 4 27 4 27 

cube roots of unity (58c) 


{h) Dividing out by the coeilicient of ,r®, this equ.atioii becomes 

- 4 -c + 2 •■= 

and on comparing with (hSn), a = - 1 and b=},, 


but 


J 


12 .^. 


4 ■^27 JG Gl.27 


17 


which is thus negative. 

Applying l)e Moivr(‘, as in (58h), 




/ J7 _ [ 51 
V(i4.27 VG4.81 


GJ .27’ 


7 . 141 I 
72 ’ 


and ^—~ 2 ~ "q • Moivre expression for a i ifS must, 


therefore, have a negative cosine. 

But 6/ = tan“^/i/a = taim^( -0-39f)71) = -2l°38'. 

Now cos (-21° 38') is jK)sitive, so that the supjilement of the 
angle must be taken ; 

0 = 180° - 21 ° 38' - 158° 22'. 


Hence from (585), the values of x are given by 
]58°22'+2//^7r 




• cos 


(/a=0, 1, 2). 


Taking each value in turn : 

Form = 0, x = Jf, . cos 52° 47' - 1 -29 10 x 0'G048 - 0-7808. 
For m = l, a; = l-29lOcosl72° 17'= - 1-2910x0-9921 

= - 1-2806. 


For m = 2, x = 1 -2910 cos 292° 47' = 1 -291 0 x 0-3873 = 0-5. 

The accuracy of these values may b(> judged by the fact that 
x = 0-5 completely satisfies the equation, and with this value, 
4x® - 5x + 2 immediately breaks up into (2.f - 1 ) (2.c^ -hx - 2). The 
roots of 2x^ + x - 2 =0 are |( - 1 =,yi7) =0-7808 or - 1-2808. 
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55. Algebraical Solution of a Quartic. An equation of the 
fourth degree — called a Quartic or Biquadratic — has been solved 
algebraically both by Ferrari, a pupil of Cardan, and Euler. In 
each case, however, the solution depends upon the determination 
of a real root of a cubic equation, and therciforo. as a general rule, 
it is simpler to employ a graphical method of solution for all 
quartics arising from practical problems. Ferrari's method is 
illustrated in the following e.xample, where a root of the cubic is 
easily found. In the majority of practical eases, however, this 
is not so, and tlie student should em|>loy the methods illustrated 
in Examples 6 and 8 (pp. 166 and 17(t). 

Ex. 4. Prove that, hi/ (’.ri>rci^.siiiii the Icfl-liiuiil side of the bi- 
qu'tdraiic rquotioii. n,;'* t -l/Ar'* + 6c.r- +4d.r +c = 0, us tfie difference 
of tiro i.qn(nr.s, the sohilion of the equation can be made to dejKtid 
apoii the .solution of a cubic equation. 

Hence, .solve the equation. r)r^-3r2 + 2=0. (L.U., Sc.) 

Divide the given eejuation thromjhout by u, which is obviously 
not zero, and write it m the iorm 

t- 2/,r* -//.r^ + 2/nr + / = (), 

where f=2hla, e/^Geia. h—'ldja. and l = eln. 

Now suppose' it is possible to choose numbers, p, q, r, s, such 
that 

xd V^fP -Vi/.f- v2hx t 1 + })X +qf -(rx t-s)*, 

i.c. r .f * + 2 jix^ + {jd -{-2q - r^) x^ 

+ 2(pq - r.s)x +q~ - ; 

then, oir comparing corrcsj)onding coetlieients, 

p=f. +2q~ r^-^q, pq-rii = h, and q^-s^ = l. 

Eliminate r and s, 

{pq-hf = (p^ + 2q ~ (]) (f/ - 1 ) , 
which, on putting in the value of />, becomes 

- qf -2(1- hf)q +gl- ip - h^ = 0. 
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Now every cubic equation has at least one real root, hence this 
root may be obtained — sometimes by inspection, though rarely 
in practical cases. Denote it by q’ ; then r and s are determinate, 

and {-fx+q'Y -{rx + s)‘^ = Q, 

or {x^ +{f + r)x+q' +s}{x^ + {f-r)x+q' - s} = 0, 

so that + {f + r)x + q' +s = 0, or +(f-r)x+q' - s = 0, 
the solutions of which are 

x=l{-f-r ±J{f + ry^ -i(q' + «)}, 
or x^l{-f+r ±s/(/- r)2 - 4(q’ - ,s)}, 

thus giving the four values of x satisfying the given quartic. 

In the particular equation given, after division throughout by 2, 

2p = 3, +2<y-r-= -f, ■pq-rs = 0, = 

so that the resulting cubic becomes 

8(73 + 6^2 -85-15 = 0, 

a root of which is 5 = J, and this with p = ll gives r=.] and s='l ; 
hence the original equation becomes 

(a:2 + -jx + j )2 - ( f: a; + f )2 = 0, 
which on factorisation gives 

+ 4x + 2 = 0, or - X + 1 = 0 : 
x=-2±J2 or ^(l±f); 

hence, the complete set of values satisfying the equation is 
X = - 0-5858, - 3-4142, J(1 ±i). 

56. Approximate Solution by Homer’s Method. The method of 
evaluating and expanding a polynomial, illustrated in Ex. 1, 
p. 156, may be conveniently employed to determine to any 
practical degree of accuracy the, real roots of an algebraic equation 
of any degree. The process will now be exemplified. 

Ex. 5. Obtain, by Horner's method, the real roots of 
.x«-7x=»- 17x2 +.30 = 0 
to three places of decimals. 

Denote the function .r^ - 7.x2- 17x2 +.30 by f(.i:), then using 
Horner’s method of evaluation, /(0)=30, /(I ) ^7, /(2) = - 78 ; 
hence one root lies between 1 and 2. 
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Let 1 ^ u be a first, approximation to tliis root, when' a<l, so 
that x = \+a. Replace x in f{x) by 1 + a by Horner’s process; 


1 

-7 

-17 

0 

30 


1 

- 6 

-23 

-23 

1 

-6 

-23 

-23 

7 


1 

- 5 

-28 


1 

5 

-28 

-51 



1 

- 1 



1 

-■f 

1 

-32 



1 

-3 





lienee, tlii' transformed equation /(] +a)=0 becomes 
a^-3a3-32a2-51a + 7 = 0. 

Since a is relatively small, terms of higher order than the first 
may be neglected, so that the first ajiproximate correction is 
given by 

-51at-7— 0, from wliich a = 0-]37. 

Again, let ,r= 1 +a hfi be a si'cond ajiproximation, where fi<a. 
Replace a )-u)=() by 0-137 +/i. 


g as before, 

and using 

a slide rule, 

1 -3 

-32 

-51 7 

0-137 

- 0-39 

- 4-41 -7-595 

1 -2-863 

- 32-39 

-55-41 -0-595 

0-137 

- 0-37 

- 1-49 

1 -2-726 

-32-76 

- 59-93 


Since accuracy to three ])lac('s only is required, there is no need 
to ))roceed further, because terms of higher order than the first 
will not affect tlie result. 

Hence fS is given by 

- 59-<J3/8 - 0-595 - 0, from which /? = - 0-00993 ; 

;r = l +a-ty8 = l 4 0-137 - 0-00993= 1-1270. 

If greater accuracy is needed the complete transfornied equation 
/(0-137 +/8) =0 must be determined, and then [3 replaced by y, 
where x—l ha \ (3 +y, the evaluation of y will then give a third 
approximation, and the whole process may be repeated until the 
desired degree of accuracy is attained. 
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For the second root, it is fonnd by trial to lie between 8 and 9 ; 
hence, by repeating the above process, it is easily found that 

* = 8.8730. 

The equation f[x)=0 may readily be solved by the algebraic 
method of Ex. 3. The student should, therefore, use this method 
to shew that/(*) =(*2- 3* + 3), and then check the 
above roots by solving the quadratic wliicli has ri'al roots. 

57. Approximate Location of Roots by Graelfe’s Method. All the 

real roots of an algebraic equation Juav' be located approxijnntely 
by a process of successive transformation of the giv('n equation 
into one whose roots are the 2nth ])owers of those to be determined , 
n being a positive integer. The method, due to Graefle in 1837, 
depends upon the fact that when the roots are unequal the 
differences between them are increased by successive transforma- 
tion until, to a first approximation, only the largest remains 
significant. A practical outlim' of the process is given in the 
following example. 

Ex. 6. If the roots of the equation 

+ a -e h i.< + c, -- 0 
are the squares of the roots of 

or’ + nx^ 4 />*-)- c = 0, 

calculate the coefficients «j, bj, c,, in terms of a, h, c. 

Hence, by successive transformation locate approximately the 
roots of 6,t -t 4 = 0. 

Let a, (i, y be the roots of x^ + ax^ -i bx -rC~0, then 
x^+ax^-i hx + c ~ (x - a){x - fl){x ~ y) 

sx^-{a+IJ+y)x^+(afd-\ (ly Vya)x-aliy. 

Equating corresponding coefficients : 

a+fi+y= - a. 
a/3+/ly4-ya= b, 
afty = - c. 

Now the roots of x? +aiO^ -\-bpc+c^={) are a?, y2, go that 

Qi + /J2 + y2 = _ flj, 4 /I2y2 + y2a2 = and = - Cl. 
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But a^ = (a+ [3 + y)^ = a^ 4-/32 +y^ +2{af3 + fty +ya) = +26 ; 

(7, = — (a® — 2b). 

Similarly, 6 ^ == a^fi^ + /3*y“ + y^a- + 2af3y (a+ft j- y) = 6 ^ + 2ac ; 

/_ 6, =b“ — 2ac. 

And finally, =- crf3^y^ r, = -c“. 

Hcnco, to transform the (Mjuation .r' ui r A hx +c~0, whose 
roots are a, ft, y, into one wliose roots are a^, ft^,-y^, tlie eoeffioients 
(i, 6 , c must be rc'jilaced respectively by -(«2-26), b^~2ac, 
and - c 2 . 

This process is (putc simple to carry out with numerical coeffi- 
cients by th(' use of a slide rule : thins, with the eiven equation, 
successive cocfiicients are be.st oilciilated a.s follows: 


(/ h i 


1 

a 

-0 

4 

Coi.lllcii'iits of t'hfii punafion. 

1 

<1 


10 

Coollii'ipnt^ S(iii.ir(‘il 


_ 

(1 


-yc-2ft)--12; 6‘-2(«'« so. 

1 

-12 

-to 

-10 

Cocffii. ol l>t tr.iiihformed equation. 

1 

141 

JliSMi 

250 

(.'oi'Hicieiif*! .sq uaroii. 


— 72 

-.tS4 


1 

— 72 

912 

-250 

Copfts. of 2iiil transformed equation. 

I 

__ 5IS4 _ 

«ai8 nr- 

0 552 • 

L 


7 95 • 10'> 

-0)552 JO^ 


1 

1 120 - 107 

0 322 / 10“ 

4 20 .. lO'i 



-()-l,')0 11)7 

-0 004 ' 10“ 



1 

X 0-97 X 11)7 

0 :!1S X 10“ 

-4-29 > 10' 



Since the terms corresponding to 26 and 2ac are becoming very 
small in comiiarison with the square tiums, }r, the transforma- 
tion need not proceed further. 

Hence the equation 

x3-0-b7 X Kfi . I (WUS x KT’ . j - 1-2i> x 1U9 = 0 

has for it.s roots a^®, /3^®, y*®, wdiert' «, ft, y are the roots of 
d? - 6a: + -1 =0 ; so that 

q, 16 _|_ /]1B _) yl6,::;()-97 X 10’, 

U^«/3>» H /3’«yi» •( yJ®u’« = 6-31.S X 10”, 

and a^®/:l*®y’® = '1'29 X 10®. 

If a>/3y y, then as a first approximation /3^® and y^* may be 
considered ndatively small comjiared with u'® ; hence 

a^® = 0-97 X 10’, giving a = 2-73; 
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and +'y^®) = 6-318 X 10^^ ; rejecting y as small compared 

with fS, /3i« = 6-318xl0iixa-ie = 6-318xl0®-^0-97, giving /? = 2 
approximately. 

Finally, 7 ^® = 4'29 x 10® x (a^)“^* giving 7=0‘73. 

By substitution x = 2 is a root, and the other roots are then 
found to be - 2*7321 and 0*7321. 

The signs of the approximate roots must be determined by 
substitution,' and when all are incommensurable Horner’s method 
may be applied to find further approximations to any desired 
degree of accuracy. 

58. Graphical Solution of an Algebraic Equation. In deter- 
mining the approximate roots of an algebraic^ equation by a 
graphical method, it is generally simpler to split the equation 
into the two equivalent simultaneous equations, one of which 
should be linear if possible, and then jdot both on the same sheet. 
The abscissae of the points of intersection give approximate 
solutions to the given equation. Nearer approximations may 
then be found, either by jilotting on a larger scale in the neigh- 
bourhood of a point of intersection, or by correcting analvdically 
by means of the binomial theorem. The latter is usually much 
shorter and more satisfactory. For a small root, a check may be 
made by using the following exj)ansion due to Bertrand, 

A numerically small root of the equation, x“+^ -f ax - b = 0, is given by 
the expansion 

b 1 2m -I- 2 /b\2m+i (3m + 2) (3m + 3) /b\®“+i 

^"a“W V 1 3 ~ 

provided this series is convergent for the numerical values of a, b, 
and m (60) 

JEx. 7. Obtain grajtJdcally the heo real roots, lying between 
1 and - 3, of the equation 

x®-29x -1-12=0, 

correctly to five significant figures. Check the smaller numerical 
root by Bertrand’s expansion. 

The equation may be written a:® = 29.r-12, in which form it 
is easily seen to be equivalent to the two .simultaneous equations, 
(i) y = x^ and (ii) 2 / = 29a:-]2, which is linear. 
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The first is easily plotted between the given limits, and since 
the second is a straight line, two points, as far apart as possible, 
in order to ensure greater accuracy, will suffice to determine the 

position of the line. , j, 

In Fig. 7 the two loci -'a ^^2 0 / ' 

are shewn, and it will / 

be observed that the / i 

straight line intersects / / 

the quintic curve; in two / 7 

points. The abscissae / / -30 

of these points will thus f / 

give first apjuoxima- / / 

tions to the two roots I r 

required. Reading froni | / 

the graphs, these valiu's 1 / 

are - 2-42 and ()-12. / / 

Having now located / / 

the roots, further aj)- / / 

proximations to atiy de- // 

gree of ac curacy may be y 

found by Horner's pro- A 

cess illustrated in Ex. 1. / \ 

Thus let ,c-()42+a, / / 


0-42 -fa 
equation 


replacing 


t'lo. 7. (ir.ipliM-al solution 01 nil iilgoliraio 
efiuatioii. 

0 0 -29 12 

0-1764 (K)74O0 0-03 -12-167 

0- 1 764 ’tK)7T>6 ~ 0-167 
0-3.628 0-2223 0 12 

0-5292 (»-2963() -28-85 


This will be sulficient to give an ajtproximate value lor a, since 
higher jiowcrs beyond the first may be neglected. 

Hence -28-85a = 0-167, 

so that a= -0-005788; 

.r = 0-42 -0-005788 = 0-4142 correct to four places. 

Proceedijig in prec-isely a .similar manner with the other root, 
it is found that x= -2--42 -) (>-005782= -2-4142 to five significant 
figures. 



170 HIGHER MATHEMATICS [ch. vin 

To check this, put a= - 29, 6 = -12, and m = 4 in Bertrand’s 
expansion (60) ; then taking term by term : 

6/ffl = 12/29 =0'413793 

+ -(- 12)5/(-29)«-0-0004]83 

(2»i. + 2)&2”'+V(«““+® , 2) = 5( - ]2)9/( - 29)“ =0-0000021 

-(3m + 2) (3m +3) . ?>*>«+V(«3m+4 I 3) 

= ~35(-12)i=^/( -29)18=0-0000000 

0T142T34 

so that, to five significant figures, j =0-4142, as previously found. 

The accuracy of the result may he judged from the fact that 
x®-29a: + 12 =(x* +2x- l)(.r*-2a:^+5.T- 12), and the two roots 
required are given by j"‘^+2x~ 1=0, which on solving gives 
x= -1 ^y'2= -2-4142 or 0-4142. In practice it is not often 
that a quintic can thus be factorised, but thi.s one ]s jmrposely 
chosen here to illustrate the reliability of a graj)hic,il result 
carefully obtained. 

59. Special Case of the Quartic. For a biquadratic equation 
with numerical coefficients, it is generally possible to obtain the 
roots as the abscissae of the points of intersection of a parabola 
and a circle. The method has the advantage that no term in the 
equation need be removed, and, in addition, both curves arc- easy 
to draw. The following e.\;ain|>Ie illustrates the process : 

Ex. 8. By inenns of a .substitulion of Uic form 

// = X^ + l/)X + lt>, 

shew that the roots of the eqmilion 

x* 1- px® H (]x^ +rx h s = 0 

may be obtained by means of the intersections of a circle and a 
'parabola . 

Find approximately the real roots of the equation 
. 1 * + 4x® + 5x* + 4x - 5 = 0. 

Since y = 3 ? -\-\px + m, 

y^ = 'x^ + pj^ + (] p^ -t-2m) . 1 ^ + pmx + m^. 

But 0 = x*+px^-}- qx^+rx +s. 


(L.U.) 
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Ry subtraction, 

if = (] +2ni, - q) + (pm - r)x + iifi - a = 0, 

or (q- \jP‘ ~2m)x- +'if -\-{r - pm)x +s ~ nfi = {). 

This equation will represent a circle if the coefficients of and 
are both positive and equal. 

H cnce, let m l)e ( liosen so tliat q~ \ p^ ~ 2«/ = 1 , 

i.c. m = liq~\p^-l) ■, 

then the equation may i)c written 

+y- +(fx t c-^0, 

where !J~r- pm = r - I p{q - ] p- - ]), 

and c = s - m^ - J - 1 1^- 

The centre and radius of the circle may be found by expressing 
tlie equation in the form 

(x. I lyf + if=[ 9 ^-c, 

sothattlie centre isthe iKu'nt { - I,;/,, 0), and the radius is..,_/]y‘^-c. 
I'lio eirch' will, therefore, be real if \g'^>c. 

lienee the given t)i(iuadratic is e(]uivahmt to the two equations, 
(i) H = x^+\px + l(q-\p^-\), 
or // I ”(1 + 

re])resenting a jjarabola whose vertex is the jioint 
(-!/h 

and (ii) (,r + hjf + [f = 1.7^ - f j 

representing a circle of radius whose centre is the 

point (-.>.7, 0). The jioints of intersection, therefore, give the 
roots of these equations, and consequently tliose of the given 
quartic. 

For the ])articular case, p = ‘l, (/^5. /■ = 1, s=-5, so that 
a? = .|(5 - 4 - 1) -=0, (j = r = ^ and c = .s= - 5; hence the parabola 
y +2j:, or y + 1 = (r + 1)*^, its vertex being the point ( - 1, - 1), 
and the circle is (a; +2)''^ + (/ = 9, the centre being (-2,0), and 
radius 3. 
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The two loci are shewn in Fi}'. 8, where th(' abscissae ol the 
points of intersection are a[>proximately 0’51) anil -2'96. 



riQ. 8. SoJution of a ijiiartic ef|iw<ion. 


Applymg Horner’s nfethod to find a further approximation, by 
replacing x with 0-59 +a in tin' givim equation : 


4 

5 

4 

-5 

0-59 

2-708 

4-547 

5-014 

4-59 

7-708 

8-547 

0-044 

0-59 

3-050 

6-352 


5-18 

10-764 

14-899 



so that a is given by 14-B99a= -0-044 ; 

' * a= -0-0029rA 

and a: = 0-59 - 0-002953 = 0-5870 correct to three places of di-c-iinals. 

In a similar way, the corre(-tion for the second root is found as 
-0-000041, so that x= -2-960. 


60. Transcendental Equations and the Method of Correcting an 
Approximately Located Root. If /(j)= 0 be a transcendental 
equation whose roots are required, it is best to jilot the function 
y—f{x) and thus obtain the ajiproxiniate location of the roots. 
These must then be corrected to the necessary degree of accuracy, 
but neither Horner’s method, nor its equivalent, the binomial 
expansion, is in general available. Expansion in the neighbour- 
hood of the root must be effected by Taylor’s theorem (55), pro- 
vided that both/(x) and D^fix) are continuous at the point where 
a; = the root. The method will now be considered practically. 
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Ex. 9. Shev) that if a he an approximation to a root of an equation 
F{x)==0, a - F{a)IF'{a) is, in general, a closer approximation, 
F(x) and F'[x) being finite ami contimious in the neighbourhood of 
the root. (L.U.) 

Find graphically an approximate value of the root of the equation 
a; + 20 sin x = 14-5, 

and proceed to obtain a ralvc correct to four significant figures. 

Let /3 be a first correction to the root a, whore then 

approximately F{a+(i)^0. 

But by Taylor’s tlieoreiii (55), 

F{a H /f) - F{a) i fd . F'(a) i ^ . -^''( 0 ) -r , 


where F'(a} indicates the result of differentiating F(x) with 
resjjeet to x and then rejdacing x by a. 

Hence, since F(a-> /d)-0. 


fi- 


F{a)+fS. F'ia) +'^ . F" (a) +...=0. 


Now as fS is small, the higher powiTS beyond the linear term 
may be neglected, so that fi is given by the eijuation 

F{a)+ld. F'(a)=0, 

from whic h 13= -F {a) IF' {a) . 

Hence, a closer approximation is given by 
x = a+/3 — a-'F (o.)fS'(a)- 

If this is not the desired degree of accuracy, the process may be 
repeated, until this is attained. 

Let y==x + 20 sin x — 1 4-5 ; then it is evident tliat x is expressed 
in radians, llenei' the following table may easily be calculated. 


lladiaiib. 

r 

1 Dcprcf'!. 1 

‘•in jr 

JU bin r 

a 

0-52.36 

.■lo'^’ ! 

0-5 

10 1 

- 3-9764 

0-6981 

40° [ 

0-6428 

12-856 1 

-0-9459 

0-7418 

42-5° ' 

0-67.56 

i:i-512 ! 

-0-2462 

0-7854 

45° 

0-7071 

14-142 

0-4274 

0-8290 

47-5" 

0 - 7:173 

14-046 

i 1-0750 

0-8727 

.50" 1 

0-7660 

15-320 

1-6927 
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On plotting these values for x and y and drawing a smooth 
curve through the points, it will be seen that the approximate 
value of X where ^ = 0 is 43-3 or 0'7567 radian. 

To correct this, let a; = 0-7557 +h where A is a small quantity, 
then from Taylor’s theorem, neglecting all terms in h except the 
linear term, 

/(0-7557 +/0 =/(0-7557) +/i ./'(0-7557) = 0 ; 

A = -/(0-7557)//' (0-7557) 

= - (0-7557 + 20 sin 43-3° - 1 l-5)/(l + 20 cos 43-3°) 

= 0-0283/15-556=0-0018; 

.’. a;=0-7557 + 0-00182 = 0-7575, corre(t lo four significant 
figures. 

Ex. 10. FiJid n posil>>'e roof, /e.s.s than o)ir yailiiin, correrf to four 
significant figure.^ of the equation cos x t 4 /oi/jo x - 0- 185 =- 0. 

Let ?/ = cos a: + 4 logig a;-0-485, then the following table is 
readily constructed. 


Valces ofx 
Radian'!. | Decrees 

< os C 


1 

1 4 loc,„ X 

1 

1 - 0 ts'-, 


0-2 

(M 

o 

0-9801 1 

! 1-3010 

3-2040 

1 -0 485 

1 2-3009 

0-3 

17° 11' 

0-95.54 

1-4771 

3-9084 

-0-485 j 

' -1-6212 

0-4 

22° 55' 

0-9211 

1-6021 

2-4084 

-0-485 ' 

1-1555 

0-5 

28° 39' 

0-8776 

1-6990 

2-7960 

0-485 

0-7614 

0-6 

34° 23' 1 

0-8253 

, 1-7782 

1-1128 

-0-485 

0-.5469 

0-7 

40° 6' 

0-7649 

1-8451 

l-38(»4 , 

-0-485 

0-3397 

0-8 

0 

o 

0-6968 

1-9031 

1-6124 

-0-485 

0-1758 

0-9 

51° 34' 

0-6216 ! 

1-9542 

T-8168 

-0-485 

-0-0466 

1-0 

57° 18' 

0-5402 

0 

0 

-0-485 

+ 0-0662 

1-2 

68° 45' 

0-3625 ' 

0-0792 

0-3168 

-0-485 

+ 0-1943 

1-4 

80° 13' 

0-1699 

0-1461 

0-5844 

-0-485 

+ 0-2693 


Plotting the graph from these figures. Fig. 10 is obtained, and 
reading off the value of x when y/ = 0, an approximate solution, 
a; = 0-94, is determined. Let 0-94 +a he a nearer apjiroxiination 
to the root; then applying Taylor’s theorem, and rejecting all 
terms in powers of a above the first : 
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<x- -/(0-')I)//'(0-94) 

= - (cos 53° 51' + 4 log 0-94 - 0485) j sin 53° 5 1 ' + logio 

= -(-0-00257)/I -040(1 
= 0-0024696. 



Ilcnc-e, the root correct to four significant figures is a; = 0-9425. 


E.kercises 8. 

1. There is a root of f 5.e - 11=0 between 1 and 2 ; find it, using 
squared jiaper, aeeuratelv to four significant figures. 

2. There is a root of - 10.c^ + 40x-35=0 which lies between 

1 and 2 ; find it correctly to three significant figures. 

3. Plot the function ^ =4.c® — 109.C + 210, 

between .r = 6 and x=-6; hence determine the three roots of the 
equation 

4x3 -109.r + 210=0. 

4 . Solve grai)liieally the equation 

x3 -I6x-24=0, 

and check one of the roots by Bertrand’s expansion. 
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5. Detemiinc tliree roots of the equation 

x® -4x + l =0, 

and check the smaller positive root from Bertrand’s expansion. 

6. If xjy =e«®, where a =0-3 and 0 —2-848, find x in tenns of y ; 
hence, ii x ~y =55-35 also, calculate the actual values of x and y. 

7. If y -)-5 logjo X -2-7, find the values of y when x has the 

values 2, 2-5, 3, Plot these values of x and y on squared paper, and 
draw the probable curve on which these points lie. iStatc approxi- 
mately what value of x will cause y to be zero. 

8. If /(x) denotes the expression - 8x^ - -I- f)8x h60. find, by 

Horner’s method, the expression for /{x + 2) ; lienee, solve the equation 
/(^)=0. 

9. Give any method for the solution of a (juartic eipiation. Solve 

the quartic x^ 3x® - x“ - 13x - 10 = 0. (Le.lL. Sc.) 

10 . Solve the equation X* + 96x - 80. (D.U., Sc.) 

11 . Solve X* -6x3 + 1 2x3 _ J Qj. + ^ q, ( ) 

12 . Draw the graphs of 10 cos x + 8 and x sin .r fi-om x - -0 to x -27r. 

and find the solutions of the equation Kicosx 8 -xsmx which fall 
within the above interval. (S.U.) 

13 . Find, by any method, the least jiositive root of the e(|iiation 

3 tan X - 3x + 1 

as accurately as you can. (L.U.) 

14 . Draw a rough graph of e', and by plotting more accurately in the 
neighbourhood of the required value of x, solve the equation 

?!'•' "-2x + l. (L.U.) 

15 . Obtain the three solutions lying b(-tween 2 and - 2 of the equation 

x* - 5.r J- 1 (1. 

16 . Solve the equation a- — c co.sh 

for c, when « =489-4 and x =22. ^ 

17 . Find accurately to three significant figures, a value of x to 
satisfy the equation 

0-5x3 3-12 iogipX +2 sin 2.i: =2-06. 

18 . Find a value of x correct to four significant figures, which satisfies 
the equation 

4 logjjX +tan 2x =0-5873. 

19 . Find, with three significant figures accui-ate, a root of 

6x- +x logjoX -8-868 =0. 
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20. From a circle of radius 5 inches, it is required to cut off a segment 
whose area is 2-916 square inches ; find the size of the angle subtended 
at the centre of the circle by the arc of the segment. Hence, find the 
length of the bounding chord. 

21. The area of a segment of a circle of radius 9-8 inches is 4-802 
square inches ; find the angle subtended at the centre by the arc of the 
segment. 

22. Solve the equation 4 logjoX +6* =38-8. 

23. Determine a value of x between 0 and 1 which satisfies the 
equation 5x +9 sin x = 1-404. 

24. Solve the equation 3x +5 cos x =5-3, 

the value of x lying between 0 and 1. 

Shew that, by replacing cos x by the first two terms of its equivalent 
expansion, the resulting equation is 25.x“ -30x +3=0. 

Explain why only one root of this quadratic agrees approximately 
with that found by the graphical method. 

25. A circle is bisected areally by the circumference of another 
circle whose centre lies on its circumference. If r, u are the radii, and 
2tt, 2fi, the angles of the segments on either side of the common chord 
of the given circle and the bisecting circle respectively, prove that 

2 sin 2/0 -4/3 cos 2/3 =7r. 

Solve this equation graphically, and hence shew that 

i(*;r*=67:50 

very nearly. 

28. ABCD is a square whose side is ten inches. \Vith 0, the mid- 
point of AB as centre, a circle is described cutting the sides AD, BC in 
E, F respectively. Find the angle EOF when the arc EF bisects the 
ai-ea of the square ; hence calculate the radius of the circle. 

27. Find a positive value of x satisfying the equation 

X* -5 logioX =5-8. 

28. A cylindrical oil tank 16 ft. long has its axis horizontal, and its 
diameter 10 ft. Plotr a graph from which a scale in feet may be 
constructed along a vertical end diameter shewing the contents in steps 
of 100 gallons. Give the reading for 500 gallons. 

29. Trace the curve y 

Find graphically an approximate value of the root of the equation 
3 -x=e^"i, and obtain a more accurate value by the use of Taylor’s 
series. (L.U.) 

30 . Shew graphically that the equation 2‘=3x has two real roots, 

and find them correctly to three places of decimals. (I..U.) 

B.M. M 
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31. iJptenninc two roots, correctly to foui- significant figures, of the 


32. Draw the graph of cosh .r. 

Shew that the equation 4x — cosh x has two real I'oots, and find them 
approximately. ( L.U. ) 

33. Find, in any manner, correct lo foiii places of decimals, the 

positive root of the equation .r“ .VS ^ j- -2 - 0. (L.U.) 

34. On a sheet of squared jiajier draw two vertical axes, OY, O'Y', 
one unit apart, and graduate them upwards and downwards from a 
central horizontal line GO'. Now plot the hypeibola jf(x -D ~x^, and 
draw any line from 0 intersecting the eiine at P and the O'Y' axis 
in K where the scale reading is - k. At P write the number +k, and 
by a similar jrroceaa graduate the cur ve. Let any litre be drawn from 
a point a on the O) axis to a point - h on the O'Y' axis, intersecting 
the hyperbola at the point ii. Shew that ii is a solution of the quadratic 

+au +b — 0 ; hence write down the solutions of x- i 4:X +2 - 0 and 
- .3a: - 3 - 0. 


35. In the equation x-' -’,\px+ q=[), pni a-^.J^/yicos ft, and by com- 
parison with the identity cos 3d— 4 cos*d - 3 cos d, .shew that 

2^ji cos d, 2 ^./ ]) cos|^ d + "y ^ , and 2^' p cos d + ^ 

are its roots, provided q'^ is less than 4ju®. Ajijrly this method of 
solution to the equation a;®- fix +4--0. 

36. Plot the function ir)(r/+sinh x)— 16a:. Iretween a:==() and a;= 1 ; 
hence, solve the equation 1.') sinh x=^l()x. 

37. The smallest root in absolute value of the e(iuation 

n+bx+ rx'-’+ dx ' = ( ) 
is given by Whittaker's scries: 

! r r/ I 

a aH 1 h c 

6 c j I h c I . ‘ h c d I 
fl h 1 1 « c 1 i rr h c 
I 0 u b I 

Apply this to find the smallest root of 8a;®- 17a:®y 42x- 3=0. 
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DETERMINATION OF LAWS FROM EXPERIMENTAL DATA. 

SMALL ERRORS 

61. Construction of an Empirical Function. In inany ])ractical 
])ro))]en)s the fiirictiona] rclalioti between tA\'o varyin” quantities 
cannot b(' dotcrniinc'd from tlicoretical considerations, and, as a 
result, an a[)[)ro\iniate relationship calh'd an Empirical Function 
— has to be construet(*d from (>.x peri mental data. The general 
])Ian cmploy('d in tliis j)roe(‘.ss is to derive' from the observations 
made, by plotting on sepiared im])('r, a .straight line from which 
ajeproxiinate values of any constants recpiire'd may be determined 
and a functional relationship thus constructed. It must be 
borne in mind, however, that all data which are purely e.xperi- 
mcntal are liable to be slightly in error, and tlu'refore constants 
derived from them will only be appro.ximately +nu‘. Indeed, the 
complete function wlien determim'd wdll only be an approxima- 
tion to the true relationshi]) bt'tween the varying quantities. 
7'he following exami)Ie will illustrate the method of constructing 
such a function from exjx'rimental ol)servations. 

Ex. 1. .1 .steniiisliip at n t^pced of r kiwta n'~'es an Indmited 

Horse Pourr P. The folloiriipj tuhle (fins a series of values of 
V arid P, and it is supposed that a relation of the form P^av^, 
where a and n are constants, e.rpresscs the him connecting P and c. 

Investigate if this is so, ami determine the most probable values of 
a and n. From it, find the value of P when r = 2f). 


V 1 

10 

1 

12 

14 

16 

1 18 

1 ! 

20 

p I' 

loof) j 

1912 

321(5 ' 

4951 

1 

! 7361 1 

10355 
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If /* = av”, then log P = log a +n log v. 

Let y = \ogP, x = logv, and c = log a; 

the equation becomes y = nx + c, which represents a straight 
line of slope 6, where n=tan and c = intercept on the axis of y. 
To test the truth of this assumption, the equation must be plotted 
for the observed values. Hence the following table : 


X=log V 

1 

1-0792 

1-1461 

1-2041 

1-2553 

1-3010 

y =log P 

i 3-0277 

1 

3-2814 

3-5073 

3-6947 

j 3-8670 i 

4-0151 


In Fig. 10 these values are plotted, and it is evident that the 
Kiints lie practically on a straight line, tlie slight discrepancies 
leing most probably due to experimental errors. 

To find «, it is obvious from the 
grajdi that 
n =tan 

= (4-0151 - 3-0277)/(l-3010-l) 
= 0-9945 ^0-4786 = 3-28 ; 
y = 3‘28x + c. 

Since y = 3-0277 when x = l, 
log a = 0 = 3-0277-3-28 = 1-7477, 
so that a = 0-5594, 

the probable value of which will be 
a = 0-56. 

Hence the complete law is 

^ P=0*56v’-‘*'. 

To find P when c = 26, a; =1-415, 
c= 1-7477; hence from the linear 
equation 

y = 1-7477 +3-28 x 1-415=4-3877 =log (2-442 x 10«) ; 

P = 2-442xl0‘. 

The value of y might have been obtained at once from the graph. 

82. Common Types of Equations. Mechanical or physical con- 
siderations of a particular problem will often lead to a clue of 
the form of probable equation to be tried, but many cases occur 
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where no hint is obtainable as to the functional dependence of 
the variables. The solution, therefore, becomes a matter of trial, 
and the following types are given as a guide in such cases, these 
being the most commonly met with in practice. 


No 

Type of Equation ; 1 
Variables, u, i' j 

SubfttitutioiiH for Change of 
Variables, etc* 

Linear Equation 

i. 

i 

, a ' 

V ~h -\-~ 
u 

1 

u =v, x~ 

^ u 

i 

y ~ax + b 

ii. ! 

V -an" 

1 

2 /=logr, .r=logw, c=loga 

y ~nx +c 

iii. 

1 

V — tie"" ' 

1 

y = log,. V, X ^u, c - log, 6 

y -ax +c 

iv. 

1 

v—au^-{-bu \ 

xy—v, x~u 

y —ax + b 

1 

1 


if H is not 0 


( 61 ) 


Ex. 2. A pendulum uxth jMirtially immersed in a medium which 
damped its nbrations. For each vibration the amplitude v and 
time t were carefully observed as follows : 


V !j 10 7-6 j 5-8 j 4-4 , 3-3 | 2'6 | l-D 

t I 0 8 ! 17 I 25 I 34 ! 41 I 50 

' III 


Find the relation connecting v and f, allowing for slight errors of 
observation. 


From a consideration of damped vibrations, it is known that 
the amplitude v is connected with the time by the exponential 
law ; hence, the j)robable form of equation to take is v = he~°*^. 

To express this relation in linear form, take natural logarithms, 


so that 


logf r^ = log. b-at. 


Now let (/=logf r, c = log, 6, then 


y = c — at. 

From this construct the following table for plotting. Natural 
logarithms should be read directly from Napierian tables. 


y=\og,v 

2-3026 

2-0281 

1-7579 

1-4816 1 

1 1-1939 

0-9556 

0-6419 

i 

0 i 

j 

8 

1 


25 

34 

41 

50 



182 


HIGHER MATHEMATICS 


[CH. IX 


These points are shown in Fig. 11, from which it is evident that 
they lie approximately on a straight line, the slight discrepancies 

being probablv due to errors of 
observation. 

To find the numerical value of a, 
it is obvious from the linear equa- 
tion that 

a — — tan 

= tan(- - y) = (2-3020 -0-6119)/rj0 
-=00.33214, 

so that, correct to three figures, a 
may b(‘ taken as 0-033. 

Finally, for c, whim ^ = 0. 

// = c = 2-3026 -. 

.'. log,. /> = c = 2-3020, givinir ^ 10. 
Comnleti' relationship is 

0 10 20 30 40 50 ' ^ 

Fio i 1 * - 

63. Approximate Integral Function Laws. In some cases 
experimental data may be represented ajijiroximately by a finite 
power seri<>s, called an integral function. For this to be done 
where it is possible, the ordinates must be known at equal intervals 
along the horizontal axis, and if these are not given they may be 
determined by jilotting. The value.s must then be' tested by the 
method of differences. 

Ex. 3. Deteniiiue the tieceSHarif coiuhtions that a series of 
observations connecting tivo variables may be represented approxi- 
mately by a rational integral function, and assuming the conditions 
fulfilled, shew how the coefficients may be calculated. 

Illustrate the method in the case of the following table of experi- 
mental observations. 


X 

\ ’ 

1 14 1 16 1 

I 18 i 

20 

1 

1 22 

j 24 

26 

y 

1 217-38 

343-97 

312-56 

729-15 

999-73 

1330-34 

1726 - 96 ! 

2195-54 


Let //r (r = l, 2, 3, ... n) be n jiairs of corresiionding obsruva- 
tions which are given, and suppose that the functional relationship 
representing them is _i/=/(j.-)=« + l):r^ cx^ -ndx^ +r.c*, 
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where a, b, c, d, e are numerical coefficienfs to he determined 
later. 

Suppose, further, that the "iven values of x increase in the 
positive direction by a constant quantity //, then 

Now the difference between two (•onsecutive ordinates is called 
the first order of differences. This i.s 

' b^.l ^ + C^f 

where 

<ii=f(b), h^^ = li{2c + ‘iilh -i \(dr), <\ -o]t{<l v2i’h), and f/, = bc/o 
Similarly, 

.Vr+2 ~ .Vr+t = tb^(.r,.+h) -( Cj(.l',. ( //)- d y( + h)‘K 

The second order of diffenmcc's is 

.Vr+2 ■■ .'/r +1 ~ (.'/r4 1 ' Hr) 

= !jr+'>~ 2.yr+i I ,Vr = {^d ^ 'd>d-^h)rr f 

=--<tn+h.^i\ r„.r^. 

Similarly, 

,'/r+:j" '^'/;+2 ' llr+l=**-l' ' /') + '’..(■'V -I- //)-. 

Proceeding in tin' same manner to form the third order of 
differences : 

f/r+S - %r+2 ^ %r+l “ l/r = /' {^>2 ■' cjl) + Sca/cr,, 

:i/r + l-%r+3 + %r+2-.'/r + l=-/'(/'2-+ V') + 2 ^ 2 /' (■■Tr * /') i 
and finally, the fourth order of differences becomes 

dr + i - 4.'/, - + 3 + %r+2 - 4//r+ 1 + d r =• 

which is inde])endcnt of jy, and therefore constant. 

It is obvious, therefore, that if a>r) this will be true for all 
the values of r available from the data, so that a series of equal 
constant numbers is thus derivable. 

This is the characteristic pro])erty of a series of corresponding 
J)airs of numbers satisfying a rational integral function law. for 
whilst it is here shown to be true for a function of the fourth 
degree, the analysis is easily extended to the general case. It 
should be noted that the coefficients of //r+j, ■•. . are those of 
the binomial ex])ansion ; thus, for the f'th order of differences, 
the coefficients are those of the expansion of (1 - u)’\ 
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In practice, however, functions of a higher degree than three 
are rarely met with. 

The conditions, therefore, that a series of observations may be 
represented by a rational integral function, y~f{x), are : 

(i) The valnee of y most be given, or determined bjr plotting, at 
equal intervals along the x-axis. 

(ii) In calculating successive orders of differences of these values, 
a stage is ultimately reached when a series of constants is obtained. 

The above investigation shews that for a function of the fourth 
degree the equal constants appear after the formation of the 
fourtii order of differences. This is obvious from the fact that 
the calculation of each successive order of differences reduces the 
degree of x by unity. Hence, if a series of equal numbers appears 
on forming the pth order of differences, the integral function is of 
the pth degree. 

The coefficients a, b, c, d, e in f{x) may readily be calculated 
from the equations expressing the successive differences, beginning 
with the last and working backwards. The process is best 
illustrated by a numerical example ; thus, taking the given table 
of observations and noting that the ordinates are equidistant 
from each other, after the first, differences arc best found by 
tabulating as follows : 


.AbsrissR6 x 

rir/linufiiu n 

Differencks . 




1 St Order 

2nd Order 

3rd Order 

*1 12 

y\ 

217-38 







126-59 



Xj 14 

Vi 

343-97 


42-00 





168-69 


6-00 

Xg 16 

2/3 

512-66 


48-CK) 





216-59 


5-99 

GO 

Vi. 

729-15 


53-99 





270-58 


6-04 

X5 20 

Vb 

999-73 


60-03 





330-61 


5-98 

Xe 22 

Vb 

1330-34 


66-01 





396-62 


5-95 

X, 24 

Vi 

1726-96 


71-96 





468-58 



Xg 26 

y% 

2195-54 





From these figures it is evident that, allowing for slight errors 
of observation, the third order of differences is practically con- 
stant, and equal to 6 approximately ; hence the integral function 
law will be of the form 

y=a+bx + cx? -t-dx®. 



§64] FURTHER EQUATIONAL LAWS 185 

Forming the three orders of differences in terms of the coeffi- 
cients, these become 

(1) y 2 -yi = bh +ch^ +dh^ +h(2c+3dk)x^+3hdx'^, 

(2) »/3 - 2t/2 + yi = 2h^(c + 3dh) + Qdh^x-^, 

(3) _?/4 - 2>y^ + 3?/,, - ?/i = 6(Z/(^, where h = 2. 

Taking the differences from the table, and noting that h is 2, 
6c//i3 = 6; f7 = 0-125. 

With this value of d, {2) becomes 

8c + 6 +36 = 42, giving c = 0. 

Hence from (1), 

25 + 108 + 18 -f 1 = 1 26-59, giving 5 = - 0-2. 

Inserting these values in the function, and taking any corre- 
sponding pair of values of x and y, a=3‘75 aj)proximately. 

The required ('({nation is 

y 3-75 -0-2a: + 0*1 25x^ 

84. Other Types of Equational Laws. Oc-casionally in practice 
curves arc met with whi(-h may be approximately represented by 
the following equational forms : 

y — (i+ 5x", (/ = (T + y = <ir'‘ -r bk". 

When n is a positive integer, tlu'sc equ.ations may generally be 
derived by the method of differences. 7'he first form can be dealt 
with as in Ex. 3. The application of the method to the twm 
remaining forms is illuatrat('d in the following examples. 

Ex. 4. The foUowiny mlue.s of P and t are the ohserred results of 
an experiment, and theory suggests that they probably folloio a law 
of the form, P=^a+be'"'. Investigate whether this is so, and if 
found approximately true, determine the most probable values of a, 
b and in. 


t 1 

i - ! 

1-8 

2-2 1 

2-6 1 

3-0 1 

3-4 { 

3-8 

p 

i 1 

1-84 

1 1-98 . 

2-15 j 

2-35 i 

i 

2-60 j 

2-90 


It will be observed that the values of t are in arithmetical 
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progression, the common interval being ()-4. Denote this interval 
by A, then if be the rth pair of values of P and t, 

P^ = a+h(»"*‘, 

Pf+^=a +6e""''-+*' : 

Taking Na.pierian logarithms, 

log (i^+i -Pr) ^log - 1) -f 

or, writing ij for log (P^+i - P,.), and e for log - 1), the 
equation becomes 

If -- nil + c, 

which represents a straight line. 

To test this, the following table must be eonstrueted from the 
given data ; 


T 

1 

'r 




1 

1-4 

1 -73 






Oil 

-2-2073 

2 

1-8 

1-84 






0-14 

- 1-0661 

3 

2-2 

I OS 






0-17 

-1-7720 

4 

2-() 

2-15 






0-20 

- 1 (>00.7 

5 

3-0 

2-35 






0-25 

1 -1-.3863 

6 

3-4 

2-60 






0-30 

' - 1-2040 

7 

3-8 

200 


i 


On plotting the values of y and 1, a close a]iy)roximation to a 
straight line is obtained ; hence, allowing for slight errors of 
observation, the equation P = a +hp’"' will represent the given 
values. It remains, therefore, to find the values of the constants 
a, b and m. 

Let 6 be the angle made by the straight line with tiu* axis of 
t, measured in the positive direction, thim 

m = tan 6» = {2-2073 - 1 •2040)/(3-4 - 1 -4) = 1 -0033 -t- 2 = ()-5()J 6 
-.= 0-50 approximately. 

Also, when i! = 3-4, y= -1-2040, so that from y=^vit+c 
c= -1-2040-1-7= -2-9040. 
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But c =- log “ 1 ) = ^ t log (e**'* ~ 1 ) ^ log b — \ '5078 ; 

log 6 = c + 1-5078= -2-9040 + 1-5078= -1-3962 
= 0-9064 - 2-3026=log 2-476 - log 10 = 0-2476 ; 

6 = 0-25 approximately. 

Finally, taking ] = 3-4 when 7^ = 2-00, and .substituting in 

P = a +be'"', 

a = 2-60 - 0-25e^ ’ = 2-60 - 1-3684 = 1-2316 = 1-23 ajjproxiTuately. 

Hent-e, tlu- complete (-(juation becomes 

1-23 + 0-25eO-5t. 

Bx. 5. The foUoit'i'iig ralues of Q and z were obtained in a 
laboratorjj, and theoretical considerations shewed that the law eon- 
neeiing these qtnodilies was most firobablg of the form 

Q^az^-\-b . 10^ 

Test this, and if found true, due allowance being made for 
obsercational errors, determine the ralues of a and b. 

s I 0-1 ! 0-2 j 0-3 0-4 ' 0-5 | 0-6 i 0-7 j 0-8 

L . _ I I _ 

Q ! 1-616 j 2-185 j 2-969 j 3-995 ; 5-296 - 6-917 ^ 8-917 j 11-343 

The method of diPfereiK-c-s is here dire(-tly a])p]icable since the 

ordinates 2 are (-(juidistant over the range given, the e(]iia] 
intervals being 0-1. Denote 0-1 by h, tlit-n if Q,., be a pair of 
corresj)onding values, 

Qj.=azf +b . 10-', 

and ^r-n =^(‘r ■ 10-’'’-+'' ; 

Qrei~Qr = ‘^ahz.f -\ aid- + 6 ( 10 ^'- 1 ) 10 - ' . 

Similarly, (lr-h 2 “^r+i=- + + 1) ■ 10-’'-+'' ; 

- 2(^,+i +Q^ = 2a]d ^b{U)i' - 1)U lO-v 

Similarly, ])roceeding to form the third order of differences, 
(^,+3-3(^,+,+3(^,+i-Q, = 6(10"-1)3 . KFr. 

Taking common logarithms, and writing g for 
(9r+3 “ ^r + 2 341 ^ (-1 



HIGHER MATHEMATICS 


188 


[CH. IX 


and c for 
becomes 


log6 + 31og (10A-]) = log 6 -1-7601, 
y = z+c. 


the 


equation 


which represents a straight line inclined to either axis at an 
angle of 45°. To test this, the following table of difierences must 
be constructed : 


r 


Qr 

Jst Order 

UIFFBRENCES 

1 2nd Order 

y 

3r(l Order 

1 

01 

1-616 







0-569 



2 

0-2 

2-185 


0-215 


3 

0-3 

2-969 

0-784 

0-242 

0-027 - 1-5686 

4 

0-4 

3-995 

1-026 

0-275 

0 - 0.33 - 1-4815 

5 

0-5 

5-296 

1-301 

0-320 

0-045 - 1-3468 

6 

0-6 

6-917 

1-621 

0-372 

0 - 0.52 - 1-2840 

7 

0-7 

8-910 ! 

1-993 

0-440 

0-068 - 1-1675 


1 


2-433 



8 

0-8 j 

CO 1 
2 j 

1 

1 




Plotting y and s, remembering that the first value of y corre- 
sponds to a:i = 0-l, and so on, an approximate straight line is 
obtained. 

To find c, choose any pair of values, and substitute in the 
equation y = z + c ; thus, taking the last jiair, 

c= -M675 -0-5= -1-6675 ; 
log 5 = - 1 -6675 + 1 -7601 = 0-0926 ; 

6 = 1-235, or 1-24 approximatc-ly. 

Taking the initial equation, and selecting any pair of values of 
z and Q, the value of a may be determined ; thus, choosing 
Q = 5-296, and z = 0-5, 

5-296 = a (0-5)2 + 1 -24 x 1 
=0-250 + 3-921 -, 


0 = (5-296 -3-921) + 0-25 
= 1-375x4 = 5-500. 


Hence, the complete equation becomes 
Q=5-5z2+l*24x 10*. 
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65. Effect of Small Errors of Observation. All observed 
measurements are only approximate, but if made as accurately 
as possible the difference between the absolute and observed 
values will, in general, be of little or no practical importance. It 
is when calculations are carried out with these observed values 
that errors are liable to increase to such an extent as to affect the 
ultimate result very materially. It is, therefore, very important 
in all practical work to consider how the accuracy of a calculated 
value is influenced by small errors in the data used. 

If u be an approximate number known correctly to n places of 
decimals, then the limit of the error of u is defined as 5 x and 

if du denote this limit, the auotient du/u is defined as the relative 
error of u. 


Ex. 6. If shew that, for a measured value a of x, subject 

to an error + da, then the approximate relative error in the corre- 
sponding value of y isf'{a) . da/f(a), where f' (a) denotes the operation 
of differentiating f{x) with respect to x and then writing a for x. 

Deduce that the relative error in a product or quotient of tivo 
numbers is equal respectively to the sum or difference of the limiting 
errors of the numbers. Illustrate by finding how many significant 
figures in the following calculations arc trustworthy, assuming that 
the given numbers are eorreet to the number of figures stated : 


(i) 4-63 X 8-723, 


(ii) 


3-87 X 18-26 
7-86 


Let u be the value of y, when x = a, so that u=f(a), and suppose 
that u+du is the true value of ?< when x = a+da, then 

u + du=f(a+da). 

By subtraction, ?M=/(a + 9a) -/(a) 

=/(a) + aa./'(a) + ...-/(a), by (55), 

= da.f'(a) approximately, 

since da is small. 

Hence the relative error of u 


du _da .f'{n] 
u f(a) 
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Let y = zw, then if 'dz, 3m; are the limiting errors in y, s, w 
respectively, 

3«/ = (2 + 32) {tv + 3m;) - 2 M> = 2 . 3m) + w . 32 approximately ; 

3// 32 3/e 
‘ ' y 2 IV ' 

In a similar manner it may be shewn that if // ^ z/ir, then 

3// 32 3//; 
y ~ z IV ' 

It is easy to shew by logarithmic differentiation that similar 
results are true for any number of approximate values ; hence — 

The relative error of a product is equal to the sum of the relative errors 
of the respective factors, and the relative error of a quotient is equal to 
the difference of the relative errors of dividend and divisor respectively. 


(i) Let 2 / = 4-63 X 8-723, 

limit of error of 4-63 = 0-0()5, and of 8-723 = 0-(K)05 ; 

y 


0-00 5 0-0005 
' 4-63 wm " 


^0-(K)108 4 0-tK)0057 


= 0-001137; 


dy = 0-001137 x 4-63 x 8-723 = 0-0 159. 
Hence the product will only be true to one place. 

( 11 ) Let 2 / = 7 :^'" , then 


dy _ 0-005 0-005 0-005 

‘7-86 

= 0-005(0-2584 +0-0548 -0-1272) = 0-00093 ; 

3// = 0-00093 X 3-87 x 18-26 + 7-86 =0-0836. 

Hence, since 3// >0-05, the first place in the value of y will be 
unreliable, so that the result will only be true to the nearest unit. 


Ex. 7. The horizontal pressure p at any depth h in a granular 
material with a horizontal upper face is given by the formula 
p{\ +sin d)=wh{\ - sin t)), 

where w is the weight per unit volume of material and 9 is the natural 
angle of slope. Shew that for small errors 3m;, 36i in the measured 
values of w and d, the resultant error 'dp in p is 
]}{'dwlw -2 see 9 . 3d). 



RELATIVE ERROR 


191 


§ 65 ] 

If w = 114 to the nearest unit, /(=6, a/w/ 0-5230 radian, 
this value being correct to four figures, shew that the limiting per- 
centage error it} the calculated value of p is 0-43 approximatelg. 

It is evident that 

p + 'dp = hfv +Bip){l - sin {6 + dd)\j{ \ +sin {tt +3d)} 
and p = hu'{l - sin d)j{l +sin d), 

from which dp may be obtained, and the result simplified by 
using Taylor’s theorem, as in Ex. 0. 

It is, however, mue,h shorti-r and simpler to differentiate 
logarithmically, thus 

log p = log h + log tv + log ( 1 - sin - log (1 + sin 0) ; 
dp dw coHd.'dd cos d . Dd 
‘ ir 1 - sin d 1 +sm d 

= ^ - 2 see d . dd 

ir 

?p = p(3w,w- 2 sec d . dty). 

0-5230 radian = 30°, and sin 30° =0-5. 

Witli the given values, p = (l 1 1 x 6 x 0-5)/l-5 = 22S. 

Now tlie limit of the error in a- = 0-5 ; 

= =0-001380, 

ir 111 

and the limit of the error in d =0-00005 ; 

2 see d . xO-00005)/v'3=0-0(K)110 ; 

3p/yi = 0-001270. 

Rereentage error = KX) . ?p//i =0-127 = 0 43 approximately. 


Exercises 9. 

1. Ex[)erinipnta on the specific licat K, of a gas at constant volume 
produced the following results, T being the absolute temperature : 


K, 

1 

1 0-1377 

' 0-1 3S4 

1 

f 0 1. 392 

1 

0-1400 

' 0-1408 

' 0-1418 

1 

0-1427 

' 0 -1444 

1 

T 

273 

288 

1 

1 30.5 j 

321 1 

1 

, 336 

1 

3.55 

373 

408 


Shew that K,. and T aie connected approximately by a linear law, 
and determine this law. 
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S. At the following draughts in sea water, a particular vessel has 
the following displacements : 


Draught, A ft. - 

15 

12 

9 

6-3 

Displacement, T tons 

2098 

1 1 

1512 

1018 

586 


Plot log T and log h on squared paper, and determine a simple law 
connecting T and h. 

If one ton of sea water measures 35 cu. ft., find the law connecting 
h and the displacement V cu. ft. 

3. In some experiments in towing a canal boat, the following 
observations were made, F being the jiull in pounds and v the speed 
of the boat in miles per hour : 


V 

1 1*68 

If 

1 2-43 j 

3 18 

1 

3’60 j 4-03 

P 

1^1 

160 1 

240 1 

1 ^ 

1 320 1 370 


Plot log V and log F on squared paper, and derive the approximate 
formula connecting F and v. 

4 . The following table gives corresponding values of two quantities 
* and y, which should be connected by the approximate law x”y=c. 
Investigate if this is so, and if found true, determme the values of the 
constants n and c : 


1 

a: || 

37 36 

31-34 j 26 43 

19-08 

1 

16 33 1 

1 J 

14-04 

y 1 

1016 

12-26 j 14-70 

20-80 

24-54 1 

28-83 


5. The following tests were made upon a condensing steam turbine 
electric generator. There are probably errors of observation as the 
measurement of steam is troublesome : 


Output in kilowatts, K - j 

1 1190 

995 

745 

498 

247 

0 

Weight W lb. of steam con- 
sumed per hour 

23120 

20040 

j 

16630 

12.560 

8320 

4065 


Find a simple approximate law connecting K and W. 
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6 . The following data were obtained from a test of an experimental 
dam acting as a weir. The length L of the dam is 3 feet : 


Quantity Q in cubic feet I 
per second - - - 1 

1 

1 

4-23 

6-38 

912 

i 

14-04 

Head H in inches - - j 

4-80 

1 

7-21 

1 9-61 

12-12 

16-20 


Shew that the formula connecting Q and H is of the form Q =CLH”, 
and determine the constants C and n. (L.U.) 

7. It is thought that the following observed values of x and y follow 
the law y=Ae'‘'‘. Test if this is so, and if found approximately true, 
find the values of A and b : 


X 

1-0 

l-f) 

2-0 , 

2-5 

30 

3 5 

4-0 

4-5 

y 

13-28 

1.7-04 

17-53 1 

19-80 

23-11 

26-00 

30-50 

34-40 


8 . The following quantities measured in a laboratory are thought to 
follow the law y =a}r‘. Verify this, and determine the constants a and b : 


X 

, ! 

0-2 i 

0-4 

0-6 

1-0 

1 

-5 

2-0 

y 

350 

316 

[ 120 

6-3 

12 86 

2-.57 

0-425 


9. A small needle suspended in a magnetic field of strength B 
makes n vibrations per minute, and it is supposed that 

II —an^ +6. 

Shew that this law is approximately tiue from the following observed 
values, and determine the constants o and b : 


II 

0 

0 0353 

0-0738 

1 

0-1156 

0-1605 

1 

0-2085 

0-2596 

n 

32 

35 

38 

41 

44 

47 

50 


10. In a platinum resistance thermometer the resistance 17 at a 
temperature t° C. is given in the following table of experimental 
observations : 


R 

2-297 

2-572 

2-822 

j 3-110 

3374 

3-635 

3-883 

S 4-149 

1 

t 

-75 

-50 

-25 

0 

25 

50 

75 

100 


Find the complete relationship between B and t in the form 

R —a +bt +ctK 


B.M. N 
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11. The following values of Q and t were observed during an experi- 
ment, and theory suggested that there might be a law 

Q=at^+b. 10'. 

Test this, and if found approximately true, find the values of a and b. 


Q 

3-407 

4-516 

6-014 

7-959 

1 10-42 

13-60 

17-30 

21-96 

t 

0-1 

I 0-2 

0-3 

0-4 

[ 0-5 

0-6 

0-7 

0-8 


12. If a, b, c are numbers wliich may be slightly inaccurate by 
percentage amounts not exceeding ±a, ±/i and iy respectively, 
shew that, in computing a'b’^jc", the answer is liable to a percentage 
error confined within the limits ±(fa +mfi -ny). 

The diameter d and depth h of a cylindrical hin measure 22-2 in. and 
28-5 in. Find how many lb. of grain the bin will hold when just fuU, 
the specific volume s of the grain being estimated at 7-2 cu. in. to the lb. 

If the accuracy of d, h, s is true only witliin the limits ±0-1 in., 
±0-2 in. and ±0-02 in. respectively, find the actual and the percentage 
error in the above result. 

13. The gurmers’ rule is that one halfpenny subtends an angle of 
one minute at a distance of one hundred yards. Taking the diameter 
of a halfpenny as one inch, find the percentage error in this rule. 

14. The formula 

(fj =1-056 log«273 + 9 X 10"’ -503/) +0 0!)02 

is replaced by 4'~^^Se approximation. I'md the percentage 

error in doing this when t = 6 +273 and 6 =53. 

15. If i" =8-392 X 65-25-+ 7-528, each number being correct to the 
number of figures given, find how many figures in the value of k are 
reliable. 

16. The area of a triangle is calculated from the angles A and C and 
the side b. If a small error 'OA be made in measuring A , shew that the 
percentage error in the area is approximately 

lOO'dd . sin C/{sin A . sin {A +C)}. 

What is the percentage error if, in addition, there are errors A6 
and AC in the other parts ? (L.U.) 

17. In a triangle ABC the sides b, c and the angle A are measured. 
If small errors e and <!> are made in measuring the sides and angle 
respectively, shew that the error in the calculated value of a is 

(coa B + COB C)e + bcji sin C. 

If 6=c=4 in., A =77/3, e=0-l in., ^=0-01 radian, find the error in a 
and verify by trigonometrical calculations. (S.U.) 
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18 . Two aides of a triangle are measured and found to be 32'6 in. and 
24-2 in., the included angle being 57° ; find the area of the triangle. If 
the true lengths of the sides are really 32-6 in. and 24-1 in., what is the 
percentage error in the area ? 

19. The perpendicular distance a; of a point P from a fixed base line 
AB is estimated from the measurements of AB =a, the angle PAB =a 
and the angle PBA = (i. Prove that 

a; sin (a +/3) =a sin a sin ft. 

Explain how to find the percentage error in a; due to small errors in 
the measurements of a, a and ft, and verify that when ti-ft =45°, the 
percentage error in x, due to an error of + 1 ' in each of the measure- 
ments a and ft, is 0-06 nearly. (L.U.) 


*20. The efficiency n of the teeth of a pair of screw wheels is given by 
the formula 

_C 08 (U 2 + '/') • cos Oi 
"'cos --(f)) . cos ti./ 

where d^, ^re the screw angles and </> is the angle of friction. Shew 
that, for a small error of ?</> in (j>, the corresponding error in t/ is given by 

3t/ = - sin (di -t 6 ^ 2 ) sec* - </>) . cos d^i . sec $2 ■ d(f>. 

Hence calculate the percentage error in y when Bi =34-8°, 62 =55-2°, 
and coefficient of friction p. =0-084, correct to three places. 


*21. The rate of flow Q of water per second over a sharp-edged notch 
of length I, the height of the surface of nearly still water above the sill 
being h, is given by the formula 


Q=c{l 


Shew that for a small error "dh in the measurement of h, the error 3Q 


in Q is 


-h)hi . dh. 


Sometimes an approximate formula, Q —clJi - , is used to find Q ; shew 
that for any given values of I and h, the percentage error in using this 


formula is 


lOO/i 



CHAPTEE X 

TWO-DIMENSIONAL GEOMETRY 

68. Coordinates. If OX, OY be two mutually perpendicular 
axes, the position of any point P in their plane may be defined 
by its distances from OX, OY respectively. These distances are 
called the Cartesian Coordinates of P, and ar<j denoted by {x, y). 

If, however, only one axis of reference, OX, be used, P may be 
defined by the distance OP and the angle XOP. Those are called 
the Polar Coordinates of P, and are denoted by (r, 0). 

It is obvious that the relations between the two sets of co- 
ordinates are 

x = rcos0, y = tsin9, = tan6 — y/x (62) 

Ex. 1. Find an expression for the area of a triangle in terms of 

the coordinates of its vertices. 

The powt,<i P^, Pj, Pj, Pj have 
caordinates (2,1), (5,2), (6,6), 
and (9, 0). Find the areas of 
the quadrilaterals PfPiP^PiP^ 
and PjPjPdPsPj. If P 1 P 3 and 
PgP^ intersect in P, shew the 
connection between the area of 
PiPoPjPaPi and those of PiPoP 
ami PP4P3. (L.U.) 

(i) Let A, (a, u), B, (b, v), 
no. 12. Area of a triangle. C, (c, w), be the Vertices of the 

triangle, with their respective 
coordinates ; then from Fig. 12 QACR is a trapezium. 

Area of QACR = l .QR . {QA + RC)==h{c-a)[u+w). 

196 




§ 66] AREA OF QUADRILATERAL 197 


Similarly, the area of RCBS = l{b — c){v +w), and the area of 
QABS = l(b-a){u +«). 

Area of ^ABC^area QACR + area, RCBS -area QABS 
= l(c-a)(u + iv) +},{b-c){v+w) 

- l(b-a){u + v) 


= !{«(()-?(’) +h(u'-u) +c(m-i;)} 

I a b c 

II V w 
! 1 1 1 1 


( 68 ) 



(ii) The points P^, P 2 , P 3 , P^ are shewn in Fig. 13 ; then by 
joining them as shewn : 


Area of A P^P^P^ 


Area of A P2PsPi = 1 


Area of a P1P2P3 


= 9. 


= 0 ' 0 . 


Area of = A P^PiPt + A P^PzP^ = 5 + 9 --- 14, 

and area of = A PiP^P^ + A P^PsPi = 5 5 + 9 = 14-5. 
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Produce P4P2 to intersect P1P3 in P, then 

area of P^P2P^P3P^ = A P^P^P +A PP1P3 + A P^P^P^ 

= AP,P 2 P+APP 4 P 3 . 

67. The Straight Line. Every equation of the first degree in 
X and y represents a straight line ; for let (.Tj, y^), {x^, y.^, {x^, y^) 
be three arbitrary points on the locus ax + by f c = 0, tlien 

ax^+by^ +c = 0, 

(iX2+by2 + c = 0, 

UX 3 +h«/3 +r = (). 

Eliminating a, b, c from these equations, 

tji 1 =0. 
x’2 1 

xs y% 1 

But by (63), y, 1 = |Xi a, = twice the area of the 
X3 1 j y, y, 1/3 1 triangle whose vertices 

^ j j 1 ]” 1” 1 are the three given 

“ points. 

Hence, since tins area is zero, the three points must be collinear ; 
that is, the equation ax -i-by + c = 0 represents a straight line. 

Ex. 2. (i) Sheir that the equation of the line joining the points 

yi), Vi) ^(2/1 - Vz! - y{ 3 :i - xf) +x.^y3 - x^y^^Q. ivhether the 

axes are rectangular or oblique. 

(ii) A BCD, A' BCD' are two parallelograms having a common 
angle at B ; prove that DD', AC and A'G are concurrent. (L.U.) 

(i) Let ox4?)y+c=0 be the equation of the straight line 
passing through the given points, and let (x, y) be any other 
point on the straight line, then the area of the triangle whose 
vertices are (x, y), (x^, y^, (xg, y^) is zero, 

i.e. \ X y 1=0, 

Vi 1 

X2 yz 1 

^iyi - yz) - yi^i - + x^y^ - x^i = o. 


or 
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If the axes were inclined at any angle w, then the distances 
(x, y) of any point would be measured in directions parallel to the 
axes. Thus in Fig. 14, if OX, OY are the oblique axes, and 
P any point, OL = MP = x, and LP = 0M = y. Let OY' be drawn 
perpendicular to OX, and let ON = x', OK = y', then 

x' = OL+LN = x+y cos 01 and y' =^OK = NP = y smoi. 



Hence the straight line ax' -\-hy' +c=Q through P referred to the 
rectangular axes becomes ax + (« cos < 0+6 sin (o)y + c = 0 referred 
to the oblique axes. 

Since a cos uj +i[> sin w is constant, it may be written B, so that 
the equation becomes ax + By + c = 0. 

If, therefore, (x^, y-^), (x^, Jh) are points on this line, 

ax +By -l-c = 0, 

aXi + Byi+c = 0, 

ax^ + By.;. +c=0. 


Eliminating the constants a, B, c. 


x y 1 
Vi 1 
^2 VZ 1 


= 0 , 


or x(//j - //s) - y{xi - x^) + x^y^ - x.jj^ = 0, 

as before. 

Hence the equation is independent of the, angle at which the 
axes are inclined, provided the proper interpretation be given to 
the coordinates. 
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(ii) Take DC, DA as the axes of x and y respectively, and let 
the coordinates of the vertices be 

A (0, Wi), B (mj, «,), C 0), D (0, 0), 

A'(u2,Vi), ra), D' (w^, ; 

then the straight line through D, D' is 

V 2 X - = 0, 

the line through C' is 

X{V^-V2) + 
and the line through A', C is 

iii.-r - 2/(^2 - Mj) - Mi»j =0. 

If these straight lines are concurrent the above equations must 
have a common root, i.e. they must be consistent. The condition 
for this is, by (10), 

^2 ~M2 0 — 0. 

(’l - Vj Uy - Wj 

Uj Wj — U2 ~ Wj 

Subtracting the first row from the third, the determinant 
becomes (>2 “^2 > which is zero, since two rows 

(- 1 - 1-2 Uy -Uy are identical. 

Vy - V 2 Vy - Uy 

the lines arc concurrent at the point whose coordinates are 
the common solution of the above equations. 

68. Forms of the Linear Equation. From § 67, it is cvudent that 
the general equation of a straight line may be written in the form 

ax + by + c = 0 (64a) 

This equation may, however, assume several useful forms ; thus, 
dividing throughout by h and writing m for -a/6, and n for -cjb, 
it becomes 

y=mx + n, (64b) 

which is known as the tangent form, since m is the gradient, i.e. the 
tangent of the angle of slope, and n is the intercept cut off on 
the y-axis. 
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Again, dividing the general equation throughout by -c, and 
writing a for - cja and for - c/6, it becomes 


(MO 

which is known as the intercept form, since a, /3 arc the intercepts 


cut off by the line on the x- and 
y-axes respectively (Fig. 15). 

Further, from (64«) and (64c), 
the intercepts cut off on the x- 
and y-axes respectively are -cja 
and - c/6. Now if p be the length 
of the perpendicular from the 
origin to the line, and \p the angle 
it makes with the x-axis, then 
p = -cjb . sin i/- = - c/rt . cos i/', 
or a = - c cos 4'i P 

and 6= - c sin >plp- 
Substituting these values in 
(64a), and multiplying out by p, 
the equation becomes 



X cos f + y ami' - P- 


(64d) 


This is known as the perpendicular form. 

Finally, changing x, y into polar coordinates (;■, P), by (62), the 
perpendicular form is transformed into 

twa(0-f) = V> (64e) 

which is the polar equation of a straight line. (See Fig. 15.) 


Ex. 3. Find the atiyle.s between the straight lines ax+6y+c = 0 
and px+qy +s = 0. Deduce the conditions which must be fulfilled 
for the lines to be (i) parallel and (ii) perpendicular. 

Calculate the length of the perpendicular from the point (h, k) to 
the line ax + hy +c = 0 \ hence find the distance between the lines 

6x + I'TSy +2'5 =0 and 4-8a! + l'4y + 11 =0. 

(a) Writing each of the equations in the form 
y — mpe + n.^, y = m 2 X + n 2 , 
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where mi = -ajb, -?>/?> %= -c/&, and ^ 2 = -sjq, it is clear 
that since are the respective gradients, if 0^, 6^ are the 

corresponding slopes of the lines, 

— tan and = tan 6^. 

Let B be the acute angle between the given lines, then, from 



tan 6 ^ = tan ~ ^i) 6 ^ 2 “tan 9i)l(l +tan 6 <j . tan 0^) 

= (?M 2 -mi)/(l +w^m^^{aq-h'p)j{bq fop) ; 

0 = principal value of tan-‘ ^ ^ (85a) 

Since the sum of the angles of intersection on one side of either 
line is 180°, the larger angle between the given lines is 180° - B. 

When 6 = 0, the lines are either coincident or parallel. But 
B = 0 when ta,n~^{{aq~bp)j{bq+ap)} =0, i.e. when aq = bp, or 
alb=plq, so that mj = m 2 . 

If, in addition, = rij, the two equations are identical, and the 
lines thus coincident. Hence, as long as n^, i.e. cjb and sjq, 
are unequal, the lines will be parallel when 

a/b==p/q. 

Similarly, the lines are perpendicular when 0=90°, i.e. when 
fcan“^{(ag - bp)j{bq + ap ) } = oo . 
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This will be the case when bq+ap=0, provided aq-bp is 
neither zero nor infinite. 

Hence the lines are mutually perpendicular when 

a/b= -q/p. 

From this analysis it follows that two straight lines 


y=miX+ni, y=m2X+n2 

are parallel when 

mi = m 2 and nj, n^ are unequal, (65b) 

and are mutually perpendicular when 

niinij— 1 {66c) 


(6) Let ax' +by' +c’ =0 be the line through the point {h,k) 
parallel to ax + hy +c=0. Turning each of these equations into 
the perpendicular form (Qid), 

p ~x cos +y sin 
p' = x' cos \p+y' Rm \p. 

Now the actual distance between these lines is obviously equal 
to the difference in the lengths of the perpendiculars p, p' ; hence, 

d=p-p' = {x- x') cos <p + {y- y') sin 

= (x-h) cos ^ + iy-k) sin \p, 

since the line p' - x' cos f + y' sin i/- passes through the point 

{h, Ic). 

But from § 68, a = - c cos ^/p' and b= - c sin i/'/p' ; 
p"^ = (?j{a^ +b'^), C.O& ^ = -ajju^ +b^, and s,m \p = -bj'Ja^ +b^. 
Substituting these values in the above value of d, 
d = {{h- x)n + (/f - y)b}ls^ + b^ 

= (ha + bk + c)/s/ a“ + b“, since ax+by + c = 0. 


It should be observed that the numerator is the left-hand 
expression of ax + by +c = 0, in which x and y are replaced by 
b and k ; hence the perpendicular distance of the point (h, k) from 
the line ax + by + c = 0 is given by 


ah t bk 4 c 
s'a“4-b' 


(66) 


Multiplying the first of the given equations by 4 and the second 
by 6, these become 24a: -f 7y + 10 = 0, 

24a; + 7,y 4-55=0, 
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from which it is obvious that the lines are parallel. Now the 
distance between them will be equal to the difference in the 
lengths of the perpendiculars to them from the origin. 

Length of perpendicular from (0, 0) to 24a; + 7?/ + 10 = 0 is, by (66), 

\Qls/Wvn = 10/25 =0-4. 

Length of perpendicular from (0, 0) to 24a; + 71/ + 55=0 is 

55/25 = 2-2. 

Distance between the lines = 2-2 - 0-4 = 1-8 units. 

69. Two Straight Lines. Let hx + hj + l = Q, 'px+qij = Q be 
two straight lines, then the equation 

{hx+hj +l){'px+qij + .s) =0 

or phx^ + {hq + kq))xy + kqy^ + {Ip + hs)x + {Iq + ks)y + k = 0 
will represent both these straight lines. This quadratic is a 
particular form of the general equation 

ax'‘‘ + 2hxy + + 2yx + 2/y + c = 0, 

which will be denoted by F{;x, y) =0 for brevity. 

It is evident, therefore, that F{x, y)=0 will only represent two 
straight lines when the function F (x, y) is resolvable into real 
rational factors. The next example shews the condition that 
must be satisfied to render this possible. 

Ex. 4. Find the condition that 

ax^ +2hxy + by^ +2g3p‘ +2/y + c = 0 
may represent two straight lines. 

What additional condition is required in order that the lines may 
be parallel ? 

Find the distance between the pair of lines represented by 
+ 2y/3 . xy + — 3a; — ^.J^y -4 = 0. 

(L.U., Sc.) 

Arrange the given equation as a quadratic in y, 
b'iF + 2(Aa: + f)y + {ax^ + 2gx + c) = 0 ; 
hence, by solving, 

by=- {hx +/) (hx + /)* - 6(aa;‘‘* 2gx + c). 
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Now, if the given equation represents two straight lines, F{x, y) 
must be resolvable into two rational factors, so that the expres- 
sion under the square root sign, i.e. 

(hx +f)^-b [ax? + 2gx -I- c) 
or -ab)x^ +2(l/f-bg)x+f^ -he, 

must be a perfect square. The condition for this is 
{hf-bgf^(P-bcW-ab) 
or abc+2fgh-af^-bg^-ch^ = 0. 

This left-hand expression is called the discriminant of the 
equation F(x, y)=0, and is generally denoted by the symbol A. 
It may be expressed in a convenient determinant form given 
below. 

Hence the general equation F(x, y)=0 will represent two straight 
lines when the discriminant vanishes, i.e. 


h b 
g £ 


f 


= abc + 2fgh - af= - bg2 - ch» = 0 (67a) 


c 


To deduce the conditions that must be satisfied in addition, 
when the lines are parallel, divide F(x,g)=0 throughout by b, 
which is assumed to be greater than zero, and write H, A, G, F, C 
for hjb, ajb, g/b, fjb, cjb respectively ; then if the resulting equation 
represents two straight lines, these will be of the form y = mx + %, 
y = mx + n 2 , since they are also to be parallel ; hence the identity 

y^ + 2Hxy +Ax^+ 2Gx +2Fy + C = {y - mx - ?q){y -mx- 
= - 2mxy + m~j?- -t- (wj -t- n^mx - (Wj -f n^y +n^n^. 

Hence, on comparing corresponding coefficients, 
m——H, m^ = A, +?i2)m = 2G, +712= -2F, Ti^n^^C. 

Eliminating w, /q, Wg from the first four of these relations, 

H^ = A and FH = G, 
i.e. =ah and Jh = gb. 

:. If A = 0 , the lines will be parallel when 


The given equation satisfies both conditions (67a) and (676). 
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To resolve the function F{x, y) into factors, it should he observed 
that when the lines are parallel, the three terms of the second 
degree must be a perfect square. 

Now sfi +2^3a-y + 3y^ = (x+J3y)^. 

Let + 2J3xy + 3y^ -3x~3sJ3y-i 
s(x + 3^y + a.){x +J3y + /3) 

= ac’* + 2^3xy + 3y^ + (a + j8)(a: + J3y) + a/3 ; 
a+/3=-3, a/3=-4, giving a = l, /3=-4; 
the lines are a:4-,y3^+l=0, a:+,y32/-4 = 0. 

To find their distance apart, take a convenient point on one of 
the lines, e.g. (4, 0) on the latter, then the perpendicular distance 
from this point to the other line is, by (66), 

(4 4-l)/\/l + 3 = 2'5 units. 

70. Conic Sections. Let AB, CD, Pig. 17, be two straight lines 
^ - 1 intersecting each other at an angle 

<t>. Take any two points A, B on 
opposite sides of 0, the point of 
intersection, and draw AC, BD per- 
pendicular to CD. Now suppose 
the figure makes a complete revolu- 
tion about CD, then the solid 
generated is a double right circular 
cone, which is called a complete cone, 
of which AA'B'B is the elevation, 
CD is the axis, and AB a, generating 
line. 

If this cone be cut by any 

A plane, the curve of intersection is 

, , called a conic. It will be shewn 

later {S 102) that when the cutting 
FlQ. 17. Sections of a right circnJar , 

conic. plane is 

(i) parallel to a generating line, the curve is a parabola ; 

(ii) inclined to the axis at an angle greater than (/>, and cuts 
both generating lines OA, OA' on the same side of the vertex 0, 


M 

M 


m 
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the curve is an ellipse, of which the circle is a particular case when 
the plane is perpendicular to CD ; 

(in) parallel to the axis and cuts both parts of the complete 
cone, the curve is a hyperbola. 

It should be observed that when the cutting plane parallel to 
a generator becomes tangential to the curved surface of the cone, 
the section becomes a pair of coincident straight lines ; similarly, 
when the plane parallel to the axis passes through the axis, the 
section is a pair of intersecting straight lines. 

71. Definition of a Conic as a Locus. It is generally more con- 
venient to define a conic as the locus of a point which moves so 
that the ratio of its distances from a fixed point and a fixed straight 
line is constant. The fixed point is called the focus, the fixed 
straight line, the directrix, and the constant ratio, the eccentricity 
of the curve, which is denoted by e. 

For a parabola, c = l ; for an ellipse, e<l : for a circle, e = 0, 
and for a hyperbola, e > 1 . 

Ex. 5. Find the general pohr eqimtion of a conic referred to the 
focus as pole and any line through the focus as the axis. Shew, by 
transferring to Cartesian coordinates, that the general equation 
F(x, y)=0 represents also a conic, and discuss briefly the reduction 
of this equation, and the conditions to be satisfied that it may represent 
the respective curves. 

Let 0 (Fig. 18) be the focus, IlK the directrix, and OX' any 



arbitrary axis through 0, making an angle 4> 'with the perpen- 
dicular to HK through 0. 



208 HIGHER MATHEMATICS [oh. x 

Suppose P be any point on the locus, whose polar coordinates 
are (r, 0), then, by definition, 

OPIPH=e, 

or r = e .PH = e.NK = e .{KO + ON) 

= e . KO +er cos (d-(f>). 

Now let the value of r be Z, when = then 

l=e.KO, 

so that r = l+ercos{6-(p), 

or l/r = l-ecos(0-4>) , (68) 

which is the general polar equation of a conic. 

It may be here remarked that very often the polar equation is 
given as l/r = l +e cos This is due to the fact that ti is 

taken as the supplement to /.POX', so that it is measured by 
a negative rotation of OP. It is, however, more consistent to 
retain the positive rotational measurement of and especially so 
when transformations to Cartesian coordinates have to be made. 

Take OX' as the x-axis and OY', the perpendicular to it at 0, as 
the y-axis ; then if (x, y) arc the Cartesian coordinates of P, from 
(62), x = rcosd, y=r sin d, r^ = x^ + y^. 

Substituting in (68), and writing j), q for cos f/>, sin ^ respec- 
tively, which are constant, 

ljr = l-e{pxlT+qylr} ; 
l = r-e{px+qy), 

or r = l+e(px+qy). 

By squaring, 

x^+y^ = l^ + 2el(px + qy) + c^(px + qyf’, 

or X® ( 1 - e^p^) - 2e^pqxy +y^(l - e^q^) - 2elpx - 2elqy -1^ = 0, 

which may be written, 

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0, 

i.e. F{x,y)=0. 

The same form of equation would be obtained if P were referred 
to any other axes parallel respectively to OX', OY'. 

Hence the general equation of the second degree, F{x,y) = 0, 
also represents a conic. 
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To find the simplest forms of the equations for the respective 
curves, let the rectangular axes be turned through an angle ^ in 
the negative direction, so that OX' is coincident with OX and OY' 
is parallel to the directrix KH ; then, in (68) , (/> becomes zero, so 
that j> = \ and q = 0 the above equation thus becomes 

x^{\ -e^) +y^ — 2elx~P = 0. 

Hence, for a parabola, e = 1 , and 


or 


y^-2lx-l^=0, 
y^ = l{2x + l). 


If the curve cuts the axis of x in A, then A0 = e . AK, i.e. 
A0 = AK for e = l. 

When /y = 0, x— -|J, from the above equation, so that OK = l. 
Hence, changing the origin from 0 to A, the equation becomes 

y=--21x, (69a) 

where f = distance of focus from directrix. 

Tlxis is the simplest form of the equation to a parabola. 

For an ellipse, e<l, so that 1-c^ is positive. Writing a for 
this coefficient, + yZ _ 2elx -P=0, 

I.e. alx — ) +ir— -{a+e-)= , since a = 1 - e^. 

V «/ a ' 'a 


Change tlie origin to a point C on the a;-axis, where 0C = elja, 
and write 

then the equation becomes 




.(09b) 


which is the simplest form of the equation to an ellipse. 

This equation may be written, on solving for y, in the form 

y= 

^ a 

by which it is obvious that for every value of x there are two 
values of y, equal in magnitude but opposite in sign ; hence the 
curve is symmetrical about the x-axis. Also the maximum value 
of a; is a and the minimum value is — a, and in each case the value 
of y is zero ; hence the segment exit off on the x-a^xis by the curve 
has a total length of 2a and is called the major axis. 


B.M. 


o 
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Similarly, by writing the equation in the form 
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it is clear that the curve is symmetrical about the ?/-axis, and the 
maximum and minimum values of y are i/I respectively, x being 
xero in each case, so that the segment cut off on the y-ax\s has a 
length 2/3, which is called the minor axis. The origin is therefore 
symmetrically situated within the curve, and is called the centre 
of the conic. 

Further, a^ = P/«“, and = 

By division, (i-ja^ = « = 1 - ; 

e2=l-p2/a- {69c) 

This gives the eccentricity in terms of tlie semi-axes. 

Turning now to the hyperbola, e> 1, so that becomes 

negative ; writing a = c2 - 1, which is positive, the equation 

x2(l - e^) + y^- 2elx = 
becomes - y^ + ielx + P — 0, 

or a (x + cl/af - y^ = P (e^ - a^)/a = P/a ; 

hence, changing the origin to the point ( -cl/n, 0), tlie equation 
takes the form 



where aa? — fi^^P/a. 

This is the simplest form of the equation of a hyperbola. 
By writing this equation in the form 

y= 

a 


it is obvious, as in the case of the ellipse, that the curve is sym- 
metrical about the axis of x. For any value of x between ±a, 
x^ - is negative, and the corres[)onding value of y is imaginary ; 
hence no part of the curve lies between these values of x, and the 
axis whose length is 2a lies outside the curve. 


Again, 


writing 


the equation x= 

P 


-/3^, it is seen that 


the curve is symmetrical about the »/-axi8, and that there are 
no limits to the value of y ; hence, the curve consists of two 
branches each infinite in extent, with the origin equidistant from 
the two vertices. This point is thus symmetrically situated with 
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respect to the two branches of the curve, and is therefore called 

the centre. 

Proceeding as in the case of the ellipse, 
aa^ = y8‘^ = P/a, 

from which e- = l+p=/a2, ( 69 e) 

thus giving the eccentricity of the curve. 

The general reduction of the general equation F{x, y)=0 may 
be effected as follows. 

Let {x\ y') be the c.oordinates of P (Fig. 18) referred to OC, 
and the perpendicular to it through 0, as x and y axes respec- 
tively ; then 

x' = ON = r cos (d -</)) = /• cos d . cos </> -f r sin d . sin <f) 

= X cos </) -t- y sin c/j, by (62). 
Similarly, y' = NF = r sin (()-(f>) = y cos </> - a; sin <l>. 

Solving these equations for x, y, the relations between the two 
sets of coordinates, when tin* axes are turned through an angle 4‘, 

X = x' cos <t> - y' sin <t»» y=x' sin<)> + y' cos i}> (70) 

Now, from the above analysis, it is <‘vident that a value of </> 
may be found which will make the coefficient of xy vanish ; thus 
substituting the above expr<“ssions for x in F(x, y) — 0, the 
coefficient of xy is 

2(6 - a) sin </> cos <f> + 2/dcos^<^ - shPcj>). 
or (6 - a) sin 2<f> + 26 cos 2(/>, 

and this will vanish if 

26 

tan 2</) = 26/(u - 6), or </> = 1 tan~i - — ^ . 

Hence, (f) may be determined, and F(x, ?/) =0 may now be written 
a I- 2y^x + 2/^^ + Cj = 0, 



and, changing the origin to the point ( -/i/6i), and writing 

k for +/rV^i - the equation reduces to 

+ h^y^ = k. 

If 6=0, the equation will represent two straight lines ; if 6 is 
not zero, then a^x^jk +h^y^lk = 1, 

and the equation will represent an ellipse if k/a^, 6/6^ are both 
positive, and a hyperbola if k/b^ is negative. 
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Finally, if is zero, the former equation may be written 
V^bJ- hiV 26, <71 2<7j’ 

/ f f2 c \ 

which, on changing the origin to the point f '*'2^ j’ 

assuming is not zero, becomes ' ^ 

= 2kx, 

where k= —g^lb^. This, therefore, is a parabola. 


Ex. 6. Find the curve represented by the eqiuition 
57 - i&ocy + 43^^ — 1 Sx — 124y + 58 = 0. 

In the practical reduction of a given equation with numerical 
coefficients, it is better to remove first the terms in x and y by 
changing the origin, and then turn the axes through a certain 
angle to remove the term in xy. 

Thus in the given equation, take (^, y) as a new origin, then 

57(a! + - 48(a: + ^){y + y) + 43 ( 2 / + - 18(a; + 

- 1 24(2/ +i;)+ 58 = 0, 

i.e. 57x2 _ 48 a;,/ + 43^2 + ( 114 ^ _ 48 ,, _ 18)a: + ( 86 >/ - 48^ - 124)2/ 

+ 57^2 _ 48 |,/ + 43, /2 - 1 8^ - 1 4y + 58 = 0. 

Now choose y so that 

114^-48r,-18=0, and 86r/- 48^- 124 = 0. 

The solution of these equations gives 

1 = 1 , >/ = 2 . 

Substituting these values in the above equat ion, 

57x2 - 48xy + 432/2 = 75 . 

Now replace x and y by the relations given in (70), 

57(x cos </) - 2 / sin <)))2 - 48(x cos </> - 2 / sin <^)(x sin <^ + 2 / cos < 6 ) 

+ 43(x Bin (f>+y cos ^)2 = 75. 
When the coefficient of xy is zero, 

- 28 cos d> ■ sin </> = 48(cos2 - 8in2 </<) , 
or - 14 sin 2</> = 48 cos 20 ; 

tan 20 = 

so that cos 2 0 = - and sin 20 = ; 

cos20 = ^(l +COS 20 )=. 5 \, sin2 0 = |^g^, and sin 0 cos 0 = ^. 
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Substituting these values in the above equation, it becomes 
25x2+75^2 = 75, 

or x2/3 + y® = 1 . 

which is an ellipse whose semi-axes are ,^3 and 1 . 

72. The Parabola. It has already been shewn that the simplest 
form of the equation to a parabola is y^ = 2lx, where I is the 
distance of the focus from the directrix. Since, however, e = l for 
this conic, the vertex of the curve bisects the distance between 
the focus and directrix, it is usually more convenient to denote 
this length by 2a. Then, as the vertex is the origin, the distance 
between the origin and the focus is a, so that l = 2a, and the 
equation becomes y2 = 4ax. This is the standard form of the 
equation, and is usually sufficient for most practical problems. 

It should be observed that when x—a, 

= giving ?/= ±2a= ±t, 

so that 21 is the length of the double ordinate through the focus. 
This focal chord is called the latus rectum, so that I denotes the 
length of the semi-latus rectum. 

Ex. 7. OABCD... is a polygon with its vertices on a series of 
equidistant vertical lines ; if, when Urns are draivn through 0 
parallel to AB, BC, CD, ... 
to meet the vertical through 
A in B^, Cl, Di, ... , 

ABi = BiCi==CiDi = .... O 
prove that the vertices of 
the polygon lie on a para- 
bola. (L.U.) 

The polygon is shewn 
in Fig. 19. Suppose the 
rth side is horizontal, and 
let Oi. Og, a,, ... be the 
inclinations of the sides 
OA, AB, BC,... to the 
horizontal ; then, since the 

horizontal projections of no. 19. The parabola, 

the sides are equal, 

OA cos ai = AB cos = BC cos 03 = . . . = HP,. . 
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Let DP^ = a, and each of the equal segments, AB^, B^C^, ... =b. 
Take O^, the mid-point of DP,, as origin, and DI\ produced as 
the axis of x ; then the coordinates of are {^a, 0) ; the coordi- 
nates of Pr+i are (^, b) ; the coordinates of P^+i are 

{la,b+2b)={^/),^h). 

Hence, if {x, y) are the coordinates of the ?ith vertex after P^, 
x — la + na = |(2h + 1 )a 

and </ = (! +2 +3 + ... +'ii)b = },n(ii f l)fc. 

Eliminating n from these equations, 



which represents a parabola w'hose axis is the y-axis, and whose 
vertex lies at a distance b/S below 0,. 

Suppose the number of sides of the polygon be increased 
indefinitely, so that it becomes a continuous curve. Then since 
the horizontal projections of the sides are equal, this curve will 
represent the form assumed by a chain suspended from two 
points when its weight is uniformly distributed horizontally. 

That the curve is still a jiarabola may be proveil independently 
as follows. 

Take any position of the chain KP^^^, beginning with the 
lowest point K, which may convimiently be chosen as a new 
origin. Let ac = weight of chain per unit horizontal length, 
TQ = the ten.sion at K, and P = tension along the tangent at P^.g. 

Suppose the slope at P^+i the coordinates of this 

point be {x, y), then resolving horizontally and vertically, 


T cos 0 = Tg and P sin 0 = ivx. 


By division, 
or replacing tan 6 by 
which on integration gives 


tan 0 = wxj Pq , 
dy wx 
dx P„’ 


y = ^yfr.x^, or x==ky, where Jc = 2TJw. 

The constant of integration is zero, since at K, x = 0 and y = 0. 
Hence the curve is a parabola. 

This represents approximately the case of a suspension bridge 
with a uniformly loaded horizontal roadway, the weight of the 
suspending chains being neglected. 
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FLIGHT OF A PROJECTILE 


Ex. 8. A particle is projected on a horizontal plane with velocity 
V, and its direction makes an angle 0 with the horizontal ; shew 
that, when subject only to the acceleration of gravity, its path is a 
parabola, and find (i) its greatest elevation, (ii) its time of flight, and 
(iii) its horizontal range. 

Deduce the value of 0 which ivill give maxinmiii range. 

Prove also that the velocity acquired by the particle at any point 
in its path is equal in, magnitude to that ivhich it would acquire 
in falling to that point from the dircclri.r. ' 

Let P (Fig. 20) be any jxviiit on the path after t seeonds from 
the time of pro)eetion. Take O as origin, tlicn ON = x and 



NP — y. Let u, be tlu; horizontal and v('rtieal components of 
the initial velocity T', then u= V cos d and F sin 0. 

Now the, only acceleration of tin; particle is directed vertically 
downwards, and is therefore —g', hence, the equations of motion 

dH d-q 

dk~ 

Integrating each of these with respect to t. 


dx 

Jt 




dq 


A,. 


When ( = 0, 


dx a 

-,~ = u= V cos d 
dt 


and 


dy 

dt 




sin d. 


Hence, = V cos d ajid A 

dx 


T 


n 


= V sin 0, so that 
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IntegratiBg again, 

x = Yt cos d and y = F< sin 9 — \gt^, 

the constants of integration being zero, since x=0 and ?/=0 
when <=0. 

The equation of the path, i.e. the relation between x and y, may 
now be found by eliminating t from these equations ; this gives 

. y = x. tan 9-^ . x^ sec^9, 

/ F2 . „ V 2F2 F2 . 

Of X - ^ . sm = . cos^9 ?/ - sin^o . 

V % J 9 V ^9 J 

Changing the origin to the vertex A , i.e. the point 
(V^ sin 29129, F^ Bm2f^/2y), 

and writing I for - cos^d/y, the equation reduces to 

x" = 21y, 

which represents a parabola whose vertex is the highest point in 
the flight and whose latus rectum is equal in magnitude to 

2F2cos2%. 

Its focus is at a point F distant H, or eo8^6*/(2(/) below the 
vertex, the directrix being the perpendicular at C to BA produced, 
where AC = FA = F^ cos*i^/( 25 r). 

Let h = BA ■= greatest height attained by the particle during its 
flight, then it is evident from the equation to the parabola that 

h = V^am^9l29. 

If T be the line of flight, then, since the curve is symmetrical 
about its axis AB, the particle reaches A in time T/2 ; and at 
this point the vertical velocity is zero ; 

F sin = 

or T=2Y sin 9 jg. 

Further, let ii = the horizontal range OX, then 0X^20B and 
OB = \YT cos F^ sin 6* . cos 9lg, on putting in the value of T 
just found. 

Hence, i? = 2F* sin 0 cos 9j9 = F® sin 29 jg. 

This will be a maximum when sin 29 is a maximum, F being 
constant, i.e. R is greatest when sin 2^ = 1, or f^ = 'n'/4. 
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To find tlie velocity at any point P in the path, 

= - 2ff(Vf sin d - Igt^) 

= F==-2^r. 

Had the particle fallen vertically from the directrix to P, its 
velocity, v^, would be given by 

= . PH=2g{BA +AC~y) 

= (sin^^^ + cos^O) - 2gy 



Hence the velocity at any point P on the parabola is equal in 
magnitude to that acquired by a particle falling vertically to that 
point from the directrix. 

Ex. 9. A particle is projected up a phne uiclineJ to the horizontal 
at an angle a, with a velocity V whose direction makes an angle 0 
toith the horizontal ; shew that the range on the plane is 

2 cos 0 . sin (d -a) 
g cos-a 

and that this ivill he a niaxiinum token the direction of projection 
bisects the angle between the vertical and the inclined plane. 

Let OQ = r be the range on the inclined plane (Pig. 20), and let 
{x, y) be the coordinates of Q, referred to AS as y-axis and A 
as origin. 

Then x = BS = OS - OB = r cos a — sin d . cos d/g, 
y = h-SQ = V^ aivddj(2g) - r sin a. 

Substituting in the equation 

= 2 oos^d . yjg, 
taking y downwards as positive, 

(r eos a - F^ sin 6/ . cos d/g)'^ = 2V^ C 08 ^ 1 ^{F^ sm^dj{2g) - r sin ajjg. 
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Expanding and dividing throughout by r, which is not zero, 
r cos^a = 2 cos 6>{cos a . sm 6* - cos 8 sin a)/g 
= 2F^ cos 8 . sin (8 - a)/g ; 

_ 2F^ cos . sin - a) 
f] cos^a 

Since F and a are constants, r will be a maximum when 
2 cos 8 . sin {8 - a) 
is greatest ; but, by (14h), 

2 cos 8 . sin (d-a)=sin (2d -a) - sin a, 


and this will b<i greatest when sin (2d -a) — 1, or d = ^ + u 

Let /I = angle between the vertical at 0 and the direction OF, 
of F, then 


TT 

4 


a 

' 9 ' 


77 

4 


a 

' 2’ 


But 


^ = 2 -^ = 2 
LQ0V^8-a^l + l-a-^^ “ = ^ 8 . 


Hence, for maximum range, the direction of projeetion bisects 
the angle between the v(>rtical and the inclined plane. 

73. The Central Conics. Tlie respective conditions necessary 
for the general equation, F{x,y)=0, to represent the various 
conics have already been briefly investigated in Ex. 5. These 
will, however, now be deduced in a more convenient form for 
practical application by considering the coordinates of the centre 
of each conic, i.e. the point which is symmetrically situated with 
respect to a curve. It will be evident from this fact, together 
with the analysis of Ex. 5, that the equation oi a conic, referred to 
its centre as origin, will contain no terms of the first degree in x and y. 


Ex. 10. Wiite down the conditions that the general equation 
aj? + 2hxy + hy^ + 2gx + 2fy + c = 0 
should represent (!) two straight lines, (2) a circle, (3) a parabola, 
(4) an ellipse, (5) a hyperbola. (L.U.) 

Although the question asks that the respective conditions 
should be written down, a complete investigation will here be 
made. 
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Change the origin to the point (^, tj), then replacing x, y 
by x + ^, y+v respectively, the equation becomes 

ax‘‘ +2hxy +hif‘ +2a;(a^ +g) +2y{h^ +hr] +/) + F(^, y) =0. 

Now, if (£, y) be the centre of the curve, there will be no 
terms of the first degree in the equation. Hence, the conditions 
for (^, 7]) to be the centre are 

a^+hy +g = 0, h^+hy+f=0. 

Solving these equations, 

? - (hf - bg)/(ab - h^), t] (gh - a!)/(ab - h=) (71) 

which arc the coordinates of the centre. 

The values of ^ and y will remain finite as long as ab is not 
equal to but when ab—lfi, there is no finite centre, and the 
terms of the second degree in F(x, y) =0 form a perfect square, so 
that the general equation may be written 

{lx f //) i/)^ + 2(jx + 2Jy + c = 0, 

or (Ix + iiiy + = 2x{Xl- y) +2y(X)n - f) +X--c, 

/Zx -I- »/// + A Y _ 2^ 2x(/\./-g) +2y(Au? -/) + A^-c 

\ ) ' 2-J{Xl-gf + {Xnt -Jf 

where IJ^ = {{XI - g)- + ( A//( -ff},'{P + »r) 

and A is an arbitrary con.stant ; hence, by (GG), tliis equation may 
be interpreted as 

{length of perpendicular from (x, //) to line /x + H!y4-A=0P 
= 2A:{lengtli of jierjiendicular from (x, y) to line 

2x{Xl-g) + 2y{X)n -f) +A^-c=0}. 

If now A be chosen so that the lines are perpendicular to each 
other, i.e. if -m/l = {Xl-g)/{Xm -g), by (65h), or 

X = {lg+nif)l{F+iu~), 

and, in this case, if Y and A' denote the respective perpendicular 
lengths, the equation becomes 

Y'^ = 2kX, 

which represents a parabola. 

Hence, the general equation F(x, y) = 0 represents a parabola when 

ab = h* {72a) 
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It should be noted that, if in addition, fh =gh, the parabola 
degenerates into two parallel straight lines, by (676). 

The parabola is obviously a non-central conic, since the coordi- 
nates of its centre are infinite. 

When ah is not equal to P, then the equation of the curve 
referred to ( - ^, - tj) as origin becomes' 

ax^ + 2hxy +hy^ +f(^, y)=0. 

Now . i?’ (^, ry) = + 2h^y + 6>/“ -I- + 2f>] + c 

--=^{a$ +hri +g) +y(h$ +by +f) +g$ +/r/ +c 
= g^ +fy + c, since +hr] +g = +bij +f=0, 

= {9{M-^9) +f(9^^-<^f) +c{ab-¥)}l{ab-h^) 

= {abc + 2fgh - aj^ - bg'^ - clfi)l[ab - Ifi) 

= LI{ab-h\ 

so that the equation becomes 

aj? + 2hxy +bif = Af{ab - Ir) . 

Hence, when A = 0, 

aj?‘ +2hxy ^-by"^ =0 or + (i-^y){a^x + 

which represents two straight lines through the origin, so that the 
equation F (x, y) = 0 represents two straight lines when A = 0. 

This is condition (67a) found another way in Ex. 4. 

When A is not zero, the equation may be written 

Ax? + 2Hxy + By^ = 1, 

where Aja = Hjh = Blb = {h? -ab)lL\. ' 

This equation thus represents the Central Conics. To dis- 
tinguish them, turn the axes through an angle to remove the 
term in xy ; thus, from (70), 

A{x' cos sin +2//(x' cos ^-y' sin sin </> +y' cos ^) 
+ B{x' sin (j>+y' cos (/))* = !. 

Choosing 4> so that the coefficient of xy vanishes, i.e. 
tan 2<{> = 2H/{A - B), 

then sin 2<^ = 2Zf//2 and cos 2<^ = (J - S)/jf2, 

where B? = 4:H^ + {A -B)^, and the equation, after simplification, 
becomes, neglecting dashes, 

1{A + B + R)^ -\-\{A + B - R)y'^ — 1. 
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From (69&), this equation will be an ellipse if 

a? = 2l{A+B + R) and +B - R). 

and these values are real. 

But from (69c), the eccentricity is given by 

e2 = 1 - /37a2 = (a? - li^)ja^--=2RI(R -A-B), 
and since e<l, 2R<cR — A '-B, 

or R<~{A+B), 

i.e. R!^<{A + B)^, 

or 

i.e. m<AB. 


Now when a = /i, the ellipse degenerates into a circle, so that 
in this case A + B + R = A+B-R, 

or i?=0; 

iFP + {A-Bf=0, 

and since both squares are positive, their sum can only be zero 
when each separately vanishes, i.e. 

11=0 and A = B. 


Hence the equation for a central conic will only represent a circle 
when the coefficients of x- and are equal and there is no term in xy. 

Finally, for a hyperbola, comparing with (69d), 

a~ = 2l{A+n + R), - 2/(A+B-R), 

so that by (69c) the eccentricity is given by 

c2 = 1 + = 2RI{R -A-B), 

and for a hyperbola, e > 1 : 

2R>R-A-B, 

from which 1P>AB. 

Hence, summing up these results. 

The equation Ax” + 2Hxy + By^ = 1 represents a Central Conic, 
whose centre is the origin, and the curve is 

(i) an Ellipse if H* < AB, 

(ii) a Circle if H--0 and A = B, 

(iii) a Hyperbola if > AB. 


(72b) 
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Since Ala~H/h = Blb = {h^ — ab)IA, and neither }fl-ab nor A 
is zero, these results, applied to the general equation F{x, y) =0, 
lead to the following analytical tests for the respective curves : 

The general equation 

F(x, y)sax^ + 2hxy + by“ + 2g3i: + 2fy4 c = 0 

represents 

(i) an Ellipse if < ab, ■. 

(ii) a Circle if h-0 and a=b, I {72c) 

(iii) a Hyperbola if h^>ab. J 


Ex. 11. The equation of motion'of a_pa^iclc, n-Jiosc jwlar coordi- 
nates at any time t are (r, 0), moiling under a central acceleration 
inversely proportional to r, is 




where u = ljr and c, g are constants. Sheir that its path is an 
ellipse or a hyperbola according as g is positive or negative. 

From the given equation, 


d^u _ g 


Multiplying by 2 • ~ , 


du ddu 
dtt dtf' 




Integrating, ^ 


dti^ g 

dd) ~ 


c^u^ 

■2 — 7/4 . 


\du 


-id +A = {Au^ -u^- gjc^)/u^ 

= {{A^li- gjrd) - [u^ - AI2Y]ju^ 

= {1d-{u^-AI2f}lu^, 
where = A^j^. - gjc^. 

Separating the variables, 

de-- 


u . du 


Put u^ — A 12 = V, then 


-Jkd-(ii^-AI2f 


2d0 = 


which, on integration, gives 


dv 


n/F 


20 = 8in“^|+;8 or v = k sin {20 - (i). 
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Putting in the value of v, and writing 'p for sin and q for cos fi, 
u^- A j2 = 2kq sin 0 cos 0 — kp (cos^O - sin^^). 

Transferring to Cartesian coordinates ^by (62), and putting 1/r 
for u, 

1/r^ - ^/2 = 2kqxylr^ - kp{x^ - y-)jr~ ; 

the equation of the curve becomes 

x2 {A 12- kp) + 2kq Ty + if {A 12+ kp) = 1 . 

Hence, by (72k), this will represent an ellipse or hyperbola 
according as 

k^q^ - (d/2 - kp)(AI2+kp) is < or > 0. 

Now the ex])ression^P<y2-d“/4 +k^p 

= k'^ - A^jl, since p^ +q^--l, 

= A-I[ - pje^ - Afi, on putting in the value of k. 

so that, if p is positive, -p/c“<0, and if p is negative, - pjc^>0. 

the path of the [(article will be an ellqise if p is positive and 
a hyjierbola if p is negative. 

74. Some Properties of the Ellipse. The chief tangent pro- 
perties of the conics are dealt with in the next chapter, but the 
ellipse is so iinjiortaiit in practice that its equation will now be 
derived inde[)endently from the locus definition, and some of the 
chief characteristics of the curve developed wdiich do not depend 
upon the properties of tangents. 

Ex. 12. Find the eqinition to an ellipse referred to its centre as 
origin and its diameters 2a, 2b, as axes. 

Prove that 

(a) the focal distances of a point (x', y) on the curve are a ±ex' ; 

(L.U.) 

(b) the .sum of the foail distances of any point on the curve is 

constant ; (L.U.) 

(c) the sum of the eccentric angles at the extremities of any 

chord of a system of parallel chords is constant, and that 
the locus of the mid-points of these chords is a straight 
line ; (L.U.) 
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{d) the difference of the eccentric angles of tivo points which arc 
the extremities of two conjugate diameters is a right angle ; 
(e) the sum of the squares of a pair of conjugate diameters is 
constant, and that their product varies as the cosecant of 
the angle between them. (L.U.) 

Let AA^ (J'ig- 21) be the x-axis, KH the directrix, F. the 
foci, and A, A^ the points where the curve crosses the axis of x. 
Bisect AAj^ at 0, then AyO — OA =a. 

Now, since .4 is a point on the curve, FA = e . AK. 


Similarly, A^F=e.A.yK, 

where e is the eccentricity, then 

FA+A.,F = e{AK+A^K ) ; 

2a = e{OK-a+a+OK)^2e .OK, 
so that OK=ajc. 

Also AiF-FA=e(AiK-AK); 

a+OF-a+OF = e{a + OK-OK+a)=^ 2ae 
OF=ae. 

Hence, Distance of directrix from centre- a/e, \ 
and „ „ a focus „ „ = ae. / 


(78a) 


Suppose P{x, y) be any point on the curve, then ON = x, NP=y, 
and by definition 

FP^e.PII^e.NK = e {OK ~ON)=^a-ex; 


FP^ = {a-exf. 


But FP^ = y^ +NF^ =y^ +{OF - x)^ = y* + [ae - x)^ ■, 

• • if = ~ (®® “ “ 6^) ~ ^^)- 

Let y = b when x = 0, then l)^=a^{] - e^), giving = 1 - b^a^, the 
relation {69c) already found by another method in Ex. 5. 

Substituting b’‘/a^ for 1 - e^, the equation finally becomes 

x^/a^ +y^fb^ = l, 
which corresponds with (696). 

(a) The focal distances of P are FP and F^P ; and from the 
above analysis, FP^a-ex 


Similarly, since the curve is symmetrical about OB, 
F^P = e . NKi = e . [OK^ +x) —a +ex. 
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Hence, the focal distances of any point {x' , y') on the curve are 

aztex'. (78b) 

(ft) The sum of these focal distances 


= a - ex + a + ex = 2a = length of ma] or axis. 

This property gives a simple mechanical construction of the curve. 
If a loop of thread whose perimeter is + PP +PPj = 2a(e +1), 
be threaded over two pins firmly fixed at F, F^, then by moving 
a pencil vertically at P, keeping the thread always taut, the 
curve will be traced, since F^P + FP remains constant. 



(c) Let a circle be described on AjA as diameter, then this 
circle is known as the Auxiliary Circle, and its equation is clearly 
+ y^ = a*. 

Produce NP to meet the circle in P' ; join OP', and let the 
angle NOP' = <j}. This angle is called the Eccentric Angle ol 
the point P. Now x = ON = OP' cos = a cos </>, and since P lies 
on the ellipse, = i . 

By substitution for x, 

cos®^+^^/ft2 = l, or - cos*<ft = sin^0 ; 

y^NP=b sin <ft. 

Hence the coordinates of any point P on the ellipse may be 
taken as ^ ^ j, gig (73o) 

where </> is the eccentric angle of P. 

B.M. 


P 
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Let y = tnx + c be any chord PQ, and let the coordinates and 
eccentric angles of P, Q be {x^, y^) and {x^, y^) ^2 respectively ; 
then 

ajj = o cos ff>i, 2/1 = 6 sin <^i, x^=a cos <^2> 2/2 = ^ *^2> 

and the points P, Q are on both the chord and the ellipse ; 

b sin (f>i = ma cos 4 >i + c, 
b sin <f>2=nia cos 4>2 + c. 

Hence, by subtraction to eliminate c, 

b (sin 4 >i — sin =ma {cos - cos 1^2) > 
by (14), 

6 cos K<^i+</> 2) sin l{<bi-(f>i) = - ma sin |(^i + <^2 U 4 >i- 4 > 2 )- 

Divide out by sin which is not zero, since P and Q 

are not coincident points ; then 

b cos +<(>2) = - ina sin |(<^i + ({'‘2) 
tan ^(<^1 +<^2) = - blima), 


or <|>i+4)j=2taii-H-b/(ma)} (78d) 

which is constant as long as m is constant, i.c. as long as the 
chords are parallel. 

Let (x, y) be the coordinates of the middle point of PQ, then 
2 x = Xi +a:2 = ®(cos <^2 +cos <^^ = 2 a cos |(<Ai + <^2) cos l( 4 >^ - 4 >^), 
2?/ = 2/1 + 2/2 = & (sin + sin ^2) = 26 sin ^(<^1 + <^2) cos i (<^i - <^2)- 
By division, 

ylx = bla . tan l{ 4 >i + <t>2)= - l^j{a^r)i), by (73d) ; 

/. y= -h^xlia^m), 

which is a straight line ; hence, the locus of the mid-points of 
a system of parallel chords of an ellipse is a straight line. 

Writing the equation in the form y = m'x, where in'm= -b^ja^, 
and proceeding as before, it is obvious that the locus of the mid- 
points of the system of chords parallel to iy = m'a: is 

ylx= -lf^l{a^m'), 


i.e. 


y=mx. 

Chords parallel to ^ = mx are bisected hj y = m'x, and chords 
parallel to y = m'x are bisected by ^ = mx. Pairs of straight lines 
passing through the centre which possess this property are called 

Conjugate Diameters. 

Hence, the equation of conjugate diameters of an ellipse may 
be written , 

a*.j 


where 


y = mx, y = m! 
mm'= -b*/a* 
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(<?) Let LM, CD be two conjugate diameters whose equations 
are y = mx, y = m'x, and let 8, <f> be the eccentric angles of the 
extremities L and D ; then, since 

y = wi*, 6 sin 0 = ma cos 6, 

and y = m'x, bam.(f> = m’a cos <jf>. 

Hence, by multiplication, 

6* sin 8 sin (j) = mm'a^ cos 8 cos </> 

= - 6* cos 8 cos <i>, from (73e) ; 
sin 8 sin + cos 8 cos =0, 
or cos {8 — <t>) =0 ; 

0-<i> = 2 (78f) 

Thus if L', D' are points on the auxiliary circle corresponding 
to L, D, the angle L'OD' = 8 - (f> = a, right angle. 

(e) OD^ — a^ coa^4‘ 

01/ = cos ^ 8 -\-b^ sin * 8 

=a^ coa^(^ + <i>'j +b^ sir/(^ + i>y by (73/), 

= a* sin*<^ 4- b* cos*<^ ; 

OD* +OL*=a*(cos*</j +sin*<;f>) +6*(sm*</> + cos*i/)) =n* +6*. 

Sum of squares on semi-conjugate diameters 

= + b’’ 

= 8um of squares on semi-axes (73g) 

Let the coordinates of D and L be {x^, y-^ and {x^, ; then 

since area of triangle LDO = I . LO . OD . sin /, where \I^=l DOL, 
by (63), 


LO . OD sin f = 

Xi 

Xj 

0 


a cos <f> 

a cos 8 

0 


yi 

ye 

0 


b sin <f> 

b sin 8 

0 


1 

1 

1 


1 

1 

1 


=a6(8in 8 cos - cos 8 sin <^) 

= ab sin {8-<f>) =ab, by (73/) ; 

LO . 0D=ab coseo \|/ (78h) 

i.e. the product of the conjugate diameters is directly proportional 
to the cosecant of the angle between them. 
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76. Roulettes and Olisettes. Another group of loci which is of 
practical importance is that known as Roulettes and Glisettes. 

A Roulette may be defined as the locus of a point carried by a 
curve which rolls upon another fixed curve, whilst a Oliiette is 
the locus of a point carried by a lamina which is constrained to 
move so that a curve drawn upon it always remains in contact 
with two given fixed curves. 

Only a few practical examples of these loci will be considered. 


Ex. 13. (i) Obtain the eqiuitions of the cycloid in the form 

x — a{8-sind), y = a{\ -cos d). (L.U.) 

(ii) A circle rolls on and touches the outside of a fixed circle of 
radius a ; shew that the path of a point on the circumference of the 
rolling circle u'lll he given by 


( 




x — a{l+n) cos 6-nacos 


1 +n 
n 


y = a{l +n) sin 0 -na sin 




jx = a{\ -n') cos 0' +n'a cos^-^^d’, 

=a(l - n') sin d' - n'a sin > 

according as the fixed circle is outside or inside the rolling one, the 
radii of the latter being na and n'a respectively. 

If n = 3, find n' so that the curves may he identical and express 9' 
in terms of 9. (L.U.) 



Fig. 22. The cycloid. 


(i) The cycloid is the locus of a point carried by a circle which 
rolls on a fixed straight line. Let P (Fig. 22) be the point situated 
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on the circumference of the circle with centre C, which rolls 
without slipping along the straight line OX. 

Let 0 be the initial position of P, so that arc AP = OA, then 
if the coordinates of P are {x, y), and d = LACP, i.e. the angle 
made by the radius to P with the vertical, 

X = ON = OA — HC = arc AP - a cos PCH =a9 -a cos 
= a {6 -ain 6), where a = radius of circle, 
and y = NP = AC \-HP = a +a sin^6(-^^=a(l -cos 0). 

The equations of the cycloid are 


x = a(6-sin0), y = a(l-cos8). 


(74) 


(ii) When the circle carrying the point P on its circumference 


rolls on the outside of a fixed 
circle, as in Fig. 23, the locus is 
known as the epicycloid. 

Let 0, the centre of the fixed 
circle, be taken as origin, and 
suppose that P was initially at 0, 
then if l COQ - B, 

lPQH = lOQP-lOQH 
= (arc BP)l{na) - ir/2 + B 
= (arc BC)l(na) — ff/2 + B 
= — jr/2 +B 

= (1 +n)Bln-Trj2. 

Taking OC as cc-axis, and (x, y) 
x==ON = OA+HP=a(l 



as the coordinates of P, 
h n) cos B +na sin PQH 


= a(l +n) cos B +na sin {(1 +n)0/n-7r/2} 


= a(l +n) cos 9-na cos 


1 +n 




and y = NP = AQ - HQ-a(l + «) sin B-na cos PQH 

=a(l +n) sin 6 -na sin?^^ . B. 


When the rolling circle encloses the fixed circle, or rolls inside 
the fixed circle, the path of the point carried on the circumference 
is called a hypocyoloid. The coordinates of the curve may be 
determined exactly as in the case of the epicycloid, and therefore 
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may be derived from those found above by replacing n with - n' 
and B with B ' ; hence 

x=a{\- n') cos B' -a{- n') cos ^ B' 

' -n 

1 

=a(l - n') cos B' +an' cos — ~ B', 

n 


and 


1 

2 / =a(l - n') sin B' - an' sin — B' . 


When the curves are identical for n = 3, 

1 yij 

4 cos 6/ - 3 cos *B = {1 -n') cos B' +n' cos - B', 


1 

4 sin 0 - 3 sin — n') sin B' ~ n’ sin — . B'. 

n 

Squaring each and adding, 

25 - 24 cos = 1 - 2w' + 2w'^ +2w'(l - «') cos . 

This must be an identity, so that 

2w'2 - 2w' + 1 = 25, 2n'(l - w') = ~ 24, ~ = l{2mT±B) ; 

ft 

n' = 4 or -3, giving B' = l{2air ±B) or B-2mr. 


76. General Equations for the Cycloids. If b be written for the 
radius of the rolling circle, the equations of the Epicycloid become 


x = (8 + b) cos 8 -b cos 

y = (8 + b) sin 0 -b sin 
and those of the Hypocycloid, 

x = (a -b) cos 8 + b cos 

y = {a -b) sin 8 -b sin 



8 -b 
b 

8 -b 
”F 


(76a) 


(76b) 


From these equations, those of two other important curves may 
be derived as particular cases. 

(a) Let 0 = 6, then (76a) becomes 


x = a(2 cos 0 -cos 20), y=a(2 sin 8 -sin 20) (76a) 

These are the equations of the Cardioid, but they may be com- 
pressed into one simple equation, by changing the origin, and 
transforming into polar coordinates. 
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In Fig. 23, let QP produced meet OC produced in K ; then 
since the radii of the circles are equal, and arc BC = arc BP, 

LKQO=LQOK = d- 

KQ = KO. 

But PQ = CO, so that KP = KC ; 

CP is parallel to OQ 

and LKCP=LKOQ=^d. 

If, therefore, G be taken as the origin, and (r, 6) the polar 
coordinates of P, CP=r 

r COB d=(m=^ON-oc 

= a(2 cos 6* — cos 26) - a, from (76(i), 

= 2a(co8-cos^d). 

Dividing out by cos 6, the polar equation becomes 

r=2a(l -cos 6) 

(/3) Let a = 46, then the equations of the hypocycloid become 
4x=a(3 cos 6 +cos 30) =4o cos®0, from (13), 
giving x^=a^co8 0. 

Similarly, y'^ =a^ sin 6. 

Hence, by squaring and adding, 

x^+y’=a^ (77) 


The curve represented by this 
equation is called the Four-cusped 
hypocycloid. 

Ex. 14. A bar of given length moves 
with its extremities on two fixed straight 
lines at right angles. Prove that a 
marked point on the bar describes an 
ellipse. 

If the length of the bar be 20 in., and 
the marked point be 4 in. from one end, 
determine the eccentricity of the ellipse 
and the position of its foci. 



ON B X 

FlO. 21. Meclianlcal tracing 
of an ellipse. 


Let AB (Fig. 24) be the bar, OX, OY the fixed straight lines, 
and P the marked point. 
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Take OX, OY as axes, {x, y) as the coordinates of P, and 
suppose AB=l, and AP = k, then 

HPIPA^NBjBP-, 

• HP^IPA^ = NB^IBP^=={BP^-NP^}IBP^, 

i-e. 

giving + y^jijL -If = \, 

which, by (696), is an ellipse whose centre is 0, and whose semi- 
axes are h and l~k. 

In the given case, take A;=20-4 = 16 in. and l-k = i in.; 
then, from (69c), the eccentricity e of the ellipse is given by 

e2 = l -(4/16)2 = 15/16, 

BO that e = v/15/4 = 0-968. 

Also, from (73a), distance of foci from 0= 16e = 15-5 in. approx. 

Ex. 15. A is any point on the circle a^+y^=a^ whose centre 
is 0, and B is a fixed point on the axis of x such that AB is of con- 
stant length 1. If OA meets the line through B parallel to the axis 
of y in C, shew that the locus of C is given hy the equation 

(a?+y2)(a:2+a2-12)2 = 4a2a:«. (L.U.) 

From the equation of the circle, 0 is the origin ; hence take 
the coordinates of C as {x, y), then if l BOC = <t> (Fig. 25), 



P = KA^ +K& = a^- OK^ -f (x - OKf -2x . OK 

—a^ +x2 — 2ax . OBjOC. 

Multiplying out by OC, and squaring, 

OC2(a2 = . OB^, 

i.e, +y^){a^ +3fi — P)^ = 4a^x*. 
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Exercises 10 . 

1 . Find the area of the triangle ABC, whose vertices are A (2, 3), 
5(2, 17), C (12, 14) ; and find the length of the perpendicular from 
C to AB. 

2. Find the area of the trianglb whose vertices are (a +b, 2a), 
(a, a - b), {2b, b). Explain the case when a =2h. 

3. Shew that the three points (3, 11), ( - 2, - 1-5), (9, 26) are collinear, 
and find the equation of the straight line passing through them. 

4. Find the value of a such that the three points (a, 8), (0, a), (2a, 13) 
are collinear, and find the equation of the line passing through them. 

5. A straight line is drawn through the point (5, 9) inclined at 45° 
to the axis of x. This straight line is cut in points P, Q by the lines 
x+3y=20, 7a: + 2 / =120, which pair themselves intersect at T. Shew 
that the triangle PQ'J' is isosceles, and give the length of each of the 
equal sides and the tangent of the angle at the vertex. 

6. Find the coordinates of the point which divides the line joining 
the points (a:j, iJi), (x^, y^), internally in the ratio I : m. 

Find the ratio of the segments into which the lines joining (1, 3) to 
(5, - 3) and (4, 5) to ( - 1, - 4) are divided by their point of intersection. 

(L.U.) 

7. Determine the ratio in which the segment of the straight line 
joining (2, 3) to ( - 1, 4) is cut by the straight line x+y +1 =0. 

(L.U., So.) 

8. Shew that the polar equation of a straight line may be written 
in the form p=r cos (d - a), where p is the length of the perpendicular 
to the line from the origin and a the angle it makes with the a:-axis. 
Deduce the Cartesian form, 

p =:x cos a +y sin a. 

Shew also that the polar equation of the straight line passing through 
the given points (rj, di), (r^. d^) is 

rrj sin (d - di) +rp 2 sin (Oj - d^) sin - 0) =0. 

9. Find the coordinates of a point at a distance r from the point 

(a, /3) on a line through (u, fi) which makes an angle d with the positive 
direction of the axis of x. (L.U.) 

10 . Shew that the equation fiOx'-® -103xy -722/‘*=0 represents two 
straight lines, and find the angles between them. 

11 . Find the angle between the lines ax^ +2hxy +by^ =0, in terms of 

the coefficients. (L.U.) 

12 . Shew that the equation 2x* - 13xy -7y* +x +23y -6 =0 repre- 

sents two straight lines, and determine the angle between them. Write 
down the equation of the pair of straight lines parallel to these through 
the point (1, 2). (L.U.) 
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13. Find the equation of the straight line which joins the point 
(3, 6) to the intersection of the two lines 

4a; + 1 / -1=0, 7aj-3y-36=0. 

Shew that this line is equidistant from the origin and the point (8, 34). 

14. Find the equation of the straight line which passes through the 

point (h, h), and is perpendicular to the line ax+hy +c =0. (L.U., Sc.) 

16. Two straight lines meet at an angle d, and pj, are the lengths 
of the perpendiculars on them from any point. Shew that the lengths 
of the perpendiculars from this point on the lines bisecting the angles 
between them are ^ ^ 

UPi +Pi) coseo I and J(pi -pj) sec 
where the point lies in the angle denoted by d. (L.U., Sc.) 

16. Perpendiculars are drawn from the point (c, d) upon the lines 

ax^ + 2hxy +by^ =0. 

Shew that their equation is 

a(y -dy -2h(x -c)(y -d) +i{x -c)“ =0. (L.U., Sc.) 

17. Shew that the equation 

1/r =o +6 cos 0 

represents a straight line if a =0, and a parabola if a =6. 

Prove that the line c/r =cos {B -a) meets the parabola 
llr =1 +C 08 {d -/3) 

in real points if 2c cos (a - /J) < 1. (L.U., Sc.) 

18. Prove that the equation of the chord joining two points whose 
vectorial angles are a +0, a - /S, on the conic ljr = l +e cos B, is 

f/r =8ec /? . cos {B - a) +e cos B- 

If PSQ be any chord of the above conic which passes through the 
focus S, shew that ijsp + ijQS =2/i. 

By reducing each of the following equations to its simplest form, 
indicate the nature of the locus represented, giving also the coordinates 
of its centre : 

19. 3p(2-3x)=7(3a;-2). 

20. 288a:2 - 168xp +337y^ =576. (L.U., Sc.) 

21. 12a;* -2a;2/ -2«/* +14a: +8y -6=0. 

22. 9x* +24a;y + 16y* +9x + 12y +2 =0. 

23. X* +6xy +9y* -68x -iy +66 =0. 

24. 9x*+24x 2/ +16!/* -170x-185y +625 = 0. 

25. (16y-8x + l)*-4(23x-7j/)=0. 26. {2x +y -3)* -8x -4y -9=0. 

27. 3x* -4xy +p* +12x -4y +48=0. (L.U., Sc.) 

28. 2x*+6xy +2y* -llx -7y -4=0. (L.U.) 
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29 . Interpret geometrically the following equations : 

(o) a:® + 4a:^ + 42/‘‘ + 2x4-4y-3=0, 

(6) 5a;® + 4a:j/ + 8y*- 12x- 12y=0. (Br.U.) 

30. Prove that the equation of the chord of an ellipse Ax^ =1, 
which has {h, k) for its middle point, is 

Ahx + Bky = Ah?' + Bk^. (L.U„ Sc. ) 

31. Find the equation of the conic which passes through the six 

points (0, 1), (0, 3), (1, 0), (3, 0). (2, 6), (5, 2). (L.U.) 

32. Prove that the points of bisection of all parallel chords of a 
parabola lie on a straight line. 

In the parabola y^=6x, chords are drawn through the fixed point 
(9, 5). Shew that the locus of middle points of these chords is the 
parabola y^-5y-Zx+ 27 =0. 

33. If the equation ax^ +2hxy + by^ +2gx +2fy + c —0 when referred 
to new rectangular axes, the origin remaining unchanged, becomes 
a'x^ +2h'iy +b'y^ +2g'x +2f'y +c' =0, shew that a'+b' = a+b and 
a'b' -h'^=ab-h\ 

34. Prove that, if (^, y), y') are the coordinates of the ex- 

tremities of two conjugate diameters of the ellipse 

x^la? = 1 , 

then ^7® = ±r//6, ii'jb = ±^/o, both upper and lower signs being taken. 

(L.TJ., Sc.) 

35. Find that diameter of the ellipse x^-xy + y^ = l, which is con- 
jugate to the axis of x. Hence prove that = 8/3, where a and 6 

are the semi-axes. (Br.U.) 

36. Prove that the locus of a point which is equidistant from two 

given circles, one of which lies entirely within the other, is an ellipse. 
Find the eccentricity of the ellipse in terms of the radii of the circles 
and the distance between their centres. (L.U.) 

37. AB and CD are rods of equal length Oj, joined crosswise by rods 
ad and BC of equal length Uj ; P and Q divide BA and BG in the 
same ratio r. If the straight line PQ cuts DA and DC in R and 3, 
prove that these rods are also divided in the ratio r, and that 

Hence, or otherwise, shew that if Q be constrained to describe a 
circular arc passing through P, R will describe a certain straight^e. 
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38. A circle of raidiua a rolls on the outside of another circle of the 
same radius. Shew that the polar equation of the path traced out by 
any point on the rolling circle is 

r =2a(l -cos d), 

the origin being the point of contact of the tracing point with the fixed 
circle, and the initial line, the radius of this circle through the point. 

(L.U.) 

39. An ellipse has its centre at 0 ; its axes lie on the coordinate axes 
OX, OY, and it passes through the points P (2, 7) and Q (4, 3). Find 
the equation of the ellipse and give the position of the foci. Shew that 
the length of the semi-diameter conjugate to OP is ^(841/30), and 
give its equation. 

40. Shew that the length of a focal chord of an ellipse inclined at an 
angle </> to the major axis is 211(1 -e^ cos^ (/>), where 21 is the length of 
the latus rectum. 

41. The coordinates of a point P are given by 

x=at'‘' +bt+c, y=:bfi-at+k, 

where < is a variable. Shew that the locus of P is a parabola whose 
axis is the line 

(a* -b‘^)(ay -bx)=(a^ +b^){bc -ak). 

42. AB is a fixed diameter of a circle, PN the perpendicular let fall 
from any point P of the circle to AB. On PN a point Q is taken such 
that QN —\PN. Shew that the locus of 0 is an ellipse, and give its 
eccentricity. 

*43. A rod PQ rests with one end Q on the arc of a smooth curve, and 
the other end P against a smooth vertical wall in the same vertical 
plane. If the rod remains in equilibrium for all positions when P is 
higher than Q, shew that the curve is an ellipse and determine its 
eccentricity. 

*44. The coordinates of a particle in time t are given by 
x=a cos pt, y=b COB (pt+i), 

where o, b, p and t are constants. Shew that the path of the particle 
is, in general, an ellipse, and deduce the nature of the locus in each of 
the following particular cases : 

(a) when < =njr, 

(b) when £ =(2n l)7r/2, and o =b, 

n being a positive integer in each case. 

*45. Find the path of a particle whose coordinates at time t are given 
by X =a cos pt, y =a cos (2pt -(-£), and shew that in the particular case 
when £ =0, the path is a parabola whose latus rectum is }a. 
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EX. 10] 

*48. BODE is a parallelogram having BC =ED=za, BE=GD=b, 
CB is produced to any point A, and the whole figure thus represents a 
linkage of bars freely hmged at B, O, D, E, whilst the point A is fixed. 
Shew that if E be constrained to move along a straight line passing 
through A, then D will describe an ellipse whose eccentricity e is given 

e*(a +26) =46(a + 6). 


*47. Two equal rods AB, CD, each of length 6, are joined crosswise 
by two other equal rods AG, BD, each of length a. The rod BD is 
fixed and A constrained to move in a circle whose centre is B. Shew 
that the locus of the instantaneous centre of the rod AC is an ellipse 
or a hyperbola according as a is less than or greater than 6. 

*48. PQRS is a rhombus each of whose sides is a ; OQ, OS are two 
lines each of length 6, 0 being outside the rhombus. Prove that the 
rectamgle OP . OR = 6^ - a“. 

The whole figure represents Peaucellier’s linkage to transform circular 
motion into rectilinear motion, P being constrained to describe the arc 
of a circle passing through 0 ; prove that R traces out a straight line 
perpendicular to the diameter through O of the circle, and at a ^stance 
(6® -a®)/2r from it, where r is the radius of the circle. 


*49. A particle whose polar coordinates are (r, 0) describes a curve, 
under a central acceleration, which is given by the equation 


d0* 



= k- 


1 


where k is constant ; shew that the path is a conic, and determine the 
necessary conditions that it should be an ellipse. 


*60. OA and OB are two lines at right angles ; the circles with O as 
centre and these lines as radii are drawn, and any line through 0 meets 
the circles in P and Q ; lines are drawn through P and Q parallel to 
OA and OB meeting in R and 8. Prove that R and S move on two 
ellipses. (L.U.) 


61. A body is projected with an initial velocity of V ft. per sec. 
at 0° to the horizontal. Shew that its least speed is F cos 0, and that 
if the horizontal range and gi'eatest height are to be equal, 0 must be 
76° 58' approximately. In this case find V for a range of 425 ft. 


*62. A particle is projected at an angle 0 with the horizontal up an 
inclined plane in a vertical plane through a line of greatest slope a. 
If the particle strike the plane perpendicularly, prove that 

cot a =2 tan {0 — a). (S.U.) 


*68. AB is a rod, sliding with its ends on two rectangular rods OX, 
OY. C is a fixed point on the rod, and CP is perpendicular to AB 
and of fixed length. Find the locus of P for various positions of AB 
and determine what the locus becomes when €P^ = GA . CB. (Br.U.) 
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Let the line y=mx+c intersect the curve ay^ = x^, then th 
abscisBae of the points of intersection are given by 

a(mx+c)® = x®, 

or ofi- am^3? - 2macx - ac^ = 0. 

If the line is a tangent to the curve, then two of the roots c 
this cubic must be equal ; the condition for this is, by (78), 

(c + ^ = f, m®a( c + J m^a ) , 

or c= 

Hence the equation of the tangent becomes 
y = mx-^^^rn^a, 
or 27y=ni{27x-4m“a). 

78. Tangents and Normals to the Conics. If the straight lie 
y = mx + n intersects the conic F (x, y) = 0, then the quadratii 
^’{i, ma: + w) =0, gives the two abscissae of the points of inte 
section. Hence, when the line becomes a tangent these tw 
abscissae will be equal, and the quadratic must therefore ha\ 
equal roots. The condition for this gives the value of n in tern 
of m, and the general equation of the tangent to the conic 
determined in terms of m. 

The normal to a conic is defined as the line perpendicular to tl 
tangent at its point of contact with the curve, so that by (656 
if m' be the gradient of the normal, mm' = - 1, giving m' =-11% 
From this fact, the general equation of the normal in terms of 
is also easily derived, as the following example will shew. 

Ex. 2. Find the equations of the tangent and normal i 
terms of the gradient m at any 'point on each of the following curves 
the parabola, y^ = iaz; the circle, x^+?/^=o*; the ellipse and tl 
hyperbola whose eqications are x‘‘ja^ dty^jb^ = 1 respectively. 

Let the straight line y = mx + n intersect the parabola y'^ = Aa 
then the abscissae of the points of intersection are given by tl 

^ (mx +»)* = 4ox, 

or jn*x^+2(mn-2o)x + w®=0. 

This quadratic will have equal roots if 
(mm - 2o)2 = m^n^, 
n=afm. 


i.e. if 
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Hetice the line y = mx +ajm touches the parabola for all values 

Qp'm. 

Further, since the sum of the roots of the above quadratic is 
— 2(mn-2a)jm^, and, in the case of the tangent, the roots are, 
equal, 

each root= -(inn-2a)jm^ = alni^, on putting n=afm. 

' With this value of x, substituted in the equation of the parabola, 
V^he corresponding coordinate is ±2ajm. 

Hence the line y = mx + a/m touches the parabola y* = 4ax at the 
point (a/mS ±2a/m). - A- 

If /A = l/m, then any poidt on ther parabola y^==4xix may be 
represented by the coordinates 2aju), and /x is called a 

variable parameter. The importance of this lies in the fact that 
two variables, x, y, have been replaced by a single variable /x, 
which is often of great convenicmce in solving problems. It 
should be observed that if d = slope of tlie tangent, then m = tan 0, 
and /X = 1 /in = cot d. 

From § 78, it is evident that the equation of the normal at 
the point 2«///() is of the form 

'y y=^-x/mi-n', 

and since the point {a/iifi, 2ajm) is on the normal, 

2ajtn= -ajin^ +n'. 


from which n' = 2afin +ajm^ ; 

y= -x/)n + 2a/in+a/m^. 

If, therefore, in' be the gradient of the normal, no' = -1/m, and 
the equation becomes 

y =m'x - 2am' - am'®. 


Taking now the ellipse a^/a^ + y^/Ir I, the abscissae of the 
points of intersection of the curve and the line y = mx+n are 
given by + ,j ,)2 = ^ 2 ^, 2 ^ 

or + a®/H®) + 2a^mnx + a® ( - 6®) = 0. 

The condition for equal roots is 

a 4 = a" ( n® - 6®) (h® + a^m ^) , 

giving n® = h® + ahn^. 

Hence, y = mx ±v^b® +a®m® is a tangent to the ellipse for all 
values of m. The double sign indicates that there are two 
tangents for every value of ni. 

B.M. 


Q 
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Let the line y = mx+c intersect the curve ay^ = x^, then the 
abscissae of the points of intersection are given by 

a{mx +c)® = x®, 

or sfi — am?!^ - Imacx - ac^ = 0. 

If the line is a tangent to the curve, then two of the roots of 
this cubic must be equal ; the condition for this is, by (78), 

(c + f c + 1 m^a ) , 

or c= -^ni^a. 

Hence the equation of the tangent becomes 
y = inx - 

or 27y=m{27x-4in*a). 

78. Tangents and Normals to the Conics. If the straight line 
y = m,x + n intersects the conic F{x,y) = 0, then the quadratic, 
F{x,mx+n)=0, gives the two abscissae of the points of inter- 
section. Hence, when the line becomes a tangent these two 
abscissae wiU be equal, and the quadratic must therefore have 
equal roots. The condition for this gives the value of n in terms 
of m, and the general equation of the tangent to the conic is 
determined in terms of m. 

The normal to a conic is defined as the line perpendicular to the 
tangent at its point of contact with the curve, so that by (656), 
if m' be the gradient of the normal, mm' = - 1 , giving m' = - 1 /m. 
From this fact, the general equation of the normal in terms of m 
is also easily derived, as the following example will shew. 

Ex. 2. Find the equations of the tangent and, normal in 

terms of the gradient m at any point on each of the following curves ; 

the parabola, y^ = ^x ; the circle, +y^=a^ ; the ellipse and the 

hyperbola whose equations are x^ja^ ±.y’^ll:^ = \ respectively. 

Let the straight line y = mx n intersect the parabola y® = ^x, 

then the abscissae of the points of intersection are given by the 

equation , . 

^ (rnx+nY = iax, 

or + 2{mn - 2a}x + n® = 0. 

This quadratic will have equal roots if 

{mn - 2o)® = m®n®, 

n = afm. 


i.e. if 
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Heticc the line y = mx +ajm touches the parabola for all values 
oi^n. 

Further, since the sum of the roots of the above quadratic is 
— 2{mn — 2a)lni?, and, iti the case of the tangent, the roots are 
equal, 

.‘. each root = on putting n=af'm. 

With this value of x substituted in the equation of the parabola, 
Jdie corresponding coordinate is 

Hence the line y = mx + a/qj touches the jiarabola =4ax at the 
point (a/m“, ± 2a/m). 

If iJ. = ljm, then any poiiit 00 "^ ther'^parabola y^ = 4MX may be 
represented by tlie coordinates 2a/x), and y is called a 
variable parameter. The importance of this lies in the fact that 
two variables, x, y, have been replaced by a single variable y, * 
which is often of great convenience in solving problems. It 
should be observed that if d= slope of the tangent, then m = tan e, 
and — = cot 0. 

From § 78, it is evident that the equation of the normal at 
the point {ajnfl, ^ajm) is of the form 

"'j* y = - xjM -h n', 

and since the point 2ajm) is on the normal, 

.'. 2al m = - aj + n' , 

from which w' =2ajm +ajni^ ; 

y= —xj)H+2ali)i+afm^. 

If, therefore, in' be tlm gradient of the normal, in' = - 1/m, and 
the equation becomes 

y = m'x - 2am' - am'^. 

Taking now the ellipse x^fa^ +y“llr — l, tlie abscissae of the 
points of intersection of the curve and the fine y = mx+n are 
given by ^a^{mx +nf=a%'^, 

or + Q^m^) + 2ahnnx +a^{ii^ - h^)=0. 

The condition for equal roots is 

ahifinji =a"(n^ - b^) +a^in^), 

giving n,^ -h^ + a^m^. 

Hence, y = mx iv/b*^ -ta^m^ is a tangent to the ellipse for all 

values of m. The double sign indicates that there are two 
tangents for every value of m. 

U.M. 


Q 
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Let ]i^ = b^ +o®jn*, then, since the sum of the roots of the above 
quadratic = - when the roots are equal, each will be 

-2a’^mnlk? = Ta^mjk. Substituting this value in the equation 
of the ellipse, the corresponding ordinates at the point of contact 
become ±l^jk. 

Now the normal at this point will have an equation of the 
form y=-xjm + n', and substituting the coordinates of the 
point, this becomes 

so that, if m' = gradient of normal, m' = - 1 jm, and the equation 
of the normal to ellipse is 

y = m’x ±m'(b^ - a.^)/\/aF+m^. 

The corresponding equations in the cases of the circle and 
hyperbola may now be easily deduced from the above. 

For the circle, b=a, and the equations of the tangent and normal 

become , rz j , 

y =mxi;aVl +m“‘ and y=mx, 


thus shewing that the normal passes through the centre. 

For the hyperbola, must be replaced by - b^, and the tangent is 

y = mx±‘Ja^m^ - b^, 
and the normal, y = m'xT 

In the cases of the ellipse and hyperbola, it is usually more 
convenient to take a parameter other than ni in order to obtain 
rational coefficients in the equations for the tangent and normal 
respectively. 

For the ellipse, the eccentric angle <f> will readily effect this. 
From (73c), the coordinates of any point on the curve may be 
taken as (o cos </>, b sin <^) ; hence, at the point of contact of the 
tangent, ^ ^ ft sin (j)— ; 

so that by division h tan <^/a = - b^j{ahn), 
from which m= - {b/a) . cot 

Substituting this value of m in the equation, 
y = mx±s/S^ +a^m^, 

the tangent at (a cos 4>, b sin <t>) becomes 
X cos </) y sin (/> ., 


taking only the positive sign, so that 4> is always positive. 
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Similarly, the equation of the normal at the same point, 
y= —xlm±{l^-a^)/k, 

transforms to — =a^-h^. 

cos </> sm <p 


For the hyperbola, it is obvious that if 

x — a sec 4>, then y = ht&,n <f>, so that the coordinates of any point 
on the curve may bo taken as (a sec <#>, b tan (j>). 

Replacing b^ by -b^ in the m-coordinates of the ellipse, the 
point of contact of the tangent to the hyperbola is 

{Ta^mlh, Tb^k) ; 
a sec </» = T ahnjk, b tan cjiT b^/k, 


which, by division, gives m = b/(a sin <^>). 

Hence, substituting in the equation 

y — mx ±-Jahrfi - Ifi, 

the equation of the tangent at the point (a sec b tan 4>) assumes 
the form ^ ^ ^ ^ ^ 

a b 


Similarly the normal at this point becomes 

, +7- -7;=«* +h“. 

sec </> tan 

All the above equations are collected in § 80 for reference. 


Ex. 3. (i) Determine the coordinates of the ■point of intersection 

T of the tangents at P (am^, 2aMii) and Q {am^, 2am^ to the 
parabola y^ = 4ax, and prove that the area of the triangle TPQ is 

(L.U.) 

(ii) From any point P inside the parabola y^ = 4na:, two normals 
are drawn to the curve which are perpendicular to each other ; shew 
that the locus of P is also a parabola whose vertex is the point (3a, 0), 
and whose latus rectum is a. 

From the above analysis, the equations of the tangents at P 
and Q are 

y = xlmi+ami, y^^xjm^+am^. 

Hence, by solution, the point {x', y') of intersection T is 
x' = awiimj, y' = a (mi+ m ^) ; 
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and, by (63), the area of the triangle TPQ 


1 

am^ 

x' 


II 

to 





2ami 

/ 

y 

2am2 


2mi 

wij + 

2m^ 


1 

1 

1 


1 

1 

1 


= Ja-(mi -mz)’. 

(ii) Let the coordinates of P be {x, y), then the equation of the 
normal to the parabola is 

y = mx - 2am — 

or am^-{x-2a)m+y = 0. 

Since this is a cubic in m, it has three roots ; thus three normals 
can be drawn from (x, y) to the curve. 

Let ???i, »? 2 i ^3 be the roots, then since two of the normals are 
perpendicular to each other, 

"I- 

But by § 77, H-mg + m 3 = 0, 

so that m-y + m^ = -m^, 

+ w! 2»«3 + mgmj = - (x - 2a)/a = 2 - xja ; 

/. ?n 3 (wi + m^) = 2 - xja - m-^n^ =^2-ar'«+l=3 - xla. 
Substituting the value of 4- mj, 

m^=xla — 3. 

Finally, —jyja, ■ 

so that m^ = yla. 

From above relation, 

yya^ = xla — 3, 

or y2 = a(x-3a), 

which is the equation of a parabola having (3a, 0) as its vertex 
and a for the length of its latus rectum. 

79. Tangent and Normal at a Given Point on a Conic. The 

foregoing example shews how the general equations of a tangent 
and normal at any point on a conic may be obtained. It is now 
necessary to fix these lines by making them pass through a given 
point on the curve. This will be investigated in Ex. 4. 
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Ex. 4. Find the equation of the tangent at the point (^, i)) on 
the conic F{x, y) —0. (L.U.) 

Deduce (a) the condition that the line px +qy +r =0 may he a 
tangent at the point (^, »/) ; (h) the equation of the normal at (^, y) ; 
(c) the equations of the tangent and normal at yf) on each of the 
following curves — the parabola, y^ = 4ax; the circle, a?' +y^ — a‘^ ; 
the ellipse and hyperbola, ar/a^ ±y~lb^ = 1. 

Let (^, y) be any point on the line y = mx+n, where as 
usual m denotes the gradient tan 6, and d the slope. Take 
another point {x, y) on the line, distant r from (^, y), then 
x = ^+r cos ti and y = y+rsm B. 

Now suppose (x, y) lies on the conic F{x, y)=0, then substituting 
the values of x and y, 

a(^ +r cos +2/i(^ +r cos B)(f) +r sin B) +h{y +r sin d)* 

+ 2^(^ + r cos d) + 2/(57 +r sin d) +c = 0. 

Arranging this as a quadratic in r, it becomes 
Ar^ +2Br + F a, y)=i), 

where A=a co&^B + 2h sin B cos B +b sin^d, 

and B = (a^ + hy+g) cos B + (h^ + by +f) sin B. 

Now if (^, y) also lies on the curve, F(^, y)=0, and 
Ar-+2Br-.=0, 

from which r=0, or -2Bj'A, and this is the length of the chord 
when (^, y) is not coincident with (x, y). 

If, however, (^, 1/) is coincident with {x, y), i.e. the line is a 
tangent to the curve at (^, T7), then both roots of the above 
quadratic must be zero, the conditions for which are F{^, y)=0, 
and E=0. The former confirms the fact that (^, y) lies on 
the conic, and the latter gives the gradient of the tangent, for 
replacing B by its value, 

(a^ +hy +g) cos B = — {h^+by +/) sin B, 
i.e. tan d = - (a| -^-hy +g)l(h^ + by +f). 

Hence the equation of the tangent becomes 

y= -{a^+ hy -+g)x;j{h^ + by +/) + n ; 
and since (^, y) is on this line, 

n = y+ (a$ +hy +g)^l(fi^+by +/) 

= + 2h^y +by^ +g^ -t-fy)l{h^ +by +/) 

= { . ’i) - {9^ +/d + c))/(Ae + h +/) 

= - (9^+f9 +c)l{h^+by +/), since F($, ->7) =0. 
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Hence, tlie equation of the tangent at (^, t?) on the conic 
F(x, y)=0 becomes 

x{a| + hi?+g) + y{hf +bi?+l)+gf + li7+c=0 (79a) 


(a) li px + qy +r=0 is a tangent to the conic F{x, y) =0 at the 
point (^, T/), then p^ + qrj +r=0 Now let A, be a number such 
that ^p^ + kqr) + kr = 0 is identical with (79a), then 

a^ + htj — kp = 0, 

+ by — kq +J = 0, 

= 0 , 

p^ +q>j +r =0. 

Eliminating y and A from these equations, 


a 

h 

-P 

9 

h 

b 

~<1 

f 

\9 

f 

— r 

c 

P 


0 

r 


Interchanging the third and fourth columns, the condition that 
the line px + qy + r = 0 should be a tangent to the conic F(x, y) = 0 is 

a h g p =0 (79b) 

b b f y 
g f c r 
p q r 0 

The expanded form of this relation is 

p* (6c -P) + q^ {cu ~ g'^-) + {ah - K^) + 2pq [fg - ch) + 2qr [gh - af) 

+ 2pr(hf-bg)==0. 

(6) The gradient of the normal to the conic = - cot 6 
= (h$ + by +f)/(a^ +hy+g)\ 
hence the equation to the normal may be written 
y = {h^ + by +f)xj{a^ +hy+g)+n. 

Since it passes through the point {$, y), 

n = y - {h^ + by +f)^/{a^ +hy +g), 

BO that the equation in its simplest form becomes 

(y - ■>7) (af + hi) + g) = (x - f) (hf + bi? + !) (79o) 

(c) The equation for the tangent (79a) may be written 
ax^ + h{xy+ y^) +byy +g{x + $) +f{y + y) +c= 0, 



247 


5 79] TANGENTS AND NOKMALS 

which may be derived from the general equation F(x, y)=0 by 
replacing 3^ by x^, 2xy by xy+y^, y^ by yy, 2a; by x+^, and 
2y by y + y. This is a general rule, and may be applied to any 
form of equation to the conic ; thus, for the parabola, y^ = 4oa;, 
yy^ = 2a{x + Xi) is the tangent at {x, y). Similarly, xx■^^ + yyl=a^, 
xxja^±yyjb^ = l, are the equations of the tangents at (xi, y-^} on 
the circle x^+y^^a^, the ellipse x^ja'^ +y^lb^ — I, and the 
hyperbola x^/a^ - y^jb^ = 1 respectively. 

For the normals, (79c) gives for the parabola, on putting 
o = /).=/=c=0, 6 = 1, g= -2a, and y = yi, 

-2a(y-yi) = yi(a;-a;i), 
or 2a{y-yi)+yi{x-x^)=0. 

Similarly for the circle +y^=a^, the normal is xyi = Xiy. 

For the ellipse x^ja?' +y^/62 = l, the normal is 

and for the hyperbola = the normal is 

?/i {3: - x^)jb- + Xliy - yi)/a- = 0. 

Ex. 5. (i) Any chord of the parabola y^ = iax is drawn throvgh the 

point (0, 2o) ; shew that the normals at its ends meet on the parabola 
{x-^y -2aY +ay = Q. (L.U., Sc.) 

(ii) Find the equation of the ellipse which passes through the 
point (7, 2-1) and has its foci at the points (25,0), (-25,0), and 
prove that the tangent at the point cuts the minor axis at a distance 
from the centre equal to the distance of either focus from the centre. 

(L.U.) 

Let y = mx + n be the chord ; since it passes through the 
point (0, 2a) ; n = 2a, so the chord is y = mx + 2a. 

Suppose this intersects the parabola in (ap.*, 2a p), then 
2ap ~ map^ + 2a, or rnp^ - 2/i + 2 = 0, 

thus shewing that there are two values of p satisfying this equation, 
i.e. the chord intersects the parabola in two points. 

Let Pi, be the roots of the quadratic, then p^ +p^ = 2[m, and 
PiP 2 = 2/m, so that py + + 1 /M 2 = 1-. 

Now the equation of the normal at (ap^, 2ap) is, from Ex. 2, 
p. 240, y= -p{x-2a) +ap^, or, arranging as a cubic in p, 

ap^ — p{x — 2a) — t/ = 0. 

Let /aj, p^, p^ be the roots of this equation ; p^, p^ arc obviously 
roots since the normals are drawn at the extremities of the chord. 
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Hence, /^i + /^2 + /^ 3 = 0. 

+ /^ 2/^3 + /‘aMi =-{x- 2a) /a, 

Dividing the second by the third, 

l//^3 + l//^i + 1/M2 = - (■'C - 2a)/2/. 

Hence, since l//ii + 1 //X 2 = 1 , 

i//^3= -(x+y-^a)ly- 

Also /ii + (•■2 = IHIh— ""Ms) from the first equation ; 

M 1 M 2 M 3 = ~ = yl^y from the third equation. 

Equating the two values of yUg, the locus of the point of inter- 
section of the normals is 

2 / 2 /(a;+y- 2 rf) 2 = -yja. 
giving {x+y - 2 a)^ + = 0 , 

which is a parabola. 

Let the equation of the ellipse be a^/a^ 4- = 1 ; this is 
justifiable, since the foci are symmetrically placed on the x-axis. 
If e be the eccentricity of the curve, then, from (73«), ae = 25, so 
that aV = 625. 

But from (69c), e^ = 1 - ; 

hence - 1/ = 625, 

or = 625 + 6 ®. 

Since (7, 24) lies on the curve, 49/«2 +57G/?>2 = 1 , 
or 576a^ -t 49&* 

Substituting the value of a already found, 

576(625 -hh2) +4962 = t2(625 +¥), 

which gives 6 ^ = 576x625 = 24^x25^; 

62 = 24x25 = 600, 

and a2 = 625 4-62 = 1225 ; 

/. Equation of ellipse is x2yi225 -f-yV600 = 1. 

From the first part of the solution, the equation of the tangent 
at (7, 24) is 7a:/1225 -t 242//600 = l, or x/175 4-;(//25 = l. 

This cuts the minor axis where y=0, so that x = 25 = distance 
of either focus from the centre. 

80. Summary of Results. The equations established in the last 
two Examples are so important that they are here tabulated for 
reference. 
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81. General Eaoations for Tangents and Normals to any Curve . 

The determination of the equations of a tangent and normal to a 
conic has so far been dealt with by purely algebraical methods. 
With the aid of the calculus, however, these equations may be 
obtained by a much shorter process, which has the further 
advantage of being applicable to any curve defined by its 
equation. 

Let F{x,y)=0 be any curve, not necessarily a conic, and 
y = mx + n, a, tangent to the curve at any point on the curve. ' 
Then, by definition, m is the gradient of the curve and is there- 
fore equal to dyjdx ; hence the equation of the tangent may be 
written, y = x . dyjdx +n. If this is a tangent at the point (^, y), 
then n = ri-^ . dyjdx, where x and y are to be replaced by ^ and y 
in the value of dyjdx ; hence the equation of the tangent at the point 
’?)• o® curve F(x, y) =0, is 

= (81a) 

where y are substituted for x, y in dyjdx after differentiation. 

Sometimes, when the equation of the curve involves an implicit 
relation between the variables x and y, it may be more convenient 


to replace dyjdx by its equivalent 

then the equation of the tangent becomes 
0P 9P 

+ (8ii>) 

For the normal, the gradient is -l/m= -dx/dy, and the corre- 


sponding equations for the normal at (^, >/) on the curve become 

y ( 82 ) 

where, as before, x, y must be replaced by y in the values of the 
derivatives. 



§ 81] TANGENTS AND NORMALS 251 


Ex. 6. (a) Find the equation of the tangent at the point (^, g) 
on the conic, a3^+2hxy+by^ + 2gx+2fy+c-0. (L.U.) 

(6) Prove that the tangent to the curve = ^xy at the point 

(^, rj) M x{^-aq)+y{if-a$)=a$r,. 

Write down the equation of the tangent at the point {6af7, — 12aJ7), 
and verify that it meets the curve again at the point 

(-16rt/2], 4a/21). (L.U.) 

(a) DifEerentiating the equation 

aa?' + 2hxy + hy^ + 2gx + 2fy + c = 0, 
with respect to x, 

^ — ~ + % + 9)10^^ +^y +f) 8.t the point {x, y) 

- - +9)f{f‘-^ +^'l +/) the point (^, rj). 

By (81a), the equation of the tangent at (^, y) on the conic 
F(x, 2/)=0 is 

(y - y)(h^ + h>i 4/) 4 (x - |)(a^ 4 hy +g)=0, 
which, as in Ex. 3, becomes 


xia$ +hy +g) +y{h$ +hy +f) +g$ +fy +c=0. 

The above method should be compared with the algebraic 
process of Ex. 3. 

(&) Since a^4j/® = 3oxy; 




,dy 

+ y^-^=ay +ax 


dy 

dx’ 


giving ^ = {ay - x^)j{if - ax) at the point (x, y) 

= {ay-^)l{>f-a^) at the point (^, y). 
Hence the equation of the tangent at (^, y) is 

{y - >/)(’/“ - = (a: - - P), 

or x(^“ - ay) 4j/(v^-a^) 4i/® - 2a^y 

= P 4 y^ - Za^y 4- a^y 

=a^y, 

since (^, y) lies on the curve. 

When ^ = 6aj7, y= -12a jl, this equation becomes 

20x 4 17y 4 12a = 0. 



252 


HIGHEE MATHEMATICS 


[oh. XI 


To verify that this line meets the curve again at 
( - 16a/21, 4tt/21), 

it is really only necessary to shew that these values of x and y 
satisfy both the equation of the curve and the equation of the 
tangent. In order, however, to illustrate the use of relations 
between the roots of an equation and its coefficients, given in § 77. 
the coordinates of the third point of intersection will be found. 

Since the equation of the curve is of the third degree, a straight 
line will intersect it in three [loints. Now it has just heen shewn 
that the line 20a5 + 17?/ + 12a =0 is a tangent to the curve at 
(6a/7, -12a/7) ; hence this point is really two coincident points. 
Let (a, /3) be the coordinates of the third point of intersection ; 
then all three values of y are given by the equation 

- (12a + 17y)780()0 +y^= - 3ay(12o + 17y)/20, 
on eliminating x between the equation of the curve and its 
tangent. 

On dividing out by the coefficient of y^, the product of the roots 
will be equal to - (absolute term). 

Coefficient of y® = 1 - 17^/8000 = 1 - 4913/8000 == 3087/8000. 
Absolute term = - 1728a3/8000-^3087/8000 = - 1728a3/3087. 
But product of roots = ( - 12a/7)2 . [3 = 144a^/3/49 ; 

Uia^/3li9=n2Sa^jm7, or /3 = {1728 x 49a)/(3087 x 144), 
giving /3 = 4a/21. 

Substituting (a, 4a/21), in the equation of the tangent, 

20a = - (68a/21 - 12a) = - 320a/2] , 
giving a = - 16a/21 ; 

The tangent intersects the curve again at ( - 16a/21, 4a/21). 

Ex. 7. Find the conditions that the two curves F(x,y)=0, 
G(x, y) =0, may (i) tomh each other, (ii) cut one another orthogonally. 
Hence determine the nature of the intersection of the curve - a^y — 0 
and the ellipse x^ + 2^^ = 2. 

The equations of the tangents at (^, y) on the curves 
F{x,y)=0 and G{x,y)=0, 

are by (81h), 

'dF , \ '^F , A. 

dG, , dG, „ 

-^(2/-^)+^(x-a=0. 
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And by (65a), 

the angle between these lines is the principal value of 

^0F 0G_aF 0G\ 

0y 0y ' 
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tan*^l 


do dF 

dy 


.(88a) 


If, therefore. 


^ IdQ _ 0F / 
0x/ 0x 0y / 1 


0F /0G 
0y/ By ' ' 


.(SSb) 


the curves touch each other, 
and if 


0F 
0X ' 


= 0 , 


0G^0F 0G 
0x By' 0y " 

the curves cut each other orthogonally, i.c. at right angles. 

Applying these results to the given curves, let 

F{x, y)~hx^ - a'^y = 0 ; G{x, +2)/® -2=0, 


.(880) 


then 


since 


01 . 


dF 

‘■m 


=■ -a‘- 


’ 


CX 


dG 


= 4y ; 


"dF dG ''F c>G ij » a 2 ah z 2 \ a 
- . — 1 - ~ - =ihx**’-ia^?/ = 4.(hx^-a^y)=0f 

Ox ox Oy dy ^ ^ 

F(x,y)=0. 


the curves cut orthogonally. 

82. Sabtangents and Subnormals. 

on the curve F{x, y)=0 (Fig. 26), 
and suppose the tangent and 
normal at P cut the axis of x in 
T and G respectively. Then if N 
be the foot of the ordinate from 
P, the intercept TN is called the 
subtangent, and the intercept NG, 
the subnormal of P. Let = slope 
of the tangent FT, then 
dy 


Let P be any point (z, y) 



Y 

P 

y\ 





X 

\ 

\ 





\ 

T 

0 

N 

G X 


Fig. 26. Subtangenl and subnormal. 


TN~ TN 


Subtangent TN = y/J^ (84a) 
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Also L 2VPG = complement of l. NPT = 9 ; 

dy 
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. NG . „ . 


Subnormal N6 = y 


dy 
' dx‘ 


.(84b) 


Again, TP = length of tangent between the a;-axis and P 
= TN sec 9 — TNji +tan*y ; 

■■■ 

since — ds^ + dy^. 

Similarly, GP = length of normal between the a;-axi8 and P 


(84c) 


= NP Bee 9=y*jl 4-tan^^, 


giving 


GP=yVi+(sy=^-S 


Ex. 8. (a) If the ordinate and nornutl at any point P on the 
curve y = <h{x) meet the axis of x in N and G, find an expression for 
the length of NO. 

Shew from this expression that the locus of P is a parabola if NG 
is constant, and that the locus is a central conic if NG varies as the 
abscissa of P. (L.U.) 

(6) In the case of the parabola = 4ax shew also that the sub- 
tangent is double the abscissa. (L.U.) 

(c) Find the curves in which (i) the subtangent is constant, and 
(ii) the length of the tangent between the x-axis and the point of 
contact is constant. 

{a) The first part of this question is answered in § 82, the 
required expression being given in (Mb). 

For the second part, let NG = c, where c is constant, then 
from (846), 


or y .dy=c . dx, 

80 that, by integration, \y^=cx + A\ 
or y* = 2cx + A, where A =2 A', 

This is a parabola whose axis is the axis of x, whose vertex is 
the point (0, y/A), and whose latus rectum is 2c. 
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When NO varies as x, let NG=lcx, where k is eonstant, then 

V ^y-kx 

or y .dy — kx . dx, 

which gives, on integration, 

y-^^kx^ + B, 

or ax® + py® = 1, 

where a= -kjB and /S = l/R. 

This locus is (i) an ellipse if a and /8 are positive, i.e. if k is 
negative ; (ii) a hyperbola if a and /8 have opposite signs, i.e. if 
B is negative and k positive ; or (iii) a circle if a = /?, i.e. iik= - 1 . 
In every case, therefore, the locus represents a central conic. 

(6) Since i/ = iax. 

dx 




or 


y 


Hence subtangent = = = since y^ = Aax. 


Subtangent = twice the abscissa. 

(c) In the first case, the subtangent is constant. 

Let 


y/^^ = c, where c is constant ; 


then di = c . dyfy, 

which, on integration, gives 

x+A -clogy; 
y = e( 2 :+.‘i)/<- = Be*/®, where B = 

In the second case, let a = constant length of tangent between 
the a:-axis and the point of contact, then from {84c), 


vV' -I- 

2 

Square both sides, and solve for ( 




taking the positive root. 
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, on putting tj? 


-I, 


+ n 
u 


~u + a log 


a — u 


= sja‘^-y‘‘+a log 
a - •JaP' — 


a — Ju 




y 


y 

-y‘+A)la 


or a, - s/a,^ ~ = where B=e-^ 

This curve is sometimes called the tractory. 

83. Asymptotes. When the point of contact between a tangent 
,Q to a curve and the curve is at an infinite 
distance from the origin, the tangent is 
called an Asymptote. Thus, although an 
asymptote is a real straight line, it never 
meets the curve in the finite part of the 
plane, but the curve approaches inde- 
finitely near to it as the distance from 
the origin increases. A pair of asymp- 
totes, PQ, PQ', to a curve are shewn in 
Fig. 27. 

Ex. 9. Determine the comlilions that 
must be fulfilled for the straight line 
y = mx+n to be an asymptote to the curve 
F(x,y)=0. 

Find the equations of the asymptotes of the hyperbola 

2a;* +5x1/ -t-2y*- llx - 7y - 4r=0. (L.U.) 

Determine also the asymptotes to the curve 

X* + ly* + (a* - 5x*)y* = h*(a* - x*), 
and shew that they intersect the curve again in eight points which lie 
on an ellipse. 

(a) The line y = mx + n intersects the curve F(x, y}=0 in the 



FlQ. 27. Asymptotes. 
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points whose abscissae are given by the equation F{x, mx + n) =0, 
formed by substituting mx + n for y in the equation of the curve. 

Suppose that F{x, y) be of the rth degree, and that when 
expanded in powers of x, 

F{x,'mx + n)~ + +AiX+Ao=0. 

In this equation, put x^l/^, then after multiplying out by 
the equation becomes 

When the equation in x has two infinite roots, the equation 
in ^ will have two zero roots, and the conditions for this are 
Ar = 0and A,._j=0. In tliis case ^ = w)a;+w will meet i<'(x, =0 

in two coincident points at infinity, and will therefore be an 
asymptote to the curve ; hence, y = mx + n will be an asymptote to 
the curve F{x, y) =0, when the coefficients of the two highest powers 
of X in the equation F(x. mx + n) -0 vanish, /.e. if 

F(x, mx +n) _ Atx'' t- Aj ix''~i + -f- ... + A,x + Aq 

when Ar =0 and Ar - 1 - 0 (86) 

{b) Applying this result to the given equation of the hyperbola, 
the abscissae of the points of intersection of the curve and the 
straight line y = mx +w are given by 

2x^ +5x(wx + n) +2{dix + n)^ - 1 lx - 7 {mx + a) - 4 = 0, 
i.e: (2n(® 4-5/a -f 2)x2 4- (5a 4-4/aa- 7/a - ll)x4-2/i‘^ - 7a - 4 = 0. 

Hence, by (85), y = mx + a will be an asymptote if 

2m^ + 5m/ 4-2^0 and 5 m 4- imn - 7//v - 1 1 = 0. 

The first equation gives 

(2at f !)(/// 4-2) =0 or /a=-2or 

The second gives 

'/t = (7/j/ 4-11)/(4/// f5), 
so that, whenja=-2, a = l, 

and when/M=-l, n='l; 

the equations of the asymptotes are 

2x4-y-l=0, x4-2y-5=0. 

(c) Similarly, the abscissae of the points of intersection of the 
line y = mx 4- n and the given curve are given by 

X* 4- 4 (Mtx 4- a)* 4- (a* - 5x?) (mx 4- nf = (o® - x^) . 

K 


». M. 
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The two highest powers of x are x* and x® ; hence, for these to 
vanish, 

4m* - 4m® +1=0 and 2mn (5 + 8m®) = 0. 

The first gives (4m® - l)(m® - 1) =0, so that m = ±1 or ±|, and 
the second gives w = 0, since m is not zero ; 

The asymptotes are 

■ y + x = 0, y-x = 0, 2y + x = 0 and 2y-x=0. 

Writing the given equation in the form 

X* - 5x®y® + 4y® + h®x® + a®y® = a®ii®, 

or (x - y) (x + y) (x + 2y) (x - 2y) + h®x® + a®y® = a®?)®, 

it is evident that each of the asymptotes will intersect the curve 
in two points other than infinity, and these will be given by 

6®x® +a®y®=a®6®, 

since each of the factors in the first term is zero, as a condition of 
being an asymptote ; hence the other eight points of intersection 
lie on the curve 

6®x® +a®y®=a®6®, 

or X® /a® + y®/6® = 1 , 

which is an ellipse whose semi-axes are a and I/. 

84, Rectangular Hyperbola. When the angle between the 
asymptotes of a hyperbola is a right angle, the curve is called a 
Rectangular Hyperbola, and it then bears the same relation to the 
general hyperbola that a circle does to an ellipse. This conic is of 
much importance in practice. 

Ex. 10. (a) Find the asymptotes of the conic 

ax?' + Ihxy + ty® + 2yx + 2/y + c = 0, 
and deduce the conditions that the curve should be a rectangular 
hyperbola. 

(6) Apply the result to the curve o^ja? — y'^jb'^ = \, and find the 
equation of this hyperbola referred to its perpendicular asymptotes 
as axes. 

(a) Let y = mx + n intersect the conic F{x,y)=0. then the 
abscissae of the points of intersection are given by 

ax? + 2hx(mx + n) +b{mx+n)^ + 2gx + 2f{mx + n) +c=0. 
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For y—mx + n to be an asymptote, the coefficients of x? and x 
must vanish ; 

a +2hm + bm^=0 and Jin+hmn +g +fm=0. 

Let mg be the roots of the first of these equations, then 
-2hlb and m-^m 2 = ajh. 

Thus there are two asymptotes, and their joint equation is 


or 


{y - m-^x - Wj) [y — m^x - = 0, 


7/2 + in^) xy + - {n^ + y + x + n-yn^ = 0. 

But from the second of the above equations, 

Wj = - (^ +f)n^)l(li + bmi) and -[g + bm^ ; 

+«2= - 'rbg)\»h+^^h) +2?/»HW2}/ 

+ 11 ) 2 ) + h'^m-ym^ 

= 2//b, 


on substituting the valu<‘S of 4-m2and provided is not 

equal to ab. 

Similarly, 

+ 7i2«( 1 = - {g^h ■* 

- {gi»i + fmiin2)l(h+bm^ 

= - {g>»2 +gf!b)l{h +bm^) - ig»h +«//^)/(^* +i)/M2) 

= - {{hg +<//)(wfi +u?2) +hg{m^^ + m2-) 

+ 2a/M;)/(n6-/t®) 


= 2,q/?>- 

Finally, n ~ (g +/'» i) (g +f>>h)lib + + bin^) 

= {bg^ +«/■ + 2fgh)lb{ab - h^). 


Substituting these values in the equation for the asymptotes, 
and multiplying out by b, 

ax? 4- 2hxy + hy“ + 2gx + 2fy + k=0, 
where k = {bg^ +ap- 2fgh)f(ab - F). 

Hence the e^iuations of a hyperbola and its asymptotes differ only 
by a constant. 
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This fact leads to a direct derivation of the equation of the 
asymptotes, for since this equation differs only by a constant 
from the equation of the conic, the asymptotes will be given by 

a3? +2hxy+ by^ + 2gx + 2fy + X = 0, 

provided A be chosen so that the above equation represents two 
straight lines. The condition for this is, by (67a), 

ah A + 2f(]h -bg^ - kh^ = 0, 

from which X = (np +l>g^ - 2fgh)l{ab - 

thus agreeing with the value of k above. This is a much shorter 
method, and is therefore preferable in every way. 

For a rectangular hyperbola, the asymptotes must be at right 


angles to each other, the condition for which is 1, 

but from the above analysis, m^tn^-alb. 

Hence F(x, y) =0 will represent a rectangular hyperbola when 

b- - a (86a) 


(h) Applying (86fl) to x^fa^ - y^lb = l, it readily follows that for 
the rectangular hyperbola, a=b, and the resulting equation 
becomes x^-y^-a^. It is also obvious from the above that the 
asymptotes of this hyperbola are y= i-a*, so that each asymptote 
meets the x-axis at an angle of 45°. 

To refer the equation to the asymptotes as axes, it is therefore 
necessary to turn the axes through 45° in a clockwise direction, 
i.e. through -45° ; hence x and y must be replaced by 

x' cos ( - 45°) - y' sin ( - 45°) =(a:' +y')lsJ2, 

and x' sin ( -45°) +^' cos ( -45°) = (?/' -a;')/,^/2, respectively, by 
(70). 

Substituting these values in x^-y^=(i^, and omitting dashes, 
the equation of a rectangular hyperbola referred to its asymp- 
totes as axes becomes 

xy=a“ (86b) 

Ex. 11 . Shev^ that the locus of the middle foint of a chord of 
constant length 21 of the curve xy=l^ is 

{x^-hy^){xg-ki^)<==l^xy. (L.U.) 

Let (a?!, yi), (x^, yfi be the extremities of the chord, and {x, y) 
its mid-point of the chord, then 

*= 2 (^ 1 +* 2 ) y^h(yi+y^- 

Xi + x^ = P(l/s(i + l/j/z) = F(2 /i + 2/2)/t/i?/2 ; 

2 ( 12/8 = 


But 
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Similarly = }?xly. 

Now 4Z2 = (a;j_X2)2 + ( 2 /i- 1 / 2)2 

= (a:i + ~ Ax^x^ + (^1 + - iy^y^ 

= ix^ - ik^xjy 4- 4y2 _ ik^yjx ; 

.‘. IHy =xy(a^+ y^) - F(x2 + 1/2) ; 

i.e. (xHy'‘)(xy - k^) =V^xj. 


Exercises 11. 

1. A circle passes through the points (4, 1), (0, 5), and has its centre 
on the line 4 j + y = 16 ; find its equation. 

. Tangents are drawn to this cir cle from (7, 10) ; shew that the length 
of their chord of contact is 105/13. 

2. Find the condition that the equation 

x^+y^ + 2gx + 2fy+c=0 

may represent a real circle, and determine the radius and centre of this 
circle. 

Find the equation to and the length of the tangents from the point 
(-2,3) to the circle 

x^ -2x -2y + l=0. (L.U.) 

3. AB, AC are tangents to a circle and BC is their chord of contact ; 
prove that the square of the distance of any point on the circumference 
from BC is equal to the product of its distances from AB and AC. 

Prove also the converse, viz. that if ABC in an isosceles triangle 
and P is a point within the angle BAC such that the square of its 
distance from the base BC is equal to the product of its distances from 
the equal sides AB, AC, then the locus of P is the circle which touches 
AB and AC at B and C. (L.U.) 

4 . In the parabola (bx +ay -ah)^ -M>xy, shew that 

(i) The axis is the lino (a^ +h^)(hx -ay) +ah(a^ -h^) =0. 

(ii) The tangent at the vertex is the line 

(a* +lP)(ax +hy) 

(iii) The directrix is the line ax +by =0. 

6. Obtain the equations of the tangent and normal at any point 
(a/m*, 2a jm) on the parabola y^=4ax. 

Shew that the subtangent is double the abscissa, and that the 
subnormal is constant. (L.U.) 

0. Two equal parabolas have the same vertex and their axes are at 
right angles ; prove that their common tangent touches each of them 
at an extremity of the latus rectum. (Li.U.) 
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7. Prove that the line Ix+my +n=(l is normal to the parabola 
y*=4ax if aP +2alm^ +m^n=0, and is a tangent to the parabola if 
anP = In. 

8 . Obtain the equation of the normal to y^=4ax in the form, 

y = t(x -2a) - aP. 

Shew that this normal touches the curve 27a?/^=4(x~2a)® at the 
point (2a + 3a<^ 2aP), and intersects it at the point (2a + |oi®, -\aP). 

(Li.U., Sc.) 

9. If P be any point on the parabola y^=4az, and F its focus, 
shew that the locus of the mid-point of FP is the co-axial parabola 

2y^ — 2a(2x -a). 

10. Shew that in the parabola y^~4ax, the locus of the point of 

intersection of two normals winch arc perpendicular to each other is 
y^ — a{x~3a). (M.U.) 

11. Prove that the locus of the foot of the perpendicular drawn 
from the vertex to a tangent of the parabola y^^4ax is 

(x- ■hy^)x + aiJ^ — 0. (M.U., Sc.) 

12. The straight line 2y = 2x-‘rZ4 is a tangent to the ellipse 

IPx^ + a^y ^ = 

whose eccentricity is 0-0. Find the senu-axes a, 6, and the coordinates 
of the point of contact. 

13. Shew that if lx +my +n=0 is a tangent to the ellipse 

x^/a^ +y^lb^ — \, 

then aH^ +bhtp and if it is normal to the curve, then 

+bH^) -b^)^. 

14. Shew that ^x-4y-l=<) is a common tangent to the ellipse 
a;* -e2(h/* -5 =0 and the circle a:* -i-y® -i-8a: -f 2t/ -i-8 =0. 

15. Find the equation to the ellipse which has the point (1,2) as 
focus and the line 2a:-3)/-f6=0 as the corresponding directrix, and 
which is of eccentricity 2/3. 

Determine the value or values of m, so that 

y =mx + 2 

may be a tangent, and find the point or points of contact. (L.U.) 

16. The extremities of a straight rod AB are free to slide one in each 
of two mutually perpendicular grooves ; shew that, as the rod is 
moved, any marked point P on it describes an ellipse. (See Ex. 14, 
p. 231.) 

If the lengths AP, BP are a, b, shew that, when the rod passes 
through a focus of the ellipse it makes an angle tan-^\/6/{2(a -b)} 
with the tangent of the ellipse at P. (Li.U.) 
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17. Prove that the product of the focal distances of a point {x-^, y^) 
on the ellipse +a^y^ —a^b^ is equal to the square on the semi- 
diameter of the ellipse which is parallel to the tangent at (x^, y-^). (L.U. ) 

18. If <^11 </>2 be the eccentric angles of the extremities of a focal 
chord of an ellipse of eccentricity e, prove that 

cos l(c^i-<^ 2 )=ecos + 

19. Prove that the normals to an elli])se at the extremities of a focal 
chord intersect on the straight line parallel to the major axis and 
passing through the mid-point of the chord. 

Hence shew that the locus of the intersection of these normals is also 
an ellipse. 

20. Tangents are drawn to the- hyperbola 5x^ -4i/^=44, where it is 
cut by the line 32:-4y = 12. Shew that they intersect at the point 
(11/5, 11/3). 

21. Prove that the tangents at the points (a sec a, b tan a) and 

(a sec (i, b tan (i) on the hyperbola x^ja^ -y^lb^ =1, intersect upon the 
curve 2/3 \ 

+ (L.U.,So.) 

22. The ordinate of any point P on the hyperbola x^/a^ -y^jb^ — l is 
produced to meet the asymj)totes in Q, Q'; prove that 

PQ.PQ'^bK 

23. Prove that the product of the perpendicular distances of a point 
on the rectangular hyperbola x- -y^=a^ from its asymptotes is constant. 

(Li.U.) 

24. Shew that the line -3y + 1 -0 is a tangent to the conic 

2.c^ +3j 7/ -2y2 _3,i: +4y -1 =0, 
and find the coordinates of the point of contact. 

25. Shew that the tangents from the origin to the circle 

+8y^ -24a: -64y +73 —0 

are at right angles. (L.U.) 

26. Obtain the equation of the tangent and of the normal at the 

pomt (^, 7j) of the curve x" +y'‘ =a’‘‘. 

If 6, c be the parts of the axes of x and y intercepted by the tangent, 
shew that 6* +c* =a“. (L.U., Sc.) 

27. The straight line x + y=a makes an angle 0 with the curve 
a:® +y® =c® at a point of intersection (x, y). Prove that 

tan 0 =(x^ ~y^)/iz^ +y^). (L.U., So.) 

28. Find the equation of the tangent at the point (aw®, am?) on the 
curve oy® =*•. 

The tangent at a point P on this curve cuts the curve again at Q, and 
is normal to it there ; find the value of m at P. (li.U.) 
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29. A circle of radius 2 in. rolls upon the outside of a circle of radius 
4 in. Prove that the curve described by the middle point of a radius 
of the rolling circle is given by 

a: =6 cos 0 -cos 3^, y =6 sin 0 -sin 3^. 

Also prove that the tangent at the point 0=j7r has the equation 
y + 3a: = 13^/2. (Br.U.) 


*30. Prove that the line y =mx +c is a normal to the curve a:* +y* 


if 


c _ (1 - m^) 

“ (1 +iic'Y 


(L.U., Sc.) 


*31. Shew that if the line lx +my = \ touches the curve 

(.r/a)" +(y/f) )’• = !, 
then (al)">" ’> +(l>m)" ’> — 1. 

*32. If 7'=0 be the general equation of the tangent at (A y) on the 
conic F(x,y)= ax^ + 2hxy + by^ + 2gx + 2/y + c — 0, shew that tiie equation 
of the tangents drawn from any point (xj, y^) not on the cuivo is 

F{x, y).F{x„y,)=T\ 

and that the locus of the point (x,, j/j) w'hen the tangents to the conic 
are perpendicular to each other is 

(ab -h^){x^+y^) +2x(bg -fh) +2y(af -gh) +c(a +b) -P -g^=0, 
and deduce the nature of the locus for each curve. 


*33. Find the equations of the tangent and normal at any point of 
the curve given by 

x-.3«</(l+f»), y = 3af»/(l +<’)• (B.U.) 

34. Find the angle at which the circles 

^ 4 and x* + y® - 6x + 8y - 0 

intersect ; find also the length of their common chord. 

Shew that the equation of the circle through the common points of 
the two given circles and through the point (3, 2) is 

xi*+y*+27x-36y-22-0. (L.U.) 

35. Find the coordinates of the points of intersection of the para- 
bolas y* =8ax and x* — ay, and determine the angles at which the curves 
intersect at these points. 

36. Two curves x“y =a, xy =b pass through the point (3, 4) 5 find the 
angle at which they intersect at that point. 

87. Find the angles at which the curves y* =4ax and cy* =x® cut each 
other at their points of intersection. (L.U., Sc.) 
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38. Shew that the circles 

a;*+y» + 2sfa:4-2/y + c=0, -i- =0, 

cut orthogonally if c - o* =0, and touch if (c + =4ai*(o* + f®). 

(D.U., Sc.) 

39. Find the tangents at one of the common points of the circles 

a;® + y^ = 9, a:2 + y*- 10a; -t 9=0, and shew that these circles cut at right 
angles. (Li.U.) 

40. Prove that the conics (a;/a)2 + (2//&^) = 1 and {xjaf + (yl(if = l, 

intersect at right angles, provided (M.U.) 

41. Draw roughly on the same diagram, the curves a:*/100 + ?/“/25 = l, 
xy = 24. 

Prove that they intersect at ( ±8, ±3) and ( ±6, ±4), and find the 
equation of the tangent to each curve at one of these points. What is 
the angle of intersection of the curves at this point ? (D.U.) 

42. Prove that the curves y—j? and fiy = 7-x^ intersect at right 

angles. (B.U.) 

*48. Trace the curve xji^-—{x + yY, and find for wlmt value of c the 
line x=c cuts the curve at right angles. (Li.U.) 

44. A body is projected with an initial velocity of 200 ft. per sec. at 
65° to the horizontal. Find (i) when its speed is least, (ii) at what 
points its direction of motion is inclined 45° to tlio horizontal, and (iii) 
its range on a horizontal plane. (B.U.) 

*45. Prove that the line 3;/ + 2.^=1 passes through a point common to 
both the curves + Sxy - Ih/* - 1 = 0, 0 !*+ I2xy + 19 — 0 ; hence shew 
that the curves touch each other at this point, and find the equation of 
their common tangent. 



CHAPTER XII 


CURVATURE OF PLANE CURVES. PROPERTIES OF THE 

CONICS 

85. Curvature. Let Si/- be a small angle subtended at the centre 
of a circle of radius r by a small arc PQ of length Ss, then from 
the definition of the circular measure of an angle, 6i/' = 6s/r, or 
S^/6s = l/r. But each radius is normal to the circle, so that if 
tangents are drawn at P and Q, the difference of their slopes is 
Si/-. This angle is called the angle of contingence, and the limit of 
8ip/2s when Q ultimately becomes coincident with P, i.e. d^'jds, 
is called the curvature of the circle. In this case d^jds = ljT, so 
that the curvature of the circle is constant and equal to the 
reciprocal of its radius. In precisely the same way, the curvature 
of any plane curve is measured by dx/^fds, where ^ is the slope of 
the curve and s the length of the arc. It is not constant in general, 
however, and is denoted by l//>, where p is called the radius of 
curvature, so that, at any point (x, y) on a continuous plane 
curve, y—f{x), or P(x, y)=0, the radius of curvature is given by 
the formula j. 


This is not always the most convenient formula to use, but 
another one is established in the following example, and other 
forms are given on pages 273 and 277. 

Ex. 1. (a) Prove that the curvature at any point of the curve 

y = f(x) is given hy 
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/y p be the radius of curvature at a point P on a parabola, shew 
that p^ cc SP^, where S is the focus. (L.U.) 

(6) Prove that the radius of curvature at any point on the cycloid, 
x=a{0 - sin b), y~a{l~cos 6), is twice the length of the normal. 

(L.U.) 

(a) Let f be the slope at any point on the curve y=f{x). 
then 

SO that 
dx 


d^ 


= scc^f 


hPy 

dx^' 


(1 


yi)i 


ld‘!/ 

d^‘ 


If p = radius of curvature at the jjoint (x, y), then 

_ds _ds dx J (dy'PV- IcPy ^ 
df dx dd (_ | / dx^ ’ 

■■■ ’■ 


From this result a more convenient formula for p is thus 

i 

J 


fl + 


p-~ 


d*y 

dx“ 


.(87b) 


Let P(x, y) be any point on the parabola y^ = 4ax, then 


dy 2a , dPy _ 2a dy _ 
:jL=... and - 




djp y‘ 
/4«2 


dx y 
From (87?j), 

f, 4a-\- s, 1 

/>=-(! +" 2 ) /^=-2(x+o)ya^. 


But since, any point on the parabola is equidistant from the 
focus and from the directrix, and the latter is distant a from 
the vertex, 

/, SP = x+a. 

Hence p^jSP^ = ^{ 0 , which is constant 
i.e. p’ X SP\ 



HIGHER MATHEMATICS 


[CH. Xtl 


[b) Since x=a{d - sin 0), 

fix 0 

2 

and ?/ = a(I -cos 


so that 


. dy • . ^ ^ . 0 6 

. . ,-^=a sm p = 2a sm^ . cos 
do Z Z 

dy _dy dQ _ 0 

dx~j0'dx~^°^2' 


If ^ be the slope of the curve at any point, the gradient at this 


. 0 IT , 

.. 2 = 2"^ 


d0 


But from (87a), 


dip 

_ ds _ ds dx do _ „ ds 

^ dip dx do dp ^ dr'' 


= - 2 . 


and from (84d), if Z = length of normal, 

, ds 


Hence, in magnitude, p = 21. 



86. Centre of Curvatore. Involutes and Evolutes. Let I 

(Pig. 28) be any point on a plane curve, y=f{x), and let p be tin 
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radius of curvature at P , then if a circle of centre C and radius p 
be drawn to touch, the curve at P, it will have the same tangent 
and the same curvature at P as the curve. This circle is therefore 
called the circle of curvature, and its centre, C, the centre of 
curvature at P on the curve y=f(x). 

Let PT be the common tangent at P which meets the a;-axis 
in T, and >/' its slope ; then since CP is perpendicular to TP, 

L PCR^2Q°~^ CPQ=lQPT==lPTN=^\P. 

Let (^, >/), {x, y) be the coordinates of C and P respectively ; 
then since CP~p, 


^ ~ OR = ON - QP = a; - p sin xj', 
and v = RC = NP+QG=-y+pcosxp. 

But tan 

dx 


so that 


sin \p = 


d’J 

dc 


I ] jh ds^dy 

I. \JxJ ( dx dx ds’ 


and 



dx 

ds' 


Hence the coordinates of the centre of curvature at any point 
{x, y) on a plane curve are given by 


{--x-p sin\((=x- 


ly/i + C'y 

dx ( ^ I d x. 
d*y 
dx^ 


VI 

/dsA 


Ux/ 


1 + 


ti=y +pco8+^y+- 


dy''* 

dx 


dx" 


=y f 


dx* 


ds\3 
dx / 
d“y 
dx' 


(88) 


The locus of the point {|, y), i.e. the centre of curvature for 
each point on a given curve, is called its evolute. If the evolute 
be regarded as the original curve, then the curve of which it is 
the evolute is called an involute, and it is easily shewn that there 
is an infinite number of involutes to every evolute. 
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Ex. 2. Prove the follomng properties of the evolute of a plane 
curve, y=f{x) : 

(a) The normal at any point (x, y) on y =f{x) is a tangent to its 
evolute at the centre of curvature (^, rj) of y=f{x) at {x, y). 

(b) The length of the arc of the evolute is equal to the difference 
between the radii of curvature of y=f(x) at points corresponding to 
the extremities of the arc. 

(c) The radius of curvature of the evolute at any point is 
d^s 

where s=an arc and \f = the slope at the corresponding point 
on y=f{x). 

(a) Let i/- = slope of y=f{x) at any point (x, y), then the gradient 

dx 

of its normal at (x, y) = - cot by (65c). 

But the gradient of the evolute at the point (^, y) corresponding 


to (x, y) is 

Now from (88), ^ = x~pam\f ; 
. df dp . , , 

_ dp dy 
dx 


df 

dx 


^ dp dy ds 
dx ds 


dx df 
df ds dx 


, do dp dx 
Similarly, since ?/ = y + p cos f, dx~^' ds '' 


dy _ dy} Id^ 
d^ dxj dx 


dx 

dy' 


Gradient of tangent to evolute at (^, ?/) = gradient of normal 
to original curve at (x, y). 

The normal to y=f{x) is a tangent to its evolute. 

Owing to this property, the evolute is often called the envelope 
of the normals to a curve. 

(t) Let dx be an element of arc of the evolute, then 

= ^ (ds ) from (a) above, 

-dp^; 

dcr = ±dp. 


the positive or negative sign being taken as o- increases or decreases 
as p increases. Hence if o- be the length of arc between two points 
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where the corresponding radii of curvature of the original curve 
are Pi, p^, this equation on integration gives ' 

(89a) 

thus the length of the arc of the evolute = difference between the radii 
of curvature of the original curve at points corresponding to the 
extremities of the arc. 

(c) Let pe = radius of curvature of the evolute at any point, 
then the slope i/'' of the tangent to the evolute — slope of normal 

to original curve, = '/' + ^ ; 

A 


BO that 


df =#, 



by(87n). 


d/5 _ d / ds \ 

d»j» d4« ’ Vdi]'/ 


d“s 

dv|j“' 


(89b) 


Ex. 3. Find the centre of curvature and the evolute of the parabola 
y^ = iax, and shew, by finding the equation of the tangent to the 
evolute, that it is identical with the equation of the normal to the 
parabola. 

Determine also the centre of curvature and the evolute of the 
ellipse x^ja^ + y^jb^ = 1 , and prove that the length of the evolute 
corresponding to a quadrant of the ellipse is {a^-b^)jab. 

(i) For the parabola, if = iax, 

dy 2a . dhj ia^ 

tx~J •”'* &*-F' 

^ u \ y- 1 4a^ 

and n=y-(^l+ ^ ~ ’ 

The locus of {^, y) will be given by eliminating x from these two 
equations. Squaring the second, and replacing x by its value 
from the first, 

a if = = 4 (^ - 2a)®/27 . 

Replacing (£, y) by {x, y), the equation of the evolute becomes 
27ay==4(x-2a)s. 

This curve is often called the semi-cubical parabola. 
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To find the equation of the tangent to this curve, change the 
origin to the point (2cs, 0) in order to simplify the algebra. The 
equation then becomes 

Let the line y = mx + n intersect this curve, then the abscissae 
of the common points will be given by 

27a (mx + w)^ = 4a:®, 

or 4a:® - 27am®a:® - 64mJiaa: - 27an® = 0. 

Two roots of this cubic will be equal if 

(y )®a®ti®(2n +3»i.®o)® = (f)®a®m®w®(9ai®a. +8>n), by (78), 
which reduces to n(n +m®a) = 0. 

Assuming n is not, in general, zero, 

w= —aw?, 

and the tangent becomes y = mx - an?. 

Transferring back to the original origin, this equation becomes 
y = mx — 2am — am®. 


which, by (80), is the equation to the normal of the parabola, 
(ii) For the ellipse, a:®/a® + = 1 , 

iy _ ^y _ 6^ 


and 


dx a^y' dx? 


a?y^ 


. h®a:/, b*3?\a^y^ ,, „„„ 


a®y 


= x(x?ja^ — = (a* - b^)x®/a*, 

? = y - (i + ,7 y) ^ 

= y(y^lb^ - o®y®/6*) = (b-^ - a*)y®/b*. 


From these values, 

a:®/a® = (^a)“(a®-i®)“^ and i/®/b® = (v 7 h)^(a®-h®)“^. 

By addition, 

{ “ bl^y^ = d?la^ +y^lb^ = 1 • 

Hence, writing (x, y) for (^, -y), the equation of the cvolute is 
(ax)^ + (by)^ =(a’‘-b>)l 
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If Pa, pb be the radii of curvature of the ellipse at the extremities 
of the major and minor semi-axes respectively, then for any 
point {x, y) 

P = - (l + ; 

and pb= - {a*b^)*l(a%*) = -a^jb. 

By (89ff), the length of the evolute corresponding to a 
Ljuadrant of the ellipse =pa - P6 = a7^ ~ b^l(^ = ~ b*V(ab). 


87. Curvature at the origin — Newton’s Method. When a curve 
touches either of the axes at the origin, a very simple method of 
finding p may be employed vhich needs no differentiation. The 
process is illustrated in the following example. 


Ex. 4. Prove that the ladiut, of curvature at the origin of a 
curve lohich touches the axis of x at the origin is 

’■< it)- 

Find the radii of curvature of the curve y = x^(x-3) at the points 
where the tangent is parallel to the axis of x. (L.U.) 

(a) Let P{t, y) be a point on a curve close to the origin 0, 
(Fig. 29), which will ultimately be coincident with 0 ; then if C 
be the centre of curvature at 0, 00 = q 

and the diameter OQ of the circle of 
curvature is perpendicular to the tangent 
OX to the curve at the origin. If HP he 
perpendicular to OQ, HP — x, OH ~y, and 

HP^ = P(P- HC^ = PC^ - {00 - OHf 
^ OH {200 -OH) 

= OH{OQ-OH)=^OH .HQ, 
i.e. x^ = y . HQ, 

or HQ = x^jy. 

When P becomes coincident with 0, HQ becomes OQ = 2po hence 



origin. 


i.e. 


2po= Ltfar^^u), 

X->-0 

p,-iU (xW (87c) 

X-*fi 


B.M. 


S 
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Similarly, if the curve touches the axis of y at the origin, the 
radius of curvature is | Lt {y^Jx). 

y-^o 

This method is due to Newton, and is therefore known as the 
Newtonian method. 


(6) Since the tangents have to be parallel to the axis of x, 
^—0, i.e. 32^ -6x = 0, giving a;=0 or 2 ; hence the two tangents 


are y=0 and i/ + 4 = 0. The first shews that the curve touches 
the axis of x at the origin, so that the radius of curvature there is 


^ Lt . (a^/y) = i Lt x~l{x\z - 3)} = | Lt l/(a; - 3) = - 1/6. 

,-c-vO x-^0 i->-0 


To apply the Newtonian method to the second point, change 
the origin to (2, - 4) ; the transformed equation is then 

y-4 = {a: + 2)2(x-l), 

or y — x^{x + 3), and the tangent is now' the x-axis touching the 
curve at the origin ; hence the radius of curvature there is 

\ Lt (x^ly) = I Lt l/(x +3) = 1/6. 

ar -»-0 "*->-0 

To verify these values, the general value of p at any point 
(x, y) is easily found by (87/;) to be 

{l+9x2(x-22))'’/{C(x-l)}, 

so that, at the points (0,0) and (2, -4), this value becomes 
— 1/6 and 1/6 respectively, which agrees with the values already 
found. 


88. Polar Formulae. Let P, Q be two points on a curve 
(Fig. 30) whose polar coordinates are (r, 0), (r +6r, 0+80), 0 being 
the pole and OX the initial line. Draw PR perpendicular to OQ ; 
then the nearer Q approaches P, the more nearly do OP and OR 
become equal, and the less the difference becomes between the 
chord PQ and the arc PQ. Hence when 80 is very small, 
RP=^OP .80 = r .80 

very nearly, and RQ = OQ - OR = OQ - OP = 8r, and if arc PQ = Ss, 
then 8s^ = (chord PQ)^ = RP^ + RQ^ = 80^ + 8r^ ; 

8s\^ „ /Sr\“ 
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and proceeding to the limit, 


/ds\*_ , /dry 'I 

U«/ ■ I 

Similarly, f =^1 + W I 

Vdry \dr/ ' I 



If KOG be drawn perpendicular to OF to meet the tangent and 
normal at G and K respectively, then OG is called the Polar 
Subtangent and OK the Polar Subnormal. Expressions for these 
are determined in the following example. 

Ex. 5. If </) he the an^le hetineen the radius vector and the tangent 
at any })oint on a plane curve, and j> be the perpendicular from the 
pole to the tangent, .shew 

{a) by direct tran.sforiiuil ion from Cartesian to polar coordinates, 
that tan <ji = r . ddidr, and find expressions for sin </> and cos ; 

(b) that \jp'^ = u^ ^-yiutddy, -where u = llr. 

Hence find expressions for the polar .subtangent, subnormal and 
the radius of curvature. 

Prove for the curve r=a{\ +cos d), that varies as the product 
of the suhta agent and normal, ami find the value of p. 

(a) Let i/ = slope of tangent at anv point P (Fig. 30) on the 
curve, and {x, y), (r, d) the corresponding Cartesian and polar 
coordinates of P, then x = r cos d, y = r sin ; 

dx = dr . cos d-r sin d . dd, and dy = dr . sin f /' cos d .dd; 
tan xp =dyldx = {dr sin d [-r cos d . dd)l{dr cos d — r sin d . dd) 
~ {dr . tan d +r . dd)l{dr ~ r tan 0 . dd). 
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But from Fig. 30, ^ = 6> + ; 

tan \p = t&n (6* + </)) = (tan ^ +tan <(>)/(l - tan d . tan 0). 
Equating these two expressions for tan if/, 

{dr tan 0 +r . dd){\ - tan d . tan (f>) 

= {dr -r tan d . (Z6')(tan Q +tan </>), 
which on multiplying out gives 

tan </j = r . ddtdr. 

Squaring, tan®<(> = sec^^ - 1 =r^dOjdr)^, so that 

Bec^<fi = l + r^(ddjdr)^ = {dsldr)^, from (90«) ; 
cos d> = drjds. 

Finally, sin <f) = co8 <f> . tan <f> = r . dOjds. 

Hence 

. , d0 , dr . , dB 

sin<f)-r^^. cos<}>-^-, tan^ = r^^ (90b) 


{h) Let the perpendicular from 0 to the tangent meet it at H, 
then 

f = Oil = r sin </> = ;^ . ; 

1/p* = u*{dsld6)^ = I + {drldt)f\ 

{u I 

„ ./d 1\2 „ /duV 


, ./ d 1 Y 9 fduy 

“ +“U’w + 


. 1 1 /isY „ /iuY 

•• p='“r‘ (do) ■^Vdo) 

Again, from Fig. 30, 

dO \ 

OG = polar subtangent =r tan 4> = r* . ^ • 1 

sr r 

OK = polar subnormal =r cotip = ^. I 

To find the value of p in terms of polar coordinates, from (87a), 

\jp = dif/jds. 

But ^ = 0 + <)!) ; dip = dd+ddi', 

1/p = dff/ds + dd/jds 
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From (906), 

r dU' 


d</> 1 

/drV^ 

1 

d^r 

dd ~ ^ r^' 

\dd) 

+ - » 
r 

dd‘^'’ 

/ rdr\^ 

dh\ 

If- 


lUW ’’ 

'dd^j/ 

' \dd 

) 


on putting in the value of cosec^</>. 
Hence, by substitution. 


/) (,W^/ I do) 


r 


dti) j ■ 


A simpler relation tlian this may easily be found involving /j. 
Thus, since p — r sin </>, 

dpjdr = sm 4> +r cos </> . d<l>ldr=r(ddlds +d(l>lds), from (906), 
= r . d>pld.'<, since = 0 + 

= r/p. 

Hence the two polar values of p are given by 


( Ue; 


For the curve r = n(l +cos 0), 


Tflry ^ ' dp ’ 


dr 


.(87d) 


d0' 


dr . ^ j d-r . 

= - a sin (f, and - a cos u ; 

dd d(/^ 

p = {r^ +a^ siii^d)y {r^ -i-2a^ sin^d +ar cos 0) 

= (2flr)3/(3or) = (8ar)V3. 

But product of subtangent and subnormal for any curve 

dd dr „ 

• . = T" • 

dr dd 

p^/(thi8 product) = {64aV)/(81r2) = 64«781, 
which is constant. 

p* varies as the product of the polar subtangent and sub- 
normal. 
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Finally, from (90c), 

l/p2 = l/r2 + (lfr*){drldt))2 = l/r^+a^ sin’^e/r* 

= 1/r^ + (2ar - r'^)/r* = 2a/r® ; 

p=±v'rV(2a). 

89. Some General Properties of the Conic. Some important 
geometrical properties of the conic will now be discussed, but 
before dealing with the separate curves, those characteristics 
common to all conics will first be considered. 

Ex. 6. Find the polar equation of the straight line passing 
through two given points. Deduce the equations of the tangent and 
asymptote to the general conic ljr — \- ecosd. 

Hence shew tJiat 

(а) The line joining the point of intersection of two tangents to 
the focus bisects the angle formed by the radii vectores drawn from 
tlie points of contact ; 

(б) The tangents draivn at the extremities of a focal chord intersect 
on the directrix ; 

(c) The segment of a tangent intercepted between the point of 
contact and the directrix subtends a right angle at the focus. 

Let PT (Fig. 31) be any straight line referred to 0 as pole and 
OX as initial line, the coordinates of any point on it being (r, 0). 
Let OQ be the perpendicular from 0 on the line, then its length 
will be constant. Denote this by p, and suppose LXOQ — a, 
which is also constant, then 

p - r cos (a -9) (91a) 

This is, therefore, the polar equation of the straight line. 

Let (r^, Oj), (rj, dj} be two given points on the line, then 

p = r^ cos (a - dj) =r 2 cos (a - (^ 2 ) =*■ ^os (a - 0) ; 

.'. (rj sin d^-rj, sin df} tan a = r.^ cos ^i> 

and (r^ sin (^1 - r sin d) tan a = r cos d -r.^^ cos 

Hence, by division, to eliminate a, and simplification, the polar 
equation of the straight line passing through the given points 
becomes 

Ki sin (9-0,) -rrj sin (9- 02) + rir 2 sin (0i-02) = O (91b) 

Suppose now that (r^, df), {r^, d^) lie on the conic 
ljr = l--e cos d, 

Ijry = 1 - e cos ^ 1 , and Ijr.^ = 1 - c cos 9^. 


then 
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Substituting in (916) these values of rj and r^, 
r{l - e cos 6*2) sin - r(l - e cos Oj) sin (9 - 6*2) 

+ 1 sin {Oj - ^2) =0 ; 

2r8in ^(^'2-^i)cos -^,(^1 +<^2)} +er cos sin - 63) 

+ i sin (6/j - ^i2) =0- 

If 6*1 is not equal to 9 ^, this equation may be divided out by 
sin ^( 9 1 - 62)) then 

er cos 9 . cos 1(^1 - 9 ^-r cos (fc* - +^2)} = - I cos 1 ( 9 .^ - 6 ^, 

which, on division by cos \{ 9 i- 9 ^, gives 

l/r-sec 1(01 -0„) cos {6 -I(6i + 6»)} - cos 0 (92a) 

This is, therefore, the polar equation of a chord of the conic. 



For this chord to become a tengent at a point whose vectorial 
angle is a, 9 ^=^ 9 ^ = a, and the equation becomes 

1/r = cos (0 - a) - e cos 0 

which is thus the polar equation of a tangent to the conic. 


(92h) 
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For an asymptote, the point a must be at infinity ; this will be 
the case when r = oc in the equation of the conic, i.e. when 

e cos a = 1 . 

Hence the equation of the asymptote will be the eliminant of a 
between this equation and that of the tangent, viz. 

Z/r = cos {d — a)-e cos 6 = cos d cos a + sin 0 sin a-e cos 6 ; 
elfr = (1 - e*) cos d +e sin 6 . sin a, on putting cos a = \je\ 
{eljr - (1 - e^) cos 0}^ = c^ sin^d sin^u 

= e^ sin^d(l - cos* a) 

= c* sin* (/(I - 1 /c*) 

= (c* - 1) 8in*(Z. 

*•6- el/r ~ (1 - e-) cos 0 — ± v’e“ - 1 . sin 6 (92o) 

These are, therefore, the polar equations of the asymptotes, and 
it is evident that they ar(' real only when e>], i.e. the only 
conic having asymptotes is the hyperbola, as has already been 
seen in § 83. 

As the directrix will be needed later, Jte equation will now be 
found. 

From (91a), the equation of any straight line is 
j)=r cos (a - t)). 

In the case of the directrix, f — = and u = 7r ; 

the equation of the directrix becomes 

l/r + ecos0 — 0 (92d) 

The required properties of the conic may now bo established, 
(a) Let a, fi be the vectorial angles of any two point.s, P, P', 
on the conic, then by (92h) the equations of the tangents at these 
points are 

l/r = cos {0 — a)—e cos (J, 

Ijr = cos (B -p)-e cos ti. 

These will intersect when 

cos {0-a)- cos [0 - /3) =0, 

i.e. sin l{a-/3) . sin ^{20 - a - f3) ~0, by (14). 
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Since a is not equal to 

sin 1(20 -a~P)=0, 

80 that 0-=l(a + fi), 

i.e. - XOK = Kl pox 4 rcHcx _ P’OX) = II FOP + L POX. 

Take away the common angle POX, then 

L POK FOP ; 

A'O bisects z- FOP, 

so that intersecting tangents to a conic subtend equal angles at the 
focus. 

(b) Let POS be a focal chord, and a the vectorial angle of P, 
then the vcctc'rial angle of S is r t a. Let (i\, 0^) be the coordi- 
nates of P, the point of Jilt er.si'ction of tlie tangents at P and B, 
then by (926), 

Ih'j ■= eos (dj - a) - e cos 0^, 
l:)\ - eos (dj - a) - e cos dj 
— - eos (dj - a) - c eos d, , 

Hence, by addition, l/rj = - c eos dj, 

which shews, by (92f/), that (/q, dj) lies on the directrix ; hence ; 

Tangents to a conic at the extremities of a focal chord intersect on 
the directrix. 

(c) Since tlie tangent at P intersects the directrix at (r^. dj), 

and Hr I - - c eos d^. 

By subtraction, (os(dj-a)— 0, 

i.e. lROX -..P0X = -I2, 

or z.A'(dP=- a right angle. 

Hence, the segment of a tangent intercepted between the point of 
contact and the directrix subtends a right angle at the focus. 

90. Properties of the Parabola. The more important charac- 
teristic properties of the parabola will now be dealt with. 
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Ex. 7. In the parabola, shew that 

{a) The stibtangent is bisected at the vertex. 

(b) The tan<)ent bisects the angle between the focal distance and 
the perpendicular to the directrix from the point of contact. 

(c) Tangents at the extremities oj a focal chord intersect at right 
angles on the directrix. 

\d) The diameter through the point of intersection of two tangents 
bisects the chord joining their points of contact. (L.U.) 

(a) Let PT he any tangent to the curve at P (Fig. 32), PN the 
ordinate, 0 the vertex:, F the focus and AH the directrix. 



If the coordinates of P are (^, <;), then the equation of PT 
referred to 0 as origin and OX as ic-axis, is, by (80), 

yg = 2a{x+^), where AO = OF =a. 

At T,y={), 

so that TO = ON ; 

0 is the mid-point of TN, 

i.e. the subtangent is bisected by the vertex of the parabola. 
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(6) From Fig. 32, FF = PI{, where PH is perpendicular to AH, 
==AN = A0+0N = 0F + T0=^TF; 

L FPT^l PTF^l TPH ; 

TP bisects the angle FPH, 

i.e. the tangent bisects the angle between the distances of the point of 
contact from the focus and the directrix. 

It follows from this fact that the normal at P bisects the angle 
between PH and FP produced. 

(c) Let the tangents at P, P' (Fig. 32), the extremities of a focal 
chord, intersect on the directrix at It. That these tangents do 
intersect on the directrix' has already been proved in (b) of 
Example 6. Also from (c) of that example, RF is at right angles 
to PP'. Ijet P'H' be drawn perpendicular to H'H, then 

lHEP = ^/2 - i HPR ^7r/2 -lRPF=l PRF. 

Similarly, L H'RP=- P'RF ; 

^ PRP'^- PRF + l FltF = l{- H'RF^l HRF)=90°, 

i.e. tangents at the end of a focal chord intersect at right angles on the 
directrix. 

(d) Let (x^, f/i), (x.i, i/o) be the extremities of any chord, then 
the equations of the tangents at these points are 

yij^=2n{x+Xi), yy 2 = 2a{x-\ x.). 

Hence the ordinate at their point of intersection is given by 

y = 2a{xi--x^l(yi-y^, 

and this will be the equation of the diameter, i.e. the line parallel 
to the axis through the point of intersection. 

Since (x^, yj), {x^, yj) lie on the parabola, Xi = yi^/‘i<i, X 2 = y^}4xi. 
Hence, by substitution in the above equation, 

2 / = -.%“)%! - 2 / 2 ) =liyi + 'R), 

since y^ is not equal to i/j. 

This result shews that the diameter passes through the mid- 
point of the chord ; hence. 

The diameter through the point of intersection of two tangents bisects 
the chord joining their points of contact. 
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Ex. 8. (o) From any. point (ap.^, 2ap) on a parabola a focal 
chord and a normal chord are drawn. Find the coordinates of the 
points where these chords meet the curve again, and shew that 
the diameter through the point of intersection of the tangents at 
the extremities of the normal chord passes through the other extremity 
of the focal chord. 

Ih) If two tangents at the ends of a focal chord PP' meet in R, 
and PQ is a chord which ts normal to the curve at P, then PQ~4:RP'. 

(L.U.) 

(a) Let PFP' be a focal chord and let the coordinates of P' 
be (a/X]®, then the equation of PP' is, after division by 

2 ( £ - n/x2) = (,/ - 2«/t) (/X 1 + /x) . 

But PP' passes tliroueh F, the coordinates of which are [a, 0) ; 

2n(l -/x2)^ -2n/x(/xj +/x), 
from which /x^ = 1 //x. 

Hence the coordinates of the extremities of a focal chord of a 
parabola are 

(anh 2afi). (a/ti^ -3a/(i) (93a) 

Again, let tlie normal at P cut the curve again at Q, tlnm, by 
§ 80, the equation of PQ is, after division by 2a, 

y - 2a n +/x( £ - =0. 

Let {apf, 2ap^ be the coordinates of Q ; then 

2a{ii.^- Ii)+ap{iif - - 0 , 

from which, since /Xg is not equal to g. 

Hence the normal to a parabola at the point {ag-, 2&g) meets the 
curve again at the point whose coordinates are 

{a((x= +a)V. -2a(|x' -t-2)/|x} (98b) 

Let the tangents at P and Q intersect at S, and let SK be 
drawn parallel to OX meeting PQ in K. Then, by (d) of Ex. 7, 
p. 282, K is the mid-point of PQ. 

Let y be the ordinate of K, then 

y = i {2«/' + 2a/x2) = a (/X + g^) 

=a{/x-(/x2 + 2)//x), by (936), 

= - 2a//x, 

which is equal to the ordinate at P, by (93a) ; hence 
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I{ a normal chord and a focal chord be drawn from any point on a 
parabola, the diameter through the point of intersection of the tangents 
at the extremities of the normal chord not only bisects that chord, bnt 
also passes through the other extremity of the focal chord. 

From Ex. 6 (b), p. 278, R lies on the directrix, and if the 
diameter through R cuts PP' in G, and PQ in 31, then P'G = GP. 

Further, since GM and P'K are parallel, and G is the mid-point 
ofPP', 

/. M is the mid-point of PK, i.e. PQ= 1 . MP. 

But RP' is parallel to PK, each being perpendicular to RP ; 

P'R3IK IS a parallelogram, and 

P’R^MK^i.PQ-, 

P^=4.P'P. 

It should be observed that PMP'R is a rectangle, so that PM 
is perpendicular to the normal P’Q. 

91. Properties of the Ellipse. Some imjiortant geometrical 
properties of the ellipse will now be considered. It should be 
noted that from the fact that the sum of the focal distances of 
any point on the curve is constant (see Ex. 12, p. 223). this is 
often used as a convenient definition of an ellipse in practice. 

Ex. 9. Dincuss the chief prupcrtics of the cllijm 

(i) Let AA', BP' (Fig. 33) be the axes of the ellipse, O its 
centre, F, F' its foci, then from (73o) OF = OF' —ae, where c is 
the eccentricity of the curve. 

.'. A'F . FA-{o \-ae)(ri -ac)=a^[\ -e^)=h^. 

Product of distances of extremities of major axis from a focus 
= square on semi-minor axis. 

Also . FB^ = = Ir -t«V = ; 

BF=a, 

so that the distance of either extremity of the minor axis from a locus 
= semi-major axis. 

(ii) Let H'PT be a tangent at any point P(xi, i/j), then its 
equation is 

xxJa^+yyJlF = l, 
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and if it intersects the a:-axis at T, and N be the ordinate of P, 
then at T, y=0, and 

i.e. 0N.0T = a2. 

Let F'H' , FH be the perpendiculars on the tangent from the 
foci ; then, taking the equation of the tangent in the form 

y = nix + 

the equation of FH will be of the form y = - xjm + n. 



Since E is the point (uc, 0), /. n=ac/»?, so that 

my=ae - x 

is the equation of FIl. 

Let (x. y) be the point of intersection H, then, if m be eliminated 
from the equations 

y - )nx = \!mV + b^ and iiiy + x = ue, 

the resulting equation will represent the locus of H. 

To effect this elimination, square each equation and add, then 

{my + xf' + (?/ - mx)^ =«%* + ni^a^ + 

i.e. {)tfi + 1) (x^ + if’) =a^(m* + 1) ; 

/. a? + y®=a^ 

since m is real, 

i.e. the locos of the feet of the perpendiculars from the foci to a 
tangent is the auxiliary circle. 
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Let HF he produced to meet the auxiliary circle again at K, 
then since FH, F'H' are parallel and equidistant from the centre 

0, and A, A' is a. diameter of the circle, 

FK = F'H' 

and KF . Fll = A' F . FA = h^, as proved above, 

1. e. FU.F'H’=l^, 

or, the product of the perpendiculars from the foci to any tangent is 
constant, being equal to the square on the semi-minor axis. 

(ill) Let PQ be any chord of the ellipse joining the points 
P(*i> 2/i)> ^(^ 2 j 2 / 2 )) then the equations of the tangents at these 
points are 

xx^ja^ 4 yy-^jb^ = 1, xxja?' +yy^b‘^ = 1 ; 
and if A. be a constant, the equation 

XX 4- yy 6^ - 1 4 - A (a 4- - 1 ) = 0 

will represent any straight line passing through their point of 
intersection. For the ime to be a diameter, it must pass through 
the origin, and the condition for this is 

- 1 — A = 0, giving A = - 1 ; 

the equation of the diameter through the point of inter- 
section of the tangents at P and Q is 


,.,'/ i -?/2 

^2 


• y = 0- 


Now let {^,y) be the nud-point of PQ, then 2 ^ = Xi 4 -a ;2 and 
2 '/ =2/1 +2/2- From the above equation, 

1/ = - {62 (aq - X 2 ) r}/{rt^(2/i - yz)} 

= -x.J^){yi+y2)x]i{a^(yi" - y2^)(x^ + x2)}. 

But since (xj, y-^), (x^, y^) he on the curve, 

62 (xi 2 - x./}=aW - - a^b'^ +a^y^^ = a-^byi- 

y = (2/1 + 2 / 2 X( 3 ^i +^2) = 

which shews tliat (^, y) lies on the diameter ; hence, 

Tangents at the extremities of a chord of an elhpse intersect on the 
diameter bisecting that chord. 

(iv) The straight line, y^mx + sjahn^ + lP, is a tangent to the 
ellipse for all real values of m ; rearranging this equation and 
squaring, _„,_^.)2^,j2,^2 +;,2^ 

{ 7 ? - a^) m2 - 2xym +y^~b^ = 0. 


or 
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This, being a quadratic in m, shews that two tangents can be 
drawn from any point outside the ellipse. 

Let nil, '^2 be the roots of the quadratic, then 

- a^). 

If the two tangents be at right angles to each other, then 

= — 1 ; 

... 

or 

which represents a circle of radius Ja^+b^. This circle is 
called the Director Circle of the ellipse, and it may be defined thus : 

The locus of the point of intersection of two tangents to an ellipse 
which are perpendicular to each other is the director circle. 

(v) Let the normal at P intersect the major axis at G, then the 
subnormal 

GN = yi tan NPG = yi tan NTP= iji . NP/NT 

= y^l{OT - ON)=yi^/{a^lxi - Xi) = Xiyi^Jia^ - Xi^) =b%/a“. 
Also OG = ON-GN = ri(l - hVa®) = 
and FG = OF -OG = ae-e^Xi = e{a -exi) = e . FP. 

Again, F'G = F'O + OG = ae+ e^Xi = c . F'P ; 

F'G/GF = (c . F’P}/{e . FP) = F'PjFP, 

so that PG bisects the angle F'PF \ hence 

The normal at any point on an ellipse bisects the angle between the 
focal distances of that point. 

The distance PG is called the length of the normal, and it is 
readily obtained, for 

PCP = GN^ + = h^xi^la^ + = h^Xi^ja « + - x^)!a^ 

= {}Pla^){b^Xi^/a^ - Xi^ +o^} = (6^/a®) {a^ - ; 

PQ-=bN'a'.‘-eVV (94) 

92. Properties of the Hyperbola. The properties of the hyper- 
bola are very similar to those of the ellipse, and may, in many 
oases, be derived from them by changing into -b®. The 
chief characteristic of this curve, however, lies in the fact that it 
is the only conic which has asymptotes, and in this connection 
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it is important to remember, as has already been shewn in Ex. 10 
of § 84, that the equations of a hyperbola and its asymptotes 
differ only in the constant terms. Probably the most important 
form of hyperbola used in practice is the rectangular hyperbola, 
the equation of which is generally referred to its asymptotes as 
axes. The equation pv = c connecting the pressure and volume of 
a gas in an isothermal ex})ansion is a good example of this. It is 
the rectangular hyperbola, too, that gives rise to the hyperbolic 
functions which are so useful in integration. 


Ex. 10. («) Fi)id the eqwition of the normal at any point 

(cjt, ci) of the rectangular hyperbola, xy = <?, and shew that it meets 
the curve again at the point ( —ct?, -cjt^). (L.U.) 

(b) Determine the point of intersection of two normals to the 

rectangular hyperbola, x = 2t, y = ijt, and deduce the coordinates of 
the centre of curvature in terms of t. (L.U.) 

(c) Shew that four nornwh can be drawn to a rectangular hyper- 
bola from a point (^, >/), ami if these normals meet the curve in 
(x^, yf), (Xj, yfj, (.f 3 , //a), (X 4 , yf), prove that 

Xi + X2 + X3+X4 = ^, 2 /i+J/2 + 2/3 + 2/4 = ’?. 

XiX^3Xi=yp/.pt3!U= -c* and +yi ^-y^ +y^ = g'^- 


{a) From (82a) the equation of the normal at the point (x^, y^) 
on a conic is 7 

dy 

For the rectangular hyperbola, xy — c^, = - yjx. 

The equation of the normal at (tj, yj) on the curve is 

xi{x-r^)=yi(y-yi)- 


Putting x = cjt, y = ct, this becomes 

xt - c=fi{y -ct). 


This will meet the curve again where 

c^tly-c = fi{y-ct, 

i.e. yH^ + c{l-t*)y-c‘t = 0, 

which is a quadratic in y, thus shewing that the normal meets the 
curve in two points. 

H.M. 


T 
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Let y^, y^ be the roots of this quadratic, theu y-^y^ = - c^jt^ ; 
but j/j = ct, since the line is normal to the curve at this point ; 

A y^=~(^l(yifi)==-clfi, 
and x^=c^ly 2 = -cl^\ 

the normal meets the curve again at the point ( - d?, - c/<®) . 
(6) Let < 1 , ^2 be the parameters of the points where the normals 
are drawn, then from (a) the equation of the normal at {x^, y^} is 

Xi{x-xi)=yi{y-yj), 

so that, putting x^ = 2<j, yi—^lU, x^=2tn, = S/ig, the equations of 

the normals become 

2/i® (a: - 2<j) = 3 (t/ij - 3) , 

2/2^(a:-2<2) = 3(i/i2-3). 

Solving these, the coordinates of their point of intersection are 
+t^) ^ + + 

+ <2) ’ + ^2) 

As #2 approaches the value of t^, these coordinates tend to those 
of the centre of curvature ; hence in the limit, when = t^, the 
centre of curvature becomes 

3(3 + 4t«) 27+ it* 

y=-~w-- 


These values should be checked from the formula. 

(c) From (a) the normal at the point {cjt, ct) on the hyperbola 
xy — (? IB xt~c — - ct ) ; 


or, since this passes through the point (^, y), 
ct* ~ yfi +^t-c = 0. 


This is a quartic in t, and therefore has four roots ; hence four 
normals can be drawn from (^, >/) to the curve. 

Let ti, t^, < 3 , <4 be the four roots of the quartic, then 


+ ^2 + ^3 + <4 = *?/c, 

^ 1^2 ^4^3 + ^4^4 + ^2^3 + ^2^4 + t^t^ ” t), 

"t + t^^t^ + t-jt^^ = ~ 
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If x^ = cjt„ yr = ctr, then 

*1 + Xj + X 3 + = C (l/«^ + 1/<2 + 1/f 3 + 1 /t^) 

= +hhU +h^4i + 

= c(-^/c)/(-l)=f 

?/l +2/2 +2/3 +2/4 =C(<1 +<2+23 +<4) = r/, 

= (^l{t it. , 

^1^2,2/32/4 = c^(ktihU) = - c* ; 

•'• = 2/12/22/32/4 = - c«. 

Finally, yi* + + yg^ +y ^=^ + <^2 4_ 4. ^^2)2 

= (?‘{ll +<2 4 - ...)^ — 2 (f 4/3 + /^/g + ...) 

Ex. 11 . (a) Shm that if a straight line, cuts a hyperbola m 

P and P', and its asymptotes in Q a 7 id Q', then PP' and QQ' have 
the same middle point. (L.U.) 

(b) Prove that the jwrtion of a tangent to the hyperbola, 
x2/«2_y2/i>2 = l, 

intercepted between the asymptotes is hiseefed at the. point of contact. 
Is this true of the rectangular hyperbola ? 

(a) Let y = mx + n be the line QPP'Q' (Fig. 34 ), then the 
ordinates of P, P' arc given by 

(y - n^)j{mhik - y^jh^ = 1, 

- niP’oi') y* - 2b^)ty + - m^a^b“ ^ 0. 

If yg, 1/2 arc the roots of this quadratic, 
i.e. the ordinates of P, P', 

2/1 + 2/2 = 2 b^nj{lP - nrai‘). 

Hence the ordinate of the mid-point of 
PP' is b^nl(b^ — ni'^n^). 

Now the equation of the asymptotes 
differs only from the equation of the hyper- 
bola in the constant term, so that the 
quadratic giving the ordinates of Q, Q’ will 
only differ from the above quadratic in the 
constant term, so that the sum of its roots, 
i.e. the ordinates of Q,Q', will still be b^nl{b^-ni^a^) ; hence 
PP and huve the same middle point. 



FlO. 34. Property of the 
hyperbola. 
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(&) It is easy to see from the above result that when the line 
QQ' moves parallel to itself until P' and P become coincident, 
then QQ' is a tangent to the curve, which is bisected at P, the 
point of contact. The proposition may, however, be proved 
independently as follows. 

The equation of the tangent at (^, ij) on the hyperbola, 

= 1 , is, by (80), 
x^la^-y<llh^ = \. 

And from Ex. 7 {a), § 84, the equation of the asymptotes of the 
hyperbola is 

so that the ordinates at the points of intersection of the tangent 
and the asymptotes are given by 

(1 = 

or y^ {a^ + la^hjy + = 0. 

But since (^, y) lies on the hyperbola, 

Hence on substituting this, and dividing out by -a^b^, 

y^ ~2yy -h^=0. 

If, therefore, the roots of this quadratic are yi, y^, 

2/i+y2 = 2y, 

so that y is the ordinate of the mid-point of the tangent, i.e. 

The tangent intercepted by the asymptotes o! a hyperbola is bisected 
at the point of contact. 

In the case of the rectangular hyperbola, a = b, but the result 

l/l + '/2 = 2r, 

is independent of this condition, so that the proposition still holds. 

When the equation of this hyperbola is given in the form 
xy = c^, it is better to give an independent proof as follows. 

The equation of the tangent at (^, y) is 

^y + yx=2(^, 

and since the axes are the asymptotes, this outs the x-axis where 
y=0, and the y-axis where x=0, i.e. where y = 2c^/£ = 2)j, since 
= c^ ; hence the ordinate of its mid-jjoint is y, i.e. the ordinate 
of the point of contact. Hence, 

The portion of the tangent to the rectangular hyperbola, xy==o', 
intercepted between the axes is bisected at the point of contact. 
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93. The Cojomon Catenary. The curve in which a heavy, 
uniform and inelastic string or chain freely hangs when sus- 
pended from two fixed points is known as the common Catenary. 
It was originally called a “ Chainettc,” and the problem of finding 
the form of the curve was first proposed by James Bernoulli, who, 
together with his brother, Leibnitz, and Huyghens, published 
solutions in 1691. The curve also attracted the attention of 
Galileo, who noticed the similarity betw'cen the form of the 
catenary and that of the parabola. 

Ex. 12. Find the Carte.^iun egualion of the common catenary, 
and investigate its chief 'properties. 

A steel 'wire of specific gramtif R-4, 576 'yards long, has a tension of 
ten tons applied at its emls, v-htch are supported at equal heights. 
She'w that the sag in the middle is 6'72/ect approximately, and that 
the slope at either end is nearly 2° 42'. 

Let ACB (Fig. 35) bo the curve in w'hich a uniform, inelastic 
string hangs wlion suspended 
from two points .1, B in tlie 
same horizontal line. 

Let C be the lowest point, 
then from the symmetry of 
the curve the vertical CL 
through C will intersect AB 
in its mid-point 1'. The 
horizontal distance AB is 
called the span, and the 
vertical distance CY the sag 
of the catenary. 

Denote the semi-length CB 
of the string by s, and lot 
re = weight of unit length, 

T = the tension at B or A, and // =tbc tension at G; then the 
string GB is in equilibrium under the action of the tensions T 
and H, and its weight les. 

If 0 be the slope of the curve at B, then resolving the forces 
horizontally and vertically, 

T cos 0 = 11, T sin 6 = ws ; 
hence, on division to eliminate T, 

tan 0 = wsjH. 
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Now, H is constant, and so is w, since tlie string is uniform ; 
hence Hlw is constant ; denote it by c, then 

s=ctan d = c . dyjdx. 

But 5 is a function of x, and to express it in terms of x, this 
equation must be differentiated with respect to x. 

Writing v for dyjdx, and differentiating, 


c. 


dv 






' dx dx Af * ' \dxj 
dx = c . dvjjl +v^\ 
which on integration gives 

x + J= c sinh-^v, 

or u = sinh{(x + A)/c}. 

If OF be taken as the y-&xia, then = 0 when x = 0 ; 

^=0, 

so that v = amh{x/c), 

i.e. dy=sinh {xjc) . dx. 

Another integration gives 

y + B = c cosh (x/c), 

and if the x-axis be taken at a distance below C, equal to c, then 
y^^c, when x=0, i.e. c + B = c, 

or B~0; 


the equation of the catenary becomes 

y = cco8h*==®(e^' + e-*''), (96a) 

c ^ 

and the cc-axis is called the directrix of the curve. 


Again, from above, 

s = c . dyjdx = c sinh [xjc]. 

The semi-length of the curve is given by 

s = c sinh * = ® (e*'' - (96b) 

C i 

Now cosh^ (x/c) - sinh^ (x/c) = 1 ; 

2/2/c*-sVc® = 1, 

so that y* -- 8’“ + c” (960) 
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Further, since T=^ws . cosec 0, 

T = wf : . dsjdy = ^vs . y/s, from (95c) ; 

T=wy (95a) 

/. The tension at any point = weight of string equal in length to the 
ordinate at that point. 

Let the tangent and normal at any point P intersect the x-axis 
at Q and G respectively, then if N he the foot of the ordinate, 
by (84(7) : 

Subtangent = ~y , = c cosh * /sinh * = c coth -• 

I (( JO Cj j C c 

Subnormal = NG=^y . = y sinh ~~l ^ sinh ~ ■ 

Normal = PG = JNP^ i- NG'^ = \/y^(l + sinh^x/c) = y^/c. 

Now the radius of curvature p at J* 



p=?<}=y^lo (96e) 

Again, let the perpendicular from N to PQ meet it in P, then 
NltlNP^NP/PG 

= c7//y^ by (95 p) ; 

NP = c. 


Hence, the perpendicular from the foot of any ordinate at any point, 
to the tangent at that point, is of constant length. * 

Turning now to the numerical example, let a = cross section of 
the wire in square inches, then taking y as the ordinate at one 
end, from (95(f), 




10 X 2240 X a X 144 
'"ax 62-5 x>4“’ 


= 64 X 96 feet. 


since the weight of a cubic foot of water is 62‘5 lb. 

And from (95c), 

c2 = - s* = (64 X 96)2 - 2882 952 (642 - 9) 

=962x4087; 
r = 90v/4()8"7 ; 
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hence, if A = sag, then 

A = - c = 64 X 96 - 96 s/4087 = 96 (64 - s/4087) 

= 96(64 -63-93) =96x0-07 

= 6-72 feet. 

If t/ be the slope at either end of the wire, then since 
A- = c tan D, 

cot 0 = cjn = s/4087 X 96/288 = 63-93/3 = 21 -31 . 
From the tables, 0 = 2 ° 42' appro.ximately. 

Exercises 12. 

Find the radius of curvature p for each of the following curves : 

1. The circle, +y‘^ =a^. 

2. The parabola, -px at the point (p, p). (L.ll 

3. The curve, y =log sin x. 

4. The semi-cubical parabola, ?/* -ax*. 

6. The four-cusped hypoeycloid, X“ +y'' -u'. 

6 . a^y=x^. 

7. at/*=x». 

8. 9ay* =x(x -3a)^. 9. The cissoid, y*(2u -.r) =x®. 

10. If the coordinates (x, y) of a point on a curve are given as func- 
tions of 6, the inclination of the tangent to the axis of x, j)rove that the 
radius of curvature is 

Deduce the radius of curvature at any point on the jiarabola 

x—alw?, y — ajm. (M.U.) 

11. Find the radius of curvature of the tractory, 

X =a sin 0, y =a^log tan ^ + cos 0^- 

12. The rectangular coordinates of a point on a curve are 

x=aBinp<, y=a 008 2pt, 

where p is constant and t variable. Find the direction of the tangent 
at the point where y =0 and the radius of curvature at the point where 
x=0. (L.U.) 
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•18. Shew that if a curve be defined by the equations 
a: — a(nt -sin <), y—a(n-co6t), 

a^{n{\ -»*) + 2«y}^ 
a ( 1 - n*) + ny 

(Br.U. and L.U., Sc.) 


then 


P=- 


14. In the cycloid x =a{0 +sm 0), y =o(l -cos 6^). prove that the 
inclination of the tangent to the axis of x is 012, and that the radius of 
curvature at any point is twice the intercept on the normal between 
the curve and the line y =2a. (L.U., Sc.) 

*16. How is the curvature of a plane curve measured 't Find the 
relations between p, a, h when at an intersection of the curves 

+ahj ‘^ and -^2px, 

(i) the tangents form an i.sosceles triangle with the axis of x, (ii) the 
curvatures arc equal. (L.U.) 


18. If the conics 3x^+8y^—24, x^ -4y^-4, have P as one of their 
points of intersection, find the radius of curvature of each of the curves 
at P, and show that the distance between the two centres of curvature 
is the square root of the sum of the squares of the radii of curvature. 

17. Find the condition that must hold in order that the hyperbolae 
x’/o* - y^/6* -- 1 and xy = 0 - may intersect orthogonally, and in this 
case deterini!ie the radii of c\irvat»ire at the points of intersection. 
What further condition must be fulfilled if these are equal in length ? 

(L.U.) 

18. If the normal at any point P on a parabola intersect the directrix 
at K, shew that the radius of curvature at F is equal to 2PK. Find 
the coordinates of the centre of curvature at one extremity of the latus 
rectum of the jiarabola -4ax. 

19. Find l> at the points where the axis of x meeta the curve 

3y(x ey)^x(3c-x). 

20. Shew that on the curve y =ax/(o +x), 

(2p/u)« -- (yjxY + (xjyf. (L.U., Sc. ) 

*21. Find the curve in which the radius of curvature at each point P 
is equal to the length of the normal between P and the axis of x. 

(L.U.. Sc.) 

22. Determine the radius of curvature of the curve 

2x* +y* =2(x ~y) 

at the origin. (L.U., Sc.) 

23. Trace the curve y®(o* -x*)=o*.t, and find the radius of curvature 

at the origin. (S.U., So.) 
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24. Prove that the coordinates of the centre of curvature at a point 
on the ellipse 

(xjaY + iylh^) = 1 are ^ ^ cos*<^, - - — ^ sin®<^, 

€L a 

■where <}> is the eccentric angle of the point. (Li.U., Sc.) 

*25. If ^ be the eccentric angle of a point P on the ellipse 

2:®/a® = 1, 

shew that the circle of curvature at P cuts the ellipse again at the 
point (a cos 3<^, - 6 sin 3(f)). 


Find p for each of*the following curves : 

26. The cardioid, cos ^0. 

27. The equiangular spiral, r =ae*'’"t a. 

28. The rectangular hyperbola, r- sin 26 —2a^. 

*29. If p be the perpendicular from the origin on the tangent at a 
point on the hypocyoloid 

x=(a -b) cos 6 + b cos y =(a -h) sin 6 -b sin -■ . 6, 

distant r from the origin, prove that r® —A +Bp^, and determine the 
constants A and B in terms of a and b. (L.U.) 

30. A circle of radius a rolls on the outside of another circle of the 
same radius. Shew that the polar equation of the path traced out by 
any point on the rolling circle is 

r —2a(\ - cos 0), 

the origin being the point of contact of the tracing point with the first 
circle and the initial line, the radius of this circle through the point. 

Find for this curve the relation between the radius vector and the 
perpendicular drawn from the origin to the tangent. (L.U.) 

81. Shew that if p be the perpendicular from the origin upon the 
tangent at P to a curve, the radius of curvature at P is given by 

p-^p + dPpjdyfr^, 

where )j/- is the inclination of the tangent at P to the initial line. 

Prove that in the epicycloid p is proportional to p. (Li.U.) 

*32. Shew that the curves 

r® COB {26 - a) - a® sin 2tt and r® = 2a® sin {26 + a) 
out at right angles at their points of intersection. {L.U., Sc.) 
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33. A symmetrically tapered propeller S (Fig. 36) is fixed near the 
open end of a cylindrical chimney T, of radius a, so that its vertex 
lies in the plane of the end right section, and 
with its axis collinear with that of the cylinder. 

If G is any point on the curve of taper, shew 
that, for the area swept out by riC to be equal 
to the internal area of the tubes, the polar 
equation of C, referred to A as pole and AQ aa 
initial line, is 

rJ2 . sin 10 =rt -r. 

Shew also that the radius of cui-vaturc is 
given by 

4a*ft^(3a +r)® —r”{r^ +2ar +3a®)®. 

84. Prove that tangents at the ends of a focal chord of a parabola 
intersect at right angles on the directrix. 

Prove that the length of the chord w’hich is the normal at an 
extremity of the latus rectum is 21^2, where I is the length of the latus 
rectum. (L.U.) 

35. TP, TQ are tw'o tangents to a parabola, and a line through T 
parallel to the axis of the parabola meets the curve at A and PQ in B ; 
shew that TA =AB, and PB=QB. 

A telegraph wire may be assumed to hang in the form of a parabola 
between two posts a known distance apart. Shev’ how to estimate the 
sag in the centre of the wire by observing the angle that the wire makes 
with the horizontal chord joining its ends. (L.U.) 

36. Prove that the tangent at any point on an ellipse cuts the major 
axis at the same point as the tangent to the auxiliary circle at the 
corresponding point. 

Shew also that the locus of the foot of the perpendicular from a focus 
to a tangent is the auxiliary circle. (L.U.) 

37. PHQ is a focal chord of an ellipse whose foci are S and H. Prove 

that the escribed circle of the triangle PSQ which touches PQ externally, 
touches PQ in H and has its centre at the point where the tangents to 
the ellipse at P and Q meet. (L.U.) 

38. Prove that the normal at any point on an ellipse meets the axis 
at a distance from the focus which is in a constant ratio to the 
focal distances of the point. 

If PQ is the normal at P, prove that the circle on PG as diameter 
intercepts on the focal distances of P, chords equal in length to the 
seini-latus rectum. (L.U.) 

*39. Tangents to an ellipse are drawn at the extremities of perpen- 
dicular diameters. Prove that the locus of their intersection is another 
ellipse, and shew that the eccentricities of the two ellipses are connected 
by the equation j ^ ^ 
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* 40 . An elliptic disc, whose semi-axes are a and b, slides in two grooves 
which, are perpendicular to each other, the whole being in a vertical 
plane. Shew that the locus of its foci is 
{x^ +y^)ix^y^ -f-5*) 
taking the grooves as axes. 

41 . CP, CD are two conjugate semi-diameters of an ellipse. On the 

normal at P two points K, K' are taken so that PK—PK'=CD. 
Prove that the sum and difference of the lengths CK, GK' are the 
lengths of the axes of the ellipse, and that the directions of the axes are 
the internal and external bisectors of the angle KCK'. (L-U.) 

42 . Deduce the Cartesian oquation.s of the catenary fiom the 

a=.rtanf. 

Prove that in this curve the length of the radius of curvature is 
equal to the length of the normal terminated by the directrix. (B.U.) 

43 . In the catenary J/ = „ ' -t c ' ' ), shew that the length of the 

perpendicular let fall from A’, the foot of the ordinate PiV, upon the 
tangent at the point P, is of constant length. 

Also if the normal at P meet the axis of x in G, shew that PG varies 
as PA*. 


44 . Along the tangent at each point P on the catenary y = c cosh (x/c), 
a length PQ is measured equal to the ordinate of P ; shew that the 
locus of Q is such that at each point its suhtangent is constant. 

(D.U.,Sc.) 


45 . Find an expression for the radius of curvature at any point of 
the catenary y~=c cosh (x/c). 

Prove that the radius of curvature and the normal are both equal 
toy*/c. (L.U.) 


46 . A uniform chain of length Z is to be suspended from two points 
A and B in the same horizontal line so that the terminal tension is 
n times the tension at the lowest point. Shew that the span AB must 
be made equal to 


Z log (ti - 1) 
•Jn ^- 1 


(L.U., Sc.) 


47 . A uniform chain 100 feet long is to be suspended from two 

points in the same horizontal line with such a span that the tension at 
the ends is to be three times that at the middle. Find the required 
Span to the nearest inch. (L.U., So.) 

48 . In the catenary prove that the tension T at any point P, .the 
tension at the lowest point and the weight W of the chain from 
the lowest point up to P are connected by 

P* =P,* IF*. 
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If the total length of the chain be 100 ft., the total weight 40 lb., 
and the sag 10 ft., shew that the greatest tension is 52 lb. and the 
distance apart of the supports is X where cosh (X/240) =13/12. 

(L.U.) 

* 49 . A uniform chain is suspended from two fixed points, the dif- 
ference of whose heights is h ; shew that if an arc s is measured along 
the chain from its lowest point, is constant. 

A uniform chain of length I lies in a straight line on the ground. 
One end is raised vertically through a height h, and the chain is in 
limiting equilibrium. Provo that the length s of the curved portion is 

8^ + 2/ihs = + 2y.hl, 

where p, is the coefficient of friction. {L.U., Sc.) 

* 60 . A chain BCD is fixed at the end B and pas.ses ov^er a smooth peg 
at G which is lower than B, hut not in the same vertical, and the 
portion CD hangs vertically. The heights of C and B above the level 
of D are h and k respectively, anfl I is the length of the portion BC. 
Prove that if the curve BC is continued to its lowest jjoint A, the 
arc AC is equal to {k^ -K^ -P)i2l. (B.U.) 

61 . The roadway of a suspension bridge is supported by two chains 
whose weight is negligible compared with that of the roadway. Assum- 
ing that the roadway is uniform, shew that the chains are parabolic in 
form. 

Shew also that the tension at any point of a chain is proportional to 
the square root of the height above the directrix. (M.U.) 
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94. Coordinates. In throe-dimensional geometry, or space 
geometry, as it is sometimes called, three mutually perpendicular 

planes are taken as the planes of 
reference, and their lines of inter- 
section are called tlie coordinate 
axes of X, y, z respectively. The 
2-axis is usually taken in the vertical 
position, as indicated in Fig. 37, and 
the planes XOY , YOZ, ZOX arc 
known as the xy. yz, zx planes 
respectively. Only the positive 
octant is shewn in the figure. The 
position of any point P in S])ace may be uniquely determined by 
any one of the following systems of coordinates : 



FlQ. 37. Coordinate planes. 


(i) Cartesian coordinates, (x, y, z). These are the perpen- 
dicular distances of the point from the yz, zx, xy-planes respec- 
tively. 

(ii) Polar coordinates (r, &, </>). r is the distance of P from the 
origin, 0 the angle between the radius vector r and the z-axis, 
and <f> the angle between the zx-plane and the plane containing 
r and the 2-axi8. In the figure, OP = r, l POZ = ti, and L NOX — (j>, 
where N is the foot of the perpendicular from P to the x,?/-plane. 

(iii) Cylindrical coordinates (m, <I>, z). u is the projection of r 
on the xy-plane, <f> is the angle NOX already defined in (ii), and 
2 is the Cartesian coordinate NP. 
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From these definitions it is easy to see that {u, </>) are the plane 
polar coordinates of N with reference to OX, and {r, 6) are the 
plane polar coordinates P in the variable plane POZ with reference 
to OZ ; hence, x = u cos ((>, y = u sin 4", z = r cos and m = r sin 
so that x'^ + y^ = u^, and +y^ +z^ = u^ +z^ = Hence the 
relations between the three systems of coordinates may be 
expressed as follows : 

X = I sia 0 cos <|», u - t sin 0, 

y =it sin 6 sin 4>t 0 =tan-*(a/z) (±N'’x^-l-y^/z}, 

z = t cos 0, <!> = tan“* (y 'x). 

x^+y^ + z“=r% x“ + y“ = u‘‘, 

it being understood that the principal values of 0 and 4 ^re to be 
taken. 

Ex. 1. Find the. distance from the origin, and the polar coordi- 
nates of the point P(0-7, 24, 6). 

Shew that the distance from P of the point Q(1’9, 4, 84) is 2’9, 
and. give a general expression for the distance between two points 
A and B whose coordinates are (x^, y^, ij) and {x^, y^, z^) resp>eciively. 

Here x = 0-7, y = 24, « = 6, so that 

,•2 = 049 +5-76 +36 = 42-25 ; 
r=6-5. 

Also M’* = r^-c^ = ()- + 2){r-2)=6-25 ; m = 2-5, 
and 6i = tan“'{u/s) = tan~^(2-5/6) = tan~^0-4167 =22° 37', 

4 = tan' '^{ylx) = tan~^(2-4/0-7) = tau"^3-4286 = 73° 44' nearly. 

The polar coordinates of P are (6-5, 22° 37', 73° 44'). 

To find the distance PQ, change the origin to P, then 

PQ^ = (1-9 - 0-7)2 + (4 _ 24)2 + (8-1 - 6)2 
= 1-44 +2-56 +4-41 =8-41 
= PQ = 2 9. 

From this analysis it is obvious that by taking A as the origin, 
the distance AB between the two points is given by 

AB“ = (Xj - xd* -t (y, - yd" + laj - *d*- 



(97) 
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96. The Stxaight Line. Let the angle POX (Fig. 37) be a, the 
angle POY be /3, and the angle POZ be y, then if the origin be 
changed to any other point, these angles will remain constant so 
long as the axes remain parallel to their original positions, and the 
line OP remains fixed, a, /?, y will thus determine the direction 
of OP. It is therefore evident that for any point P on this line 
x = rcosa, y = r cos p and s = rcosy, 

and by eliminating r, the equation of any line through the origin 
becomes 

cos a cos P cos y 


If the origin be changed to the point (ajj, the equation 

becomes 

cos a cos p cos y ’ 


where r is the distance between the points (xi, y/j, (r, y, z), i.e. 
r2 = (j - .r^)2 + (y - yP^ + (2 - 

cos a, cos P, cos y are called the Direction Cosines of the line, 
and if they be denoted by I, m, n respectively, the standard 

symmetrical form of the equation of a straight line becomes 


(x - Xi)/1 =(y - yd/m = (z - zd/n = r (98 b) 

and the coordinates of any point on the line may be expressed in 
the parametric form, 


x-X]+lr, y-y, + mr, z~Zj+nr, 

so that x-Xj^=r cos a, y -y^-r cos P, z-z^ — r cosy, 
and (x-a:d^ + (y-yd^ + ( 2 - 2 i)- = r- ; 

COS’a + COS^/J + COg®V = l, 

or P + + n* = 1, 

and sin” a + sin* /9 + sin* v = 2. 


(98b) 


(98o) 


Ex. 2. (a) Express the equations 

Ax By +Cz + D = ax-\^hy +cz->rd~0, 

representing a straight line in the standard symmetrical form. 

Hence shew that the straight line 3x -ly + 4z = ix+by - 0z=0 
passes through the origin, and is inclined equally to the coordinate 
axes. 
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(b) Prove that the angle between two straight lines whose direction 
cosines are I, m, n, and I’, m', n' respectively is (IV +mm' +nn’). 

Find the angle between the line 3x + 2y+2-5 = a; + y-22;-3=0, 
and the line 8x-42/-4z=7x + 102/-8z=0. (L.U.) 

(a) From (98i), the coordinates of any point on a straight line 
may be represented in the parametric form, 

x = x-y+lr, y = yi+mr, z~-Zi-{-nr, 

where I, ni, n are its direction cosines, and r the distance between 
(x, ?y, z) and (Xi, yi, 2 i). 

The given equations may therefore be transformed into the 
standard symmetrical form of (9Bu), if I, )n, n can be found in 
terms of the coefficients of those eejuations. 

To do this, substitute the parametric values of {x, y, z), then 
sinc.e (xj, yj, Zj) is a jwint on the lino, and r is, in general, not 

7.0T(^ 

’ Al t- Bm 4 Cn =0, al + hni + cn=0. 

Solving these for the ratios l/n, mjn, 

lln = (Bc-hC)j(Ab~oB), nii'ii={Ca - cA)/(.lb ~ ciB). 

Substituting these in the standard form, 

(x - Xi)/(Bc - bC) = (y -- ;l\)!(Ca - cA) ={z - z^)l(Ab - aB). 

So far the j)oint (xi, y,, Zj) is arbitrary ; let it be chosen as the 
point where the given line intersects the xy-plane, then Zi = 0, 
and replacing x, y, z by Xj, y^, 0 in tiie given equations, 

Axy 4- By I + D — rtX] + hy 1 + c? = 0 ; 

which on solving give 

Xi^{Bd ~hD)l(Ab-oB), yi^-(<iD- Ad)}(Ah -oB). 

Hence with these values, the symmetrical form of the equations 

Ax + By ^ Cz I D-ax^ by i cz + d-0, 

x-(Bd-bD)/(Ab-aB)_y-(aD-Ad)/(Ab-aB)_ z 

Bc-Cb Ca-Ao Ab-aB’ 

and if 1, m, n are the direction cosines of the line 

1 _ n _ I 1_ 

Be -Cb“ Ca-Ao Ab-aB V(Bo^b)* + {Ca'^^y 4 (Ab 
since l^ + -t- = 1 . 


B.M. 


u 
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Applying these results to the given equations, the standard 
^orm becomes */43 = y/43 = 0 / 43 , 


or x=y = z. 

Hence the line passes through the origin, and its direction 
cosines are all equal, i.e. it is equally inclined to the axes. 

(b) Take the point of intersection of the lines as the origin, then 
the equations of the lines may be written, 

xjl = y!m =2/»i = r, ^jV = r^jm' = ^ln! = r' . 

Let P{x, y, z) and Q{^, n, f) be points on these lines respec- 
tively, then from (97), 

Pg2 = (^-rr)2+(./-y)2 + (C-0)2 

— +11^ +x^ +y^ + z^ - 2(^x -< ijy -\ (z) 

= r'^ + - 2rr' {V -i- mm' -f nn’). 

But from the plane triangle POQ, if POQ, then 
PQ^ = r* + r'^ - 2rr’ cos 6*. 

Hence, substituting the above value of PQ, and dividing out 
’ cos d = 11' + mill! + nn' . 


From (99), by substitution of the numerical values of the 
coefficients of the given equations, if I, m, n, and 1', in', n' are the 
direction cosines of the respective lines, 

ll-5 = fnl7 = 11 = 1 /s/25 + 49 + ] = 1 /(5 ^ 3 ) 
and l'/2 = ?n' = « 73 = 1/s/i + Te 9 = 1/^1 4, 

Hence, if t> be the angle between the lines, 
cos 6 = 11' + mm' -t nn' 

= -2/V42+7/(5V42) + 3/(5V'12)=-0; 

B=7Tj2, 

i.e. the lines are perpendicular to each other. 

Ex. 3. (a) Deduce from the first fart of Ex. 2 {h) an expression 

for the sine of the angle between two lines, and the conditions to be 
fulfilled for two lines to be either parallel or perpendicular to each 
other. 

(b) The straight line which passes through the points (11, 11, 18), 
(2, - 1, 3) is intersected by a straight line drawn through (15, 20, 8) 
at right angles to the z-axis. Shew that the two lines intersect at 45°. 
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{a) The value of sin 0 may be put into a convenient form by 
the aid of an important algebraic identity. 

Let a, b, c, p, q, r be any numbers, then 

(a^ +W + c^) + r^) — [ap +hq+ crY 

= a^q^ + + h^p^ + + c^p^ + c^q^ - 2 {abpq + acpr + bcqr) 

= (a^q^ - 2ahpq + 4 {h^r^ - 2hcqr + (?-q^) 

t (c^p^ - 2acpr + a^r^) 

= {aq - bpY + {br - cqY + (cp - arY 
(a*+b“ + c®)(p^ + q^+r^) 

= (ap + bq + cr)- + (aq - bp)^ +(br - cq)“ + (op - ar)“. ...(100) 
This important result is known as Lagrange’s identity. 

Now sin^^ = 1 - cos^O = 1 - (W + mm' + nn'Y 

= 1 - ((2 + m^ +m'^ + n'^) +{lm’ — I'mY 

+ {mn' - m'nY + (hT - n'lY, by (100), 
= (liti — VmY + ( wm' - m'nY + ~ 

which gives a eonveniont expression for sin 8. 

It is evident that for the lines to b(! parallel, 0 = 0, and sin 0 = 0, 
so that {hn' -I'mY + (mu' -m'nY + = 

which can only be satisfied when 

hn'=l'm, mn'--=m'n, nV = n'l, 
since the square of every quantity is positive. 

Hence IjV = m 'm' = njn' = J(Y + ?/t‘ + -r m'^ + n'~) = 1 ; 

1 — 1', m=M', n = )i, 

as is obvious from the fact that the lines are parallel. 

For the lines to be perpendicular, 0 = Trj2, and cos ^==0 ; 

ir ^ mm' +nn' =0. 

Hence the foregoing results may be summarised as follows : 

The angle between the lines 

(x-xi )/l-(y-yi )/m =(z-Zi )/n, 

(x - x',)/l' ^(y -y',)/in' =(z - z',)/n', 
is given by cos 0 -ir + mm' + nn', 

and il 1 =1', m =m', n =^n', the lines are parallel, and iS 11' + mm' +nn' =0, 
the lines are perpendicular (101) 
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(jb) Let the equation of the first line be 

{x - Xj)ll = (jr - yi)lm = {z- Zi)/n, 

then, since it passes through the points (11, 11, 18), (2, - 1, 3), 
by substitution, 9/J = 12/« = 15/«, 

or i/3 = m/4 = /t/5 = 1/(5 v'2), by (9M), 

giving Z = 3/(5 72), m = 4/(572), « = l/72. 

The second line is obviously parallel to the a:y-planc, and since 
it passes through the point (15, 20, 8), 

x = 15 + i'r, 2 / = 20+m'r, z = 8, by (986), 
or m'(x-15) = r(y-20). 

Further, since this line is perpendicular to the z-axis, it passes 
through the point (0, 0, 8), so that 15m' = 20i' ; 

r/3 = m'/4 =1/5, by (996), since «' = 0 ; 

i' = 3/5 and m' = 4/5. 

Hence the angle between the lines is, by (101), 
cos 0 = 11' + mrri 

= 9/(2572) +16/(2572) = 1/72 ; 

6 = 45°. 


96. Straight Line passing through Two Given Points. The line 


(x - Xi)/i = (// - ?/i)///( = (z - Zi)/n = r 


passes through the point (Xj, y^, Zj). Suppose it also passes 
through another given point (xj, y^, ^z), then 


(xa - Xi)/! = (y^ - yi)/m = (z.^ - z,)/n = , 

where is the distance between (x^, y^, z^) and (x^, y^, ; 

hence, by division. 


x-x, ^y-y, _ z-z, 
xj-xi Jz-yi Z 3 -Z, r,’ 


(102a) 


which is the required equation. 

Let r/r^ = A ; then each jx)int on the line naay be represented in 
terms of the parameter A as follows ; 


x--Xx2+(l 

y=Xyi+(l-X)yi. 

a=:\a,+(l-X)ai.J 


(102b) 
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Ex. 4. Find an expression for the shortest distance between two 
non-intersecting straight lines. 

Calculate the shortest distance between the lines, 

(12-^)/9 = {y-l)/4 = (2-5)/2, 

(23 - x)/6 = ( 19 - ?/)/4 = {z- 25)/3, 

and give the equation of the line of shortest distance, and the coordi- 
nates of the points of intersection of it and each of the given lines. 

(1) Let (x-xdlk = [y = = (s = l, 2) be the 

equations of the given lines, which for brevity will be referred to 
as s = l, s = 2 respectively. 

Suppose that the line (j; - = (</ - = (z - inter- 
sects s = l at (^1, and ,s- = 2 at (^2> 'lz> f2)> then 

^2-^i=rr, Vi-Vi^'Ttn, C2-Ci^t-n, 
where r is the distance between i/j, {■!) and 

Now since s = 1 passes through the former point, 

yi—k-pni + yi, ii — kini+z^. 

Similarly, = Ifz- k.pi^ + z^-, 

. . rl — — kf^ A "1* CC2 

rm' = >i 2 - Vi = h '»2 - + 2/2 - l/i- 

ra ” ^2 ~ ~ "t ^2 — 2j ', 

A'jlg - kili+x.^-Xi~rl' = 0, 

Ayag- A'l"'! +!/z ~ 2/1 “ rni' =0, 
kpi^ - kpi 1 + ^2 - Zi - rn' = 0. 

Eliminating Aq, k., from these three equations, 

h ~ h *"1 ~ ; 

/a 2 ~ I a j //2 - //i - rni 

ii2 -ai z^-z^-rn' 

{x^ - x^ - rr)(inpi2 - in^ni) -i {g2-gi-rm'){nf^-n^l^) 

+ {z^-Zi - rn')(lpn2, ~ = 0 - 

This gives the distance r between the two points of intersection. 

But if r has to be the shortest distance between the given lines, 
the line 1', in' , n' must be at right angles both to s = 1 and s = 2 ; 

Ifl' + 01 x 01 ' + n-pi' —0, 

IJ' + + njtt' =0, by ( 1 01 ) ; 
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= l/{(min 2 - + {Ujl^ - nj,if + by (996), 

= ]/{! -(ii (2 + »%wi 2 + nii) 2 ) 2 }“, by (100), 

= cosec 0, 

where 0 is the angle between s = 1 and s = 2. 

This gives the values of I', m', n, and substituting these in the 
above equation for r, the result becomes, after simple reduction, 

r = {(x 2 -XiKniinj - man,) +(y 2 -yOfuib - n,!,) 

4 (Zj -ZjXhmo Ijin,)} cosec 0 , (103) 

which is the required exi)ression. 

(2) Let the line intercepting the shortest distance between the 
given lines intersect the first at P(^i, yj, (i), and the second at 
Q(^2’ 02 ’ Call then if is proportional to the distance between 
Pand (12, 1. 5), 

^i = 12-9rj, ,;2 = l+4ri, Ci-5 + 2/-j. 

Similarly, if rj be proportional to the distance between Q and 
(23, 19, 25), 

^2 = 23-6^2, 1/2 = 10 -4r2, ('2 = 25 4-3^2. 

Now 02 ~Vi’ ^ 2 ~ii ®re, by (102r/), proportional to the 

direction cosines of PQ, and since PQ is perpendicular to both 
the given lines, by (101), 

- 9 (11 + 9ri - 6r2) + 4 (18 - Lq - Irj) +2(20- 2^^ + S^a) = 0, 

and 

- 6 (11 + 9ri - bra) - 4(1 8 - - Irg) + 3(20 - 2r2 + = 0, 

i.e. lOlr^ - 441-2 - 13 = 44ri - blra + 78 = 0, 

from which = 1 and ra = 2. 

/, The coordinates of intersection are : 

P(3, 5, 7) and Q(ll, 11, 31). 

And by (97), Z^^^ = 8’* + 6^ + 24’' = 676, so that the shortest 
distance = PQ = 26. 

The direction cosines of PQ are, from above, proportional to 
4, 3, 12, and since PQ passes through (3, 5, 7), its equation is 

(a;-3)/4 = (^-5)/3 = (2-7)/12. 



§ 97] the plane 311 

97. The Plane. When a straight line moves so that two points 
on it are always in contact with two fixed intersecting straight 
lines, a plane is generated provided the motion be always in the 
same direction and away from 
the fixed point of intersection. 

In this way a plane may be 
looked upon as the locus of a 
straight line, and its equation 
will be found according to this 
definition. 

Let AC, BG (Fig. 38) be two 
fixed lines in the zx and //2 
planes respectively, and let 
the intercepts on the coordi- 
nate axes be 0 , h, e, so that 
OA=a, OB — b, OC = c, then 
by (64c) the equations of AC 
and BC arc oc/a + z/c = 1 and 
ylb + zjc = \. Take any point 
Pi (Xi, 0, 2 i) on AC, and any point (0, ij^, Sj) on BC, then the 
locus of the straight line PjP.i is a plane which intersects the 
coordinate points in the lines AB, AC, BC respectively. Now, 
by {102ii), the coordinates of any point on PiP.^ are given by the 
equations -. 

X --(\ - A)xi, ;/ = A?/2, 2 == Ax, + (1 - A)Ci ; 

and as lies on AC, x, =r(l - .Cj/o). 

Similarly, as P^ lies on BC, 

"2 = c(l - 

Eliminate Xj, ?/j, Xj, x, from these five equations, 
s = Ac(l - ijjb) -I- (1 - A)c(l - x ja) 

= Ac{l _ ,//(Ah)} -l-(l - A)c(l -x/((i -nA)} 

= Ac - nj/b + (1 - A) c - cx/a 
= - cij/b ~ exja -I- c ; 

y 



rio, 38. ThP plane. 


■-I r ^ ?= 1 , 
a b c 


.(104a) 


which is the intercept form of the equation to a plane. 
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From this important result it is evident that any eauation of 
the form 

* ojc + Py +78 + 8 = 0 (104b) 


represents a plane, and this may, therefore, be taken as the 
standard equation to a plane. 

It follows, also, that when a straight line is defined as in 
Ex. 2 (a), p. 305, by two equations 

Ax + By + Cz + D=ax+by + CZ + (1 = 0, 
that, since each of these equations represents a plane, the straight 
line implied is the line of intersection of these planes. 

Ex. 5. Find the equation of a qdane in terms of 

(1) its perperulicular distance from the origin and the angles 
which this perpendicular makes with the axes ; 

(2) the coordinates of three given points lying on it. 

Hence find the equation of the plane which passes through the 
points (2, 0, (i), (10, 12, 0), (-2, 3, 0), and determine the length of 
the normal to this plane from the origin and the coordinates of the 
point where it intersects the jilane. 

(1) Let the perpendicular from the origin 0 to the plane ABC 
(Fig. 38) meet it in P{^, >y, (), and suppose the direction cosines 
of OP are I, m, n, and its length is p, then $=pl, >i = pm, and (=pn. 

Take any point Q {x, y, z) on the plane, and let the direction 
cosines of the line PQ be I', m' , n', then 

x = ^ + i'r, y — q + m'r, z = (+n'r, 

where r = PQ. 

But PQ lies wholly in the plane, and is therefore perpendicular 
to OP ; hence, by (101), 

ll' +- min' +- nn' =0, 

i.e. + ’?) + (2 - C) a. 0, 

since r is not zero ; 

xl + ym + zn-—^l + gm + in=p{P + m^ + a®) — p. 

Hence, if p be the length of the perpendicular from the origin to a 
plane and 1, m, n, be its direction cosines, the equation of the plane is 

Is + my + nz = p, 

and the point where the perpendicular meets the plane is 

(pi, pm, pn). 


(104c) 



THE PLANE 


313 


§97] 

If the intercept form of the equation be assumed, then the 
transformation into the above form is simple, for p=aJ= 6m =cn ; 

xja+yjh +zjc=‘\ 

becomes l£ + my + nz=p 

at once, on substitution. 

It is evident, therefore, that 

l/p“ 1/a" + 1/b^ + 1/c" ( 104d) 

(2) Let Ax + Btj + Cz + D=0 be the equation of the plane 
which passes through the three points {x^, y^, Zj), (x 2 , y^, 

?/3' then 

Ax +By +Cz +D=0, 

Axi + Biji 4- Cz^ + D—0, 

A x.^ 't By^ "t t *2^2 4" ~ 0, 

Ax 2 4- By 2 4- Cz.j + D=0. 

lienee, by eliminating A, B, C, D, 

X y z lj = 0 (104e) 

yi z, 1 
xj y2 Zz 1 
X3 ya *3 1 

which is tlie required equation. 

Substituting the given coordinates, the equation of the plane is 

X y z 1=0, 

2 0 6 1 

10 12 0 1 

-2 3 6 1 

whicli, on expansion, becomes 

18x4- 24// 4- 72::- 168 = 0, 
or 3x f 4// 4- 122 = 78. 

Dividing this ('quation tliroughout by 78, 

,r/2G4-2///39 4-2z/13 = l; 

the intercepts on the coordinate axes are thus, bv (104a), 26, 
19*6, 6-5. 
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Hence, by (104(Z), the length of the normal to the plane from 
the origin is given by 

1// = 1 /262 + 4/392 + 4/1 32 = (1 /4 + 4/9 + 4)/132 = iy36 ; 

/. P = 6, 

the positive root being taken because the intercepts are all 
positive, thus shewing that the normal is in the first octant. 

If I, ni, n be the direction cosines of this normal, the coordinates 
of the point of intersection with the plane are, by (104r), pi, pm, pn. 

But p = 26l = l9-5m = 6-5//. 

Coordinates are {p‘^j26, 2p'^j39, 2p^/13) = {18/13, 24 / 13 , 72 / 13 ). 

98. The Intersection of Three Planes. Let 

p^^l^x + m^y + UyZ, 

P2-=l2X + tn2y + n^z, 
p-i-^^liX + msy + n-iZ, 

be the equations of three planes ; then, if the direction cosines, 
li, Mf, n„, of any one of tlie planes are different from those of each of 
the others, no two of the planes are parallel. Assuming this to 
be the case, the solution of the above equations gives, by (7), 

-x/H, = y/H2=-z/A-i = l/A 

where — 11 ^ -p^ , D ^~' ~ /q , 


' W 2 


-Vz 

«2 

- Pi 

h 



-?3 


-Ps 

h 

■^3= -Vl 


7»1 , 


//q 

^'1 

-Ih 

1, 

W 2 

1 h 

i/q 


-P3 

I 3 

m-i 

\h 


^*■3 1 


If D does not vanish, the values of x, y, z are finite and the 
planes pass through a common point. 

If H == 0, there are two possible cases ; either the planes intersect 
two at a time in parallel lines, or the three planes pass through 
a single line. The discrimination between the two cases is given 
in the next example. 
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Ex. 6. Fi-tid. the conditions that (1) a straight line, and (2) two 
straight lines should lie on a given plane. 

Hence deduce the necessary conditions for three planes (1) to 
intersect in a siriple line, (2) to form a triangular prism. 

The perpendicular from the origin on a given plane meets the 
plane at the, point (3, 5, 2). Shew t/tat this plane j)asse,s through 
the line of intersection of the planes a:- 2?/ - Sz + 22 =0 and 
13x + 7y-62-26 = 0. 

(«) Let ax + by cz + d =0 he the eiven plane, and 
{x - x{lll = (y - = (2 - zf}ln=r, 

a lino. If this line, lies in tli(‘, jdaue, the coordinates 
x-x^^ + lr, ;i~ y^-t- )itr, z~z^ + nr, 

must satisfy the equation of the plane. 

Hence, by substitution, 

axi + by I + rzj +d (nl + hm +c«)r =0. 

Since {x^, y^, z^) is a point on the line, it must also lie in the 
plane, so tliat the line (x -x,);l -(y -ysl/m - (z -Zj)/n will lie in the 
plane ax + by t cz + d - 0, when 


and 


axi + by,+cz,+d = 0,] 
al + btn + cn 0. 1 


(105a) 


(h) From t his result it is evident that the two lines 


(a; - X,) I, = ( )/ - y,);m, = (z - z,)//;., (s = ] , 2) 
will lie on the plane ax + hy +cz+d = 0, if 

a + cz^ + (f = 0, <(r„ + hyn + cz^ + (f == 0, 

t .C. O (Xi - + h(//i - .Vz) + c(Zi - z^) =0, 

and n/j + hwj +e«i =0, 

al^ +bm.^+cn^=0. 

Hence, on eliminatinf^ a. b, e. 
the two lines 


(* - x,)/l, = (y - y.)/m, = (z - z,)/n, 
will be coplanar if 


(s = l, 2) 


xi-xi vi-y-i zi-z2|=o. 
h m, n. 


(105b) 
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(c) Take the equations of the three planes in the form 
Pe = l^ + m,y + ntZ (s = l, 2, 3), 

the direction cosines liaving different values, so that no two of 
the planes are parallel. 

From (99a) the intersection of s = 2 and s = 3 is the line 

(* - a;i)/(wt3«2 - «i2«3) = (2/ - ?/i)l(k'>h - h^h) = 

where Xi = and A, = 

This line will by (105«) lie on the plane s = l if + = 

and li{m^n 2 - + nii(^2^3 - ^3^2) + =0. 

The former gives, on substituting the values of Xj, y^, 




or 


h 


U 


WI2 

TO, 


Pi 

P 2 

Pa] 


= 0 , 


i.e., in the notation of § 9H, D^ = 0 . 
The latter condition gives 


TOj 

TO, 


TO, 


=0, or D = 0 . 


The vanishing of these two determinants implies also the 
vanishing of the remaining two, for if Aj, A 2 , A3, be the minors 
of Wj, 213, iig in D, 

D ^iiiAi + n^A^ + nsA^-O, 

Similarly D^^piAi+p^^z + Pa'^a'^^ 

AJin^Ps - n^Pz) + = AJin^p^ - thPi). 

Let each of these ratios be equal to 1/k, then, from § 98, 

-Di = nii^n^p^ - n^Pz) + m^in^Px - n-pp.^) + TO3(»?iP2 - n^p^) 

= I: ( TOi A 1 + m^A 3 + m^A 3) ^ 0. 

Likewise - D 2 = k(liAi +I 2 A 2 +I 3 A 2 ) =0. 

Hence the three planes intersect in a single line when 

T\ = D2 = D3 = D=0. 

{d) When the planes form a triangular prism, they must 
intersect two at a time in parallel lines ; hence the direction 
cosines where /i is a 
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constant, must be the same for the three lines. Further, each 
line wiU be at right angles to the perpendiculars on the planes 
from the origin, so that 

- mjWa) + - l^n^) + ny{l^m^ - =0, 

i.e. D = 0. 

The point [x^, y^, 0) does not now lie on the plane 5 = 1, so that 
none of the determinants Z), (5 = 1, 2, 3) will vanish in this case. 

The various cases of intersection may, therefore, be sum- 
marised as follows ; 

The three planes p, ~l,x +ni,y +n,z (s ^1, 2, 3) will intersect 

(i) in a point when D does not vanish, the coordinates of the 

common point being ( -Di/D, Dj/D, -Da/D) ; 

(ii) in a single straight line when Dj = ©2 =Dj = D =0 ; 

(iii) in three parallel straight lines when D=0, and when D,, D 2 . 

Ds are each different from zero, 

where 

- D, = m, Dj p, , - D- -- Hi Pi 1 , ', 

mj n... P2 1 I P2 h j 

nij Ha P3 i 1 Da Pa I3 | 

-Da ^ Pi 1, m, , D - ;ii mi Hi (106) 

Pa 1-2 m^ ' I L m-i Ua 

Pa ti “a ! 1 m3 Dj 

(c) Let the equation of the plane be 
-p-lx + my + nz, 

then, from (1046), pZ = 3, pw = 5, ])n = 2 ; 

3x-l-5^ + 2z=p2 = 32 + 52 + 22 = 38, 
so that the equation becomes 

3x + 5j/ + 2z-38^0. 

If this passes through the line of intersection of the two given 
planes, the determinants of the coefficients of the equations 

3a: -I- 5y + 2z - 38 = 0, 

x-2y -dz + 22 = 0, 

13x + 7!/-62-26 = 0, 

must vanish. The above analysis shows, however, that if two of 
these determinants vanish, they all vanish. 
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Now D = 

; 3 

5 2=3 

6 

5 =0, 


1 

-2 -3 1 

-2 

-2 


13 

7 -6 13 

7 

7 

and Di = 

5 

2 -38 =2 

5 

2 -19 


-2 

-3 22 

-2 

-3 11 


7 

-6 -26 

7 

-6 -13 

= 2 

5 

2 -19 =2 12 


-.32 =0, 


3 

-1-8 3 

-1 

- 8 


7 

-6 -13 7 

-6 

-13i 


Hence Hg and vanish, and the three planes intersect in a 
single line. 

99. Volume of a Tetrahedron. A tetrahedron is a triangular 
pyramid, and is thus a solid having four triangular faces. When 
each of those faces is an equilateral triangle, the solid is known 
as a regular tetrahedron. 

All solids bounded by plane faces arc called Polybedra, and 
Euler has shewn that if F, E, F be the number of faces, edges 
and vertices respectively in any polyhedron, then 

Er 2 -F + V (107) 

Ex. 7. (o) Shew that the areas of the projections on the xy, yz, 

and xz-planes of a triatigle ABC are lA and /aA respectively, 
where I, m, n are the direction cosines of the perpendicular from the 
origin to the plane of the triangle, and A is the area of the triangle. 

{b) Prove that the volume of the tetrahedron of which the vertices 
have coordinates {z^, y^, zf, (z.^, y^, z^, (xj, y^, S 3 ), {x^, y^, z^) is 


Xi 


^1 

1 


yz 


1 

2=3 

Vs 

23 

1 


Va 

^4 

1 


(a) To simplify the analysis, take B (Fig. 39) on the y-axis 
and C on the z-axis. It is obvious that this may be done without 
loss of generality. Let the coordinates of A, B, C be (xi, y^, Zj), 
(0, y^, 0) and (0, 0, Zg) respectively, and let the direction cosines 
of BC bo Ij, mg, «2 i then, since BC lies in the yz-plane, l 2 = 0 . 
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Suppose AH to be drawn perjjendicular to BC, and let its 
direction cosines be u, v, w, then x^=u . AH , and the area of 
ABCm 

A = J .AH . BC = l .x^ . BCju. 

Let A' be the projection of A 
on the a;y-plane, th -n A' BO is 
the projection on that plane of 
the triangle ABO ; hence the 
area of 

^'RO = ia:j_?y 2 = lxiWi 2 . BC \ 

Area of 

A' BO : ABC = : 1 . 


But by (101), since AH is 
perpendicular to BC, 

/H2V + n 2 W = 0 . 0 

Similarly 7/12)11 + n2n=0, /y 

so that nf ~ 7/11/' —0 ; rm 39. Are.is of the projection? of a 

tri.iiiiJle, 

also )/iv + 7 iit’ + !u—0, 

whence, on squaring and adding to eliminate v and 

l-u- = {))(0 + )iu')^ -i {)ir- ))ur)^ = {»t^ + )t,^){v^ + it-) 

= ( + «*)(! - »“), + V- + i('2 = 1 ; 

= m- + ir. 

)/t2-ii- - )ti2^i/)- + /a . 2 '"^ ” )>iit~ + iii2~iir = 
or ijijM — h; 

Area of A B’O ^ ti .A. 



Similarly, it may be shewn that area of BOC = l . A, and area 
oi A" 00 = 7/1 . A; lienee the areas of the projections on the xy, yz, 
and zx-planes of any triangle, whose area is A, are nA, lA, and mA 
respectively where 1, m, n are the direction cosines of the perpendicular 
from the origin to the plane of the triangle (108) 

{h) Let the vertices of the tetrahedron be A {x^, 2^), 

5 (1:2,172,22). (-Lt .'/s- and D{Xi,y^,z^. Take D as the 

origin, then the coordinates of .rl, B, C will become 
(xj, — x’ 4 , y.s — y^, Zg — 24 ) (s = I, 2 , 3 ). 

Let the equation of the plane ABC be p=-]x + ) 7 Uj + 7 iz. 
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Since this plane passes through the given points A, B,C, its 
equation may also, by (104e), be written 

X y z 1 = 0 , 

^ 1-^4 yi-Vi 1 

^2-3:4 ?/2-?/4 22-24 1 

Va-Vi ~ 3~^4 1 

ot xD^- ijD^ + zD^- 

where D-^, 1 )^ are the deternilnant minors of x, y, 2, 1 in the 

first row. 

Now suppose to be the projection of ABC on the 

a:y-plane, then the coordinates of A^, B^, are - x^, yi - ^4, 0), 
{x 2 -T^,y^-y^, 0 ) and (*3 ~ ^4. »/3 - ^4. 0) ! hence, by (63), the 
area of AiB^(\ is 

I ^1-3-4 yi-j/i i'=2^»3- 

?/2-?/4 li 

•'’j“**^4 lh~!U 1 

Similarly, if A^B.^C^, A^B^C^ are the projections of ABC on the 
yz and 2x-planes rcsj)ectivcly, area of A^BjC^^^D^, and area of 
435303= taking regard of the signs. If, therefore, the 

area of the face ABC be denoted by A, 

\Di = l ■ 1^, -lD2 = m.A, iZ>3 = n . A, by (108). 
Substituting for I, m, n in tlie ycequation of the plane A BC, 
27>A = DyX - + D^z — 7)4, 

from the above coordinate equation. 

Volume of tetrahedron = .' y^A = ' D^ 

= ?, a:r-X4 y^-Vi 

^' 2- -^4 Uz-Vi Z2--4 

^3 ~ ^4 2^3 “ 2/4 ^3 ~ ^4 

= «[ 2/1 2l -^4 ^1 l/l 1 -2/4 ^1 1 -^4 i 111 

' X2 j/2 Zj ajj .V2 1 a-2 1 Zg 1 2/2 ^2 j r 

I X3 2/3 2g X3 2/3 1 X3 I 23 1 ?/s 231) 

= -i[ 2/1 2i 1 -Vi H 1 ^ Vi - Vi \ 

j Hz Zg 1 23 1 Xg 1 Xo J/2 Xg J/2 Zg 1 

^ 2/3 ^3 1 Z3 1 1 X3 2/3 ^3 ^3 23 i 
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1 


Xi Jfi 1 

^2 ?/2 ^2 1 
^3 2/3 “3 1 


Xi 

yi 

Zi 

Xa 

yj 


Xa 

ys 

Z-J 

*4 

y4 

Z 4 
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Ex. 8. Find an expression for the mlmie of a tetrahedron when 
the equations of its faces are (firen. 

Obtain the nolume of the tetrahedron formed by the planes 
4j: + 4// -5s = 12, 

4j:-r>/y + 4z = 12, 

-5'c f-4)/ + 4z=12, 

.T+ y+ z= 3. (L.U.) 

To find the volume of a tetrahedron wlien the equations of its 
four faces are given, the coordinates of its vertices may be found 
by solving tlu; equations three at a time. This is a tedious 
process, and in order to obviate the necessity of .solving four sets 
of simultatieous equations, a gfuieral expression may be obtained 
by the aid of determinants. 

Let the given equations of the faces be 


a,,r + 6,*/ + c,,2 + (/.,= 0 (s = l, 2, 3, 4), 


and let 


«2 


h 


e.. 


<hr 

d.. 


/4 C4 d^ 


Denote the determinant minors of o,, . r,, d, by A,,., Cg, 

(s = 1 , 2, 3, 4) respectively ; then 

A= +04(^4 

= - a^A^+h^B^ - Cit\+d etc. 

If the first row in A be rej'laeed by any other row, the deter- 
minant vanishes ; thus any expression of the form 

UrAs — brBg -I- CrCf — 

where r and s have different values, is zero. 

Now, by (7), the common point of s = 2, s = 3, ,s = 4, is 

{-AJD,, BpD,, -CfDf). 

X 


U.M» 
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Similarly, the coordinates of the remaining three vertices may 
be written down; hence, by (109), the volume of the tetrahedron is 


-AJD, 


-evA 

1 

- AJD 2 

SJ Bn 

-CJD., 

1 

-AsID, 

BzIBs 

- 

1 

-AJD, 

BJD, 

-OJD, 

1 


1 

1 -A, 

B, 


' - A. R.. 


-C'l A I ^ ^ 

~ ^2 DA 

„ „ -^3 Dal 

-A4 D4 -C\ D4! 

where A denotes the determinant of minors. 

Let 12, denote the expression -n,As+h,B^- c, C\ + rL A , then, 
by the rule for the multiplication of determinants (Ex. 34. p. 33), 


AA = ' 

P1C2 

Fi^-3 

/'1«4 1 

= -A 

0 

0 

0 = 



PoC, 


P2I24 , 

0 

A 

0 

0 




/^3-h 


0 

0 - 

■ A 

(J 


1 


i“4^^3 

i 

0 

0 

0 

A 


A = A^, since A cannot 

vanish, 

, as the planes 

do 

not 

all pass 


through one point. 

Hence the volume of the tetrahedron becomes k^/(GDiDoDgD^). 

The magnitude of the volume of a tetrahedron whose faces are the 
planes 

I a, bi c, di 


a„x -^t)„y +c,z +d* 0 (s = 1 , 2 , 3 , 4 ) is 



ai 

bi Cl 

1 aa 

b- 

Ca, 

83 

^3 

Ca 1 

lai 

b. 

C, 

Sa 

ba Cj 

j *3 

ba 

C 3 

ai 

bi 

Cl 

I 

ai 

b. 

Cl 

( 

aa 

ba C3 1 

»4 

ba 

Cl ' 

»i 

b, 

Cl 

1 aa 

ba 

Ca 


...(110) 


i , ,1 / i «l *'1 *'2 W I «3 •'3 ^3 1 i ®4 •'4 *'4 I '1 

I a^ c, d, I I „ I „ V „ I - K - ' „ V „ 1 1 

I Ha ba C 3 da 

i a^ ba Ca da 

Applying this important result to the given equations, the 
required volume is 


4 4 - 5 - 12 “ 

4-5 4 -12 

-5 4 4 -12 

1 1 1-3 


( 

4 

4 

-5 ( 

4 

-5 

4 ; 

-5 

4 

4 

1 

1 

1 

] 

-6 


-5 

4 X 1 

-5 

4 

4 ’ X, 

1 

1 

1 lx' 4 

4 

-5 


1 

-5 

4 

4' 

1 

1 

1 1 

4 

4 

-5, 

u 

-5 

4 

i 


27 X 729 X 729 x 729 
6x243x81 x‘81 x81 


Volume = 13'5. 
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As the given equations are in this case quite easy to solve, it 
will be interesting to check this result. 

The solution gives readily (t, 4, 4), (3, 0, 0), (0, 3, 0) and 
(0, 0, 3) as the coordinates of the vertices ; hence, by (109), the 
volume is 

] 0 0 3 1 0 3 +,( 0 3 0 = -7-5 -6= -13-5 

0 3 0 1 1 3 (» 3 0 0 

3 0 0 1 1 4 4 4 4 4 

4 4 11 
as before. 

100. Quadric Surfaces. As its name implies, a quadric surface 
is the lorus of a point which mov«‘s in three dimensions according 
to conditions defined by an equation of the second degree in 
.r, ?/, 2 . The most general form of such an equation is 

+ hi~ + cz^ + 2///2 + 2>izi -r 2hxy + 21x + 2»}>f + 2nz+cl = 0. 
This equation will be referred to as Q{xyz)=0. Just as in the 
case of the two-dimensional equation F{xy)=0, this may be 
reduced (1) by changing the origin where possible to remove the 
terms of the first degree, and (2) by rotating the axes about the 
new origin through a suitable angle which will remove the terms 
in xy, yz, zx. According as the new origin lies in the finite part 
of space or not, so quadric surfaces are classified into Central 
Quadrics and Non-central Quadrics. 

The general equation of a central quadric may accordingly 
be taken in the form Ad'^ BiJ^ + Cz^ = \, the centre being the 
origin. 

If A, B, (' are all positive, the surface is an ellipsoid who.se 
axes are 2/^'.4, 2'JB, 2^^'C. 

If B or (\ or both, are negative, the surface is a hyperboloid. 

When the right-hand side is zero, the surface becomes a cone. 

The non-central quadrics have no centre in the finite part of 
space, and the terms of the first degree in the general equation 
Q (*, y,z)~() cannot therefore all be removed. The surfaces 
are, in general, cylinders or paraboloids which under certain 
conditions may degenerate into planes. 
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Ex. 9. (tt) Investigate the nature of the loci represented by the 
following equations : 

(i) 144a;2 + 225?/* + iOOs* + 576x + 1 350»y + 800z = 599. 

(ii) 9x2 + 4j/2-U4z = 12(2^-3a:). 

(iii) 9a:2 + 16i/ - 36z^ - 20 = 8{4y/ + 92). 

(6) Find the equation of the locus of a j>oint which moves so that 
its distance from the fixed point (a, b, r) is m times its distance from 
the origin of coordinates. 

If a, b, c be all positive and a > b ^ c. shew that the surface 
will intersect all the planes of reference if 

nr-{a^ + lF + (^)>a^. (L.U.) 

(a) (i) The given e(}uation on roarraiigomont becomes 
1 4 1 (j'2 + lx) + 225 (if + %) 4 400 (z2 4- 22) = 599, 
or 144 (x + 2)2 4- 225 (y + 3)2 4- 400(z 4- 1 f 

= 599 4-576 4-2025 4-400 
= 36(K). 

Changing tlie origin to the point (-2, -3, -1), the equation 
becomes 144x2 ^ 225if + 400z^ = 3600, 

or ,r2/25 4-. v2/l 6 4-22/9 = 1, 

which represents an ellipsoid generated by the variable ellipse 
,c2 . 25 y2/] 6 = 1- yi2/c2, Z - fl, 

whose centre is the origin. 

(ii) The given equation may be written 

9 (x 4- 2)2 + 4{y - 3)2 - 1442 = 72. 

Hence, on changing the origin to the point ( -2, 3, -0-5), the 
equation takes the form 

9x2 4-4j/2_144z = 0, 

i.e. x2/l 6 4- y2/36 -2 = 0; 

the surface is therefore generated by the variable ellipse 

x2/16 4- = ? = 

and the sections made by ]»lane.s parallel to the yz, zx planes are 
parabolas. The surface is therefore an elliptic paraboloid. 
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(iii) Writing the equation in the form 

9a^ + 16(2/ -1)2 -36(0 + 1)2 = 0, 

and transferring to (0, 1, - 1) as new origin, 

9 x 2 + 16//2 - 3602 = 0 , 

or x2/l 6 +2/2/9 -02/4=0, 

i-e. x2/16 + 2/2/q = ^^2, e = +2 /a ; 

thus sliewing that jjlane seetions parallel to the x/z-plaue are 
ellipses which become a ])oint at the origin. 

Further, w’riting the equation a.s 

x2, 16 -02/4= -2/2/9, 

it is evident that the section on the 0,r-plane. is the pair of lines 
0/2= i-x/4 ; similarly the section on the //--I'lane is the pair of 
lines )//3= .;0/2 ; hence the line 

si =y/ 3 =-Zi '2 

is said to be a generator of the surface, which is clearly a right 
elliptic cone, whose vertex i.s at the origin. 

(b) Let P (x, 2 /, s) h(‘ the coordinates of any jwint on the locus, 
then if A be the jioint (a, h, c), 

,l/>2 = (x-o)2+(2/-h)2+(0-c)2, 
and DC2 = x'2 + 2/2 + 02. 

But A P == 111 . OP ; 

(x - 0)2 + (2/ - 6)2 ^ (0 - c)2 - w2(,r2 + y^+z^), 
i.e. {w- - 1 )(x2 + 2/2 + 02) 4 2u.r c 2 by + 2c0 -= + f2, 

which may be written 

\x + al(nr - 1) )2 + {27 + 6 {nr - 1)}2+ {0 +c/u|2 - 1)}2 

= U/2(a2+62+f.2)/(,„2_l)2^ 

which is obviously a sjihere whose centre is the point 
{-«•'(/«'■' -D- -6 /(w 2-1), -c/(/a2_i)) 
and whose radius is 

msAt2 +f)2 +c2/(/u2 _ 1)^ if ,,, 

//k/«2 + 62 + c 2/(1 -,a2)^ if 1 . 


or 
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The sphere intersects the xy, yz, za;- planes when 2 = 0 , x = 0, 
and y=0 respectively, and these sections are 

{x + aj{m^ - 1)}2 + {y + hj(nfi - 1)}^ = {m^a^ + 6^ +c*) - - Vf 

{y + 6/(m^ - 1)}2 + {z + cl(m^ - l)}^ — {ni^a^ + L‘^ + <^) - 1)® 

{x + aj{m^ - 1)}^ + {z + c/{)ii^ - 1 )}- = {m^a^ + h^ + c^) - b^}J(m^ - 1)®, 

which are circles of radii 

{a^ +h^ + c") ~ + + c-) — a- J (a^ + + (?) - 1? 

V? — 1 ’ n? - 1 ’ - 1 

respectively. These will be real if 

m~ (a? + 1? + c^) > a^, 

since a> h> c. 

101. Intersection of a Plane and a Quadric. To determine a 
plane section of a quadric surface, it is convenient to move the 
axes of the equation representing the surface into a plane through 
the origin parallel to the intersecting plane, and along its normal. 
The formulae for effecting this iinportaiit transformation will now 
be considered. 

Ex. 10. (a) A quadric surface (/x-i-by^ + cz^ -1 is hitersecied by 

the plane lx + 7ny +nz=0 : fi-tid the formulae to more the axes of the 
surface into the plane and uhny its nor mil, the origin reimining 
unchanged. 

Hence shew that the .section will he an elUp.se, parabola or hyperbola 
according as Eja +n?lb + t?jc is greater than, equal-fo, or less than 
zero. Find also the conditions to be fulfilled, that the section should 
be a rectangular hyperbola. 

{b) The ellipsoid 3x^ -f 8?/^ + z® = is cut by the plane x + iy + z=0. 
Shew that the section is an eUip.se whose semi-axes are cs'^0-3, |c^/3, 
and eccentricity VO-G. 

{a) Take the new x-axis as the line of intersection of the xy- 
plane and the given plane, and the y-axis in the latter plane ; 
the z-axis will then be the normal to this plane, and its direction 
cosines will therefore be I, m, n. 
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Let the direction cosines of the new axes of x and y be wij, Wj 
and Jj, wtj, respectively, then, since the new OX is perpendicular 
to OZ, ni=0; hence 

(i) + = (ii) + = 

(iii) Zij + m»ii=0, (iv) ll^ + mm^+nn^^Q, 

(v) ZjZjH- //ijm 2 = 0. 

From (iii) and (v), ljm^ = - mil. 

Hence, from (i), 7ni- = l'^l[P + m^), 
so that, taking as positive, - itijjl- + mP'. 

Putting m 2 = 7nl2ll in (ii) and (iv), 

1,2 = - ,,^2) '(/2 4- (/,2 ^ iji ^ 

Hence, on eliminating 

712^ = IU /,2=?2«2/(Z2 + m2), 
and 1710^ = 

If be [)ositive, then /n, will be negative, and since 

Zg will also be negative, so that 

//(g = - nui/\'l- + e(2, /g = - Inis' I- + in.'^, 
and by (iv), n =s'P + 

Let P (Xi, t/i, ;:i) be any point referred to the old axes, (x', ij', z') 
its coordinates referred to the new axes, then taking P as a new 
origin, the equation of the given jdane becomes 

tr' = (,r - Xj) Z + (,'/ - //i) in +{z- Zj) n ^ 

— - Zxj - nu/i - ir.^, 
since (x, y, z) lies on the plane. 

Similar expressions for x', y' may tlms be found, and these 
give the relations between the now and the old coordinates. By 
solving the three expressions for Xj, y^, Xj, corresponding expres- 
sions giving the old coordinates in terms of the now ones may be 
found. This is a tedious process, however, and the required 
reldtions may be derived directly as follows. 

If OX' , OY' , OTJ be the new axes of x, y, z, then vos Z'OX-l, 
cos X'OX — I'l, cos Y'OX = l 2 , so that 

cos XOZ' — - I, cos XOX' = -Zj and cos XOY' = — Zj. 
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Hence the equation of the plane YOZ referred to the new axes is 
— fjx' — - Iz' =0, 

and by the above result, 

£ = 1-^TC' +lz', 

and similarly for y and z ; hence the following important trans- 
formation formulae : 

If a surface be cut by a plane lx + my ^ nz - 0, through the origin, 
the eauation of the surface may be referred to new axes along the line 
of intersection of the given plane and the xy-plane, the perpendicular to 
it through the origin lying in the plane and the normal to the plane, 
by replacing the old coordinates x, y, z, by the following expressions 
involving the new coordinates, x', y', z', 

X +l2y' + I 2 ', 
y m,x' + m^y' + mz', 

z- n,y"+ nz', (111) 

where Ij --mk, m, -I'k, lj--ln/k, -mn'k, k, 

and k* = P T k being positive. j 

Applying these formulae to the surface + }>y^ + cz^ = 1, the 
section on the plane, z' -0, is 

a {l^r' + + l>{ni^x’ -t- ^ = 1 > 

which reduces to 

Aj^ + 2Hrij + Bif' = 1 , 

on omitting dashes, 

where A =al^ + ht)i^ = + hB)j)A, 

H =al-J ,2 + = hint {a - h)/k^, 

B — al^ +bin^^ + hud) +rh*]lld. 

Nov/ 

AB - IP = { (and -i- hd)(ad)d + hndid + rk^) - Pndid{a - h )^ } jk* 

~ \ahrd(nA -f- 2diid + l*) +ck*{aiid + hd)}/k* 

= bed + cand + abid 
= (d/a + ndjb + 'rd/c)ahc. 
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Hence, from (72c), the section will be an ellipse, parabola, or 
hyperbola according as 

— or <0, 

i.c. r'‘/a + m®/b + n^/c>, -,or<0 (112a) 

as long as ahc is positive. 


From (86a), the section will lie a rectangular hyperbola if 

A-\ fi=0, 


i.e. if 

a/n^ + hP +}iiidid ck'^ ={} ; 


i.e. if 

a + h - - hnd + cA^ =0 •. 


i.e. if 

(a +b){l'^ + nd + id) -ul- -hud +e{P + iid) =0 ; 


i.e. if 

iqb t c) + in*(c + a) 4 n'*(a + b) -0 

(112b) 


(h) From the equation of the plane, its direction cosines I, m, n 
are given bv 

f = 4 = a = 1 (3/2), from (99h) ; 

f = a = l (3/2, /a = 4 '(3/2). 

Replacing r, if, z by the e.xpre.ssions given in (111), the equation 
of the section of tlie ellipsoid made by the plane is 

(3n(^ + SP)x' - lofiiiuji/ + (3f-ir + 1 -*) )/- = 

which, on inserting the numerical values, becomes 

28r2 9-10x2. .r// 27 +35/- '27 = 17d8, 

which represents an ellipse by (72c), since II- <AB. 

From Ex. 10. S 73 (]). 221), the recijirocals of the squares of the 
semi-axes are 



■28 35 , • 

. 2(K)2 - 

- 492 \ 

11 cA 

. 9 27 

' 27 

J 

9 

,119 51 > 

10 

4 

^17c2 

1 '27 > 

' 3<^ 

3c- 


c 

Hence the semi-axes are c,^'0*3 and 3. 

From (69c), the eccentricity = ■/] -()-4=x'0 6. 

102. Sections of a Right Circular Cone. It will now be shewn 
that a plane section of a right circular cone is a conic as described 
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in § 70 (p. 206). Let VAA' (Fig. 40) be a right circular cone 
whose axis OF coincides with the z-axis, whose vertex is the point 
(0, 0, h), and whose base radius is r, then the equation of the 

cone is obviously 

(x^ + y^) = {h - z)^. 

Let the cone be cut by a plane 
O'P' parallel to the x-axis, having 
for its line of intersection with the 
base, y = (i, 2 = 0 . Change the origin 
to the point (0, a, 0), then the 
equation of the cone becomes 
{y - a)~ =r^{h.-z)'^, 
and the equation of the plane may 
be written my + )>z = {), where 
Hi = -cos PR\\ n= -sin PRV, 
and R is the point of intersection of 
PO', VO. 

Hence, transforming the equation 
Fig. 40. Sections of a riKht circular uf the cone by (111), the section 

on the plane is 

+ {h^n^ - r^tn^]y^ +2h{liua + r^m)y + h^(u^ - r^) =U. 

Now if h^{h^n^ -r^m^) =0, the term in y cannot be removed, 
and from (72a) the curve is, in general, a parabola. Hence the 
condition for this is 

- r^in^ =0, since h is not zero ; 

= r^( 1 - n^), since = 1 ; 

= r^/{h^ + r^) = sin- </>, 

where </> is the semi- vertical angle OVA ; 

^prv==lOVA=^ova', 

so that O'P is parallel to A'F; i.e. the plane is parallel to a 
generator. 
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When - r^m^ is not zero, the term in y can be removed and 
the equation transformed into 

+ (h^n^ - r^m^) = <?, 

where c is the new absolute term. 

The curve will therefore be an ellipse or a hyperbola according 
as is positive or negative ; 

t.e. according as a* > or < sin^ </> ; 
i.e. according as _ PRP' > or < 0. 

When O'R is perpendicular to OF, n = -1, and the equation 
becomes +y^ = c', which rejuesmits a circle. 

Hence the plane section of a right circular cone is always a 
conic as defined in § 70. 

Ex. 11. A right circular couc of height 24 in. and base radius 7 in. 
is cut hy a plane incliited at siir^i)% to its base, the line of inter- 
section with the base being 5r;l in. from the centre. Shew that the 
section is an ellipse of eccentricity 0-625. 

Here A = 24, r = 7, >n= -3 5, n= -4/5, a = 185/32 ; hence the 
equation of the section becomes 

576^2 + 351 / - :/ . 234^ + c' = 0, 
where c' = - (9 x 409 x 39)/16, 

i.e. 576x2 + 3510/- 2/5)2 = c, 

where c = (10289 x 351)/400. 

Hence, clianging tlie origin to (0, 2/5), the final equation is 
570x2 + 351//2=c, 

which clearly represents an ellipse. 

If be its axes, then 

(,^2 =f/576 = (10289 X 39)/(400 x 64), 
o,/ = c/ 351 =10289/400, 
giving ni = 3-96, 02 = 5-07, 

and the eccentricity = vd - 351/576 = 0'625. 

103. Circular Sections of a Quadric. To obtain plane circular 
sections of a quadric, the necessary conditions may be derived by 
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the methods of the last example. It is, liowcvcr, simpler to 
proceed as follows. 

F {x, y, z) s ax^ + hy^ + cz^ + 2fyz + 2gzx + 2hxy = 1 
be a quadric surface, and + y^ + z^) = 1, a sphere; then the 

points of intersection of the quadric and the sphere will lie on the 
surface p ^ z) - k(x^ + y^ + z^) =0, 

i.e. (a - A) jj® + (?) - A.) + (c - A) 2 ^ + 2///2 + 2(]zx 4- 2hxy = 0, 

or, putting x = ^z and y = »/c, 

(a - A) ^2 + 2;/f / + (h ~ A) + 2gi + 2fy -t- c - A = 0. 

This will re])res('nt a ])air of pianos if it can be factorised, and 
the condition for this is, by (67u), 

I a - A h (/ ~ 0, 

h h-A / 

, fj f 

which is a cubic in A. It can be sliewn tliat the roots of this 
cubic are always real, but that only one of them gives real planes. 
Hence ; 

Circular sections of the quadric F(x, y, z) - 1, where 

F(x, y, z) 23 ax^ + by' + cz' + 2Iyz s 2gzx + 2hxy 
are given by the equation 

F(x, y, z) - A{x' 1 y' z=) 0. 

where A is a root of the cubic 

, a-X h g ’ 0 (118) 

h b \ f j 

I g I c - \ i 


Ex. 12. Prove that there are two real ylanes tvhich through 
the centre of the ellipsoid +y^lh^ +z^/c^ = }, and intersect the 
surface in circles. 

Find the.se planes in the case of the ellipsoid 

12x2 + 30/ + 6z2 = 4. (L.U., Sc.) 

(a) The cubic for A becomes 

(1/a* - A)(l/h2 - A)(l/c2 - A) =0, 
giving A = ] /a*, 1/h*, or l/c*. 
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Hence the six planes are given by 

(1/62-1 /a 2 ) = 2 ® ( l/ffl 2 _ 1 /f,E) , 

x 2 (]/a 2 - 1/62) = 22 ( 1/62 - l/c 2 ), 

x2 ( 1 /«2 _ 1 Ici) =yi(] /c2 - 1 fh^) . 

If a c, only the second of these gives real planes, and 

since parallel plane sections are similar and similarly situated 
conics, the planes 

xJ a2 - 62/a + - c^jc. =/'i, 

xv/a2 - 62/a - 2 ^^62 - 

will give circular sections f<ir all values of and consistent 
with real intersections. 

(6) For the ellipsoid, 12 x 2 + 30/y2+622 = 4 ^ 

l/a 2 =g^ 162 = 7-5, Vc2 = l-5; 

so that b <a <i c, anrl by the foregoing analysis, the planes giving 
real circular sections are 

y2(7-.5-3)=22(3-l-5), 

or ys''3-; z ---0, and ys''3-z-0. 


104. Tangent Planes. Let the line 

{x - ^);V = (// - v):i» = (2 - {)/" = r 

intersect the (piadric Q{i\ r) =<•, then 

Q{^ + lr, ^i + mr, (+Hr)=^(); 
i.e. Q(^, y, i)+2r(lA+mB + )iC) 

r2(a(2 4 6;a2 +ca2 + 2/a()) + 2gJ)i +2hhti) =0, 

1 OQ 


where 


A = «^ + // )/ + <1^ + H = 


2 


B = by+Ji+lt^ + c-^ g-, 

G = +/>/ + ”■ - 2 • 


Writing L for the coefficient of r2, the above equation becomes 


Qit V, i)+r 


'OQ IQ dQ\ 

d>) d(j 


+ 7-2L=0, 


which is a quadratic for r, whose roots give, the distances of 
(^) V, i) from the two points of intersection. 
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K 0 oil the quadric also, then Q{^, >j, 0 =0) and one 
of the roots is zero ; if, in addition, 

,dQ dQ dQ ^ 

L ^ dl, d( 

then both roots are zero, and the two points are coincident. The 
line is therefore tangent to the surface at (^, /],(), and the locus 
of this line gives the tangent plane at the point. This locus may 
easily be found by eliminating f, in, 11 , between the equations 
x — ^ + lr, y = n + nir, z = ([ + nr. 


and 

which gives 


,oQ C'Q 
I ^ -h ni ■ + a - , — 1), 






0 , 


.(114) 


"dn 

as the tangent plane to the quadric Q(x, y, z) 0 at the point (^, y, ^). 

It should be observed that the direction cosines of the plane 
are proportional respectively to 

dQ [>Q 




Ex. 13. 
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(«) Shew that the condition that the line 
{x - p)/l =iy- q)l>n = (z- ?•)/« 
should touch the ellipsoid x^ja^ + + z^jc^ = 1 is 

uv\q\r^ 

\a‘ 0 * c* / 1 a2 62 c2 

(6) Find the equation of the cone with vertex at the origiii and, 
generators parallel to tangent lines froin (p, q, r) to the eUipsoid, 
i^!a^ + y^H^ + z^lc^ = \. (L.U.) 

(c) Find also the, value of p, such that the plane Ix + iny -\-nz=pi 
shall touch the ellipsoid : calculate, the direction cosines of the tangent 
plane to the ellipsoid x^l36 + g^l25+’!iz^li^ = l passing through the, 
poird (12, 25, 49/36). 

(a) Let (x - p)ll = (y -qjpn =(z-r)/n, = p, then substituting in 
the equation of the ellipsoid 

(p + lp)/a^ + (? + mfA)jl? + (r + np)^/c^ ~ 1 , 

P^tpia^ + m^jh^ + n^fc^) + 2/i (fp/o^ + mqlh^ + nr/c®) 

+ jr^ja^ + q^jl)^- + r^/c® -1=0. 


or 
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This quadratic will have equal roots when the line is tangent 
to the surface ; the condition for this is 

(P/a^ + m^jh^ + n^jc?){‘p^ja^ + q^jh^ + r^/c^ - 1) 

= [lj)ja^ + qmjh^ + nrjc^)^. 

{b} The generators of the cone will be xjl=yjm = zln = k where 
I, m, n have the same values as the tangent lines from (p, q, r) to 
the ellipsoid, i.e. I, m, n must satisfy the above condition. 

Eliminating I, in, n, by means of the relations l = xfk, m = yjk, 
n — z/k, the equation of the cone becomes 

(x^ja^ + y‘^/h‘‘ + z^jc“)(p^ja^ + q^/l^ + r^jc^ - 1 ) 

— (pxja^ + qyjh^ + rzlc^)^. 

(c) From (11-f), the equation of the tangent plane at (^, y, () 
on the ellipsoid is 

(X - ^) -J + (;y - ,,) + (2 - 0 = 0, 

and sinc(‘ in this case, Q = equation becomes 

(x - £/a- + {y - -/) .)/62 + (z - C) CJc^ = 0, 

or xl-i'U- +y'ijb'^ + z^lc^ = l, 

since (^, y, () lies on the elli])soid. 

if this equation is identical with lx + my + nz = p-^^, then 

^/u2 = ,;/62 = III, yq, (/c^ = n/yjj ; 

i2rt2/yii2 + iir-b~ipi^ + n^(?:p{- = ^2/0" + + i 7^2 = 1 , 

so that Pi^ = l‘a- + m-b* + n^c*. 

Taking as the equation of the tangent plane 

x^/«^ + .Vv/h* + 2f/<^ = 1 . 

and inserting the numerical values, it becomes 

^/3 + .; + C/4 = 1. 

If I, 111 , n be the direction cosines of the perpendicular from the 
origin on this plane, then 

l/(i/3) = m = rt/(l/4) = 12/13, by (996) ; 

; = 4/13, = 12/13, and « = 3/13. 

The equation of the plane then becomes 
4a: + 12_y + 3z = 13. 
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105. Normal to a Quadric. It is evident that if lx + my + m=p 
be a tangent plane to a quadric, I, m, n are the direction cosines 
of the normal. 


Ex. 14. {a) Find the conditions that the plane Ix + my + nz = p 

shoidd touch the quadric + b^ +cz^ =^'1, and deduce the equation 
of the normal. 

■ (b) Shetr that if the line + = + WgZ = 1 be 

a iwrmal to the ellipsoid + +z^jc^ = \, then 

(k - h)(>‘hn 2 - mpi - (“) ^(wii - mo){lpii - lin.^)j{c'^ - a"^) 

= Sc.) 

(a) Let lx + my + )iz~ p touch the quadric at the |)oint {^, v. (), 
then, from (114), this equation may be written 

a {x - ^) ^ + b(y - y) V + c(c - f f = 0, 
or + byy + cz( = 1 , 

since (^, ?/, () lies on the quadric ; hence 

Fp=ai, mi'p = l»i, n/p-^Cif: 

+ c^2 = {P/a + nP/b + >Pir)!p^ = 1 , 

i-e. p2 - P/a + m^'b i c (116a) 

The normal at (^, y, () is clearly 

{x - ^)ll = {y - y)/m = {z- f )/«, 


or 


x_t y-7, z t 

atp bpp “ cfp ■ 


(115b) 


(b) Let L = lpn. 2 ^-lpni, M ^niiU^ - m^n^, N = n^k - then 
by (99a) the iilanes Lx + in pi + np = 1 , Z,x + nipi + n,z ~ 1 , intersect 
in the line (x - $)IM = (// - y)/N = (c - ()/L. 

If this be a normal to the ellipsoid at P[^, ij, Q, then, from 

a^M/^^h’^N/y^c^L/i. 

Now P lies on both jilancs, so that 

a\M + b^miN -\-<Pn^L = \, 
aH.^M -f IPm^N + (?n.Jj — 1 ; 

(i) a\l^ - yiH + - ftz)L - 0. 

But since the line lies in both jilanes, by (105a), 

kM + miN +niL=0 and kM + m 2 N + 'n^L=0 •, 

(i>) (k-l'^M + {n.^^-n^L=0. 
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Hentse, from (i) and (ii), 

M JV 

(Wi - W2)(ni - r)2)(f> - c®) “ (Hi - n2){li - ^ (c® - a*) 

L 

(h - k)i^>h^h - ^ - «2^i) 

yi __ ^.2 (,2 _ fji. 

a2 - 62 


Exercises 13. 

1. Determine the equations of the straight line joining the points 
( -2, 1, 3) and (3, 1, -2). Find also the equation of the plane drawn 
through the point (1, 1, 1) which contains the straight line. (L.U.) 

2. Prove the relation connecting the direction cosines of two per- 
pendicular lines in space. 

Find the equation of the plane through the axis of : and parallel to 
the line joining the points (3, 2. 1). (1, 3. 4), 

Calculate the distances of this plane from the given points. (L.U.) 

3. Define the direction cosines of a sti-aight line with reference to 
three mutually perpendicular axes, and find the condition that two 
lines whose direction cosines are given should be at right angles. 

Taking the axis of 2 as vertical, find the direction cosines of a line of 
greatest slope in the plane which pa.s-ses through the points (0, 0, 0), 
(3, .5, -2) and (4, 1, 1). (L.U.) 

4. Define the direction cosines of a line and find the relation between 
them. 

Find the equation of a jilane which passes through the origin and is 
inclined to the horizontal plane A'OP at 60° and to the vertical plane 
XOZat45°. (L.U.) 

5. If p denotes the perjiendicular distance of the point (.rj, Jii, Sj) 
from the plane ax + hp + cz = 0, shew that +6“ + f* = axj + bi/j -(-cZj. 

(M.U.) 

6. A plane is drawm perjiendicular to the line 

x-3 {p+4)/2-(2-l)/4 

so as to pass through the point (1, 1, 1). If PQ, PR be the lines in 
which this plane cuts the two planes 

3 x +, v - 2-2 0 and 5x -y +2z -25=0, 
find the coordinates of P and the cosine of the angle QPR. 


II. It. 


y 



338 HIGHER MATHEMATICS [ch. xni 

7. Find an expression for the cosine of the angle between two lines 
whose direction cosines arc given. 

A right pyramid stands on a square base, and the vertical angle of 
each of the isosceles triangular faces is a. Taking the vertex as origin, 
the axis of 2 along the axis of the pyramid and the axes of x and y 
parallel to the diagonals of the base, obtain the equations of the planes 
of the triangular faces and of their lines of intersection, and find the 
angle between the lines which join the ^'ertex to a pair of opposite 
corners of the base. (L.U.) 

8 . Shcu- that the line j)erjjendicular to both of the lines whose 
direction cosines are proportional to I, m, n ; i, nt\ n', has direction 
cosines proportional to -m'n, id' -n'h Im' ' l'»i- 

A plane parallel to the line a: - 1 —2?/ - 5 -‘2: and to the line 

-11 =32 -4 

passes through the point (2, 3, 3). Find its equation. (L.U.) 

9. Find the equation of the plane which passes through the origin O, 
and the points (1, ti, 4), (6, 15, -4). P.X is the perpendicular let fall 
from P (14, -3, -11/3) upon this plane; give the length of PN and 
shew that ON ^\4A5j3. Also give the direction cosines of ON. 

10. A straight line is drawn through the oiigin meeting perpen- 

dicularly the given straight line (x - a)jl - (y-h)lw -{z-c)ln. Prove 
that its direction cosines are projtortional to a - Ik, h - rnk, c - nk, 
where k -al +C7i, and find the length of the jierpendiciilar from 
the origin upon the given straight line. (L.U., Sc.) 

11. Find the equation of the line of greate.st slope through the point 

(1, 1. 1) on the plane 2x +3y -42 -1. (L.U.) 

12. Shew that the cquation.s of the ])lane8 bisecting the angles 

between a^x +b^y +c^z +dj —a^x +b^ + 0^2 ^ <1^ 0 are 

{a^x +biy + 0,2 +d^)lki — d (>ux +b,iy +c.^z -1 il^Ilk^, 
where kg - +6/ +c.s^ (s -1,2). 

13. Shew that the sum of the projections of the sides of any closed 
polygon Ufxjn a given straight line i.s zero. Find the equation of a 
plane in terms of its perpendicular distance from the origin and the 
angles this perpendicular makes with the axes. Calculate the distance 
of the point (2,3, 1 ) from the plane 7x - 1 - 2iy -i- 60z = 16. 

14. Given two points P(3, .5, I), Q{5, 2f4 ) ; shew that the sum of 
the squares of the projections of PQ on the coordinate axes is equal 
to the square on PQ. A plane contains the line PQ and passes through 
the point (7, 6, 2) ; find (1) the equation of the plane, (2) its distance 
from the origin, (3) the direction cosines of a normal to the plane, and 
(4) the intercepts made by the plane on the axes. 
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16 . Define the direction cosines of a straight line and prove the 
formulae for the cosine and the sine of the angle between the straight 
lines whose direction cosines are given. 

Find the direction cosines of the line of intersection of the planes 

3* -2*/ -4z =0, 4a ; +2 - 1 =0. 

Find the angles made with these planes by the line 

(a:-l)/3=:^i/+3=l -2. (L.U.) 

16 . Shew that the three planes a: - 2y + 2 - 7 - 0, 3a; +4y -22 +5 =0, 
Sx -6y + 3z - 30 —0, have a common line of intersection. 

A plane is drawn through P(2, -3,0-2) to contain this common 
line ; shew that this plane is perpendicular to the plane x -2ij +2=7. 

17 . Obtain the equation of a plane in the form xja +y,‘b +zlc ~l . 
What form does the equation take when c = 0 and when c = ao ? 

The planes Sr - j/ + 2 + 1 - O, 5x ry —0 intersect in the line PQ, 
and a plane is drawn through the point (2, 1, 4) perpendicular to PQ. 
Shew that this plane contains the point (2, 3. 5). 

18 . Shew that the straight lines (r + l)/( - 3) =( 1 / - 3)/2 = 2 +2, and 
r =(y - 7)/( - 3) =( 2 +7)/2, intersect. Find the coordinates of their 
point of intersection and the equation of the idano containing them. 

(L.U., Sc.) 

19 . Find the direc tion cosines of the line of intersection of the planes 
6r-4j/-24 12=0, 3r-4,v + l!) -0. and shew that the point (3,7,2) 
lies on this line. Find also the coordinates of the two points P, Q on 
this line which are at a distance 13 from the ])oint (3, 7, 2), and shew 
that PQ subtends a right angle at the point (54/5, - 17/5, 2). 

20 . Prove that if (1 + 1 /' +</■ the planes 

X —y sin +z sin </>. 
y~z sin 0 +x sin 1 /, 

2 =* sin <f> +y sin 9, 

intersect in a line. (L.U., Sc.) 

21 . Shew that an equation of the first degree represents a plane and 
find the perpendicular distance from the origin to the plane 

5a- ' 4,(/ 22 - 6 =0, 

and also the angle of inclination of t he axis of y to the plane. (L.U., Sc.) 

22 . Find the condition that two straight lines in space shall intersect. 
Find the equation of the surface generated by a straight line which 
intersects the three straight lines 

y~2z=0,x-a; z-2x 0,y=a; x-2y=Q,z=a. 

(L.U., So.) 
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23. Find the length of the shortest distance between the lines 
(x-l)/4=(y+2)/3=z and -(a: -4)/2 =(y +6)/6 =(z -6)/7. 

(L.U.,Sc.) 

24. Find the length of the shortest distance between the lines 
(a:+14)/ -2=y/0=2+23 and (a:+2)/4 =(3/ -5)/3 =(2 -2)/3. 

25. Find the equations of the line along which lies the shortest 

distance between the straight lines {x + 1)/4 = - 1)/2 - - (z -9)/6 and 

{X-3)I2= -(3/ + 15)/7=(2-9)/5. 

26. Find the shortest distance of the line {x -7)/2 =(i/+4)/3=z -2 
from the intersection of the planes 

2j: + 5i/ - 83 - 52 =0, 3a; - .3i/ +23+27 —0. 

27. Find the equation to the circle in the plane 2 0 which has the 

points {x^, 2/j, 0), (Xj, y^, 0) as extremities of a diameter. Find the 
condition that the straight line (x - f)jl - (y - g)lm ~(z - h)ln should 
intersect the circumference of this circle. (L.U., Sc.) 

28. With given rectangular axes, the line a;/2 — - g/S - 2 is vertical. 
Find the direction cosines of the line of greatest slope in the plane 
3x - 2j/ + 2 = 5 and the angle this line makes with the horizontal plane. 

(L.U.) 

29. A tripod has its feet A. B,C on three walls, (' being 2 ft. higher 

than B. and B 3 ft. higher than A. In plan oi>-18 ft., he = 20 ft., 
ca =21 ft., and d, the plan of the apex of the tripod, is equidistant from 
a, b, and c. If D is 25 ft. higher than C, find the lengths of the legs 
and the true values of the three plane angles at /). (L.U.) 

30. The vertical angle of each of the isosceles triangular faces of a 

right pyramid on a square base is 28°. A jjlane cuts the pyramid, the 
section being a quadrilateral ABCD such that the distances of A, 
B and C from the vertex are 4, 8 and 6 inches re8j>ectively. Find the 
distance of D from the vertex. (L.U.) 

31. A tetrahedron has its vertices at the points (1,0,0), (0,0. 1), 

(0,0,2), (1,2,3) respectively. Find the lengths and the direction 
cosines of the six edges, the equations of the four faces and the volume 
of the tetrahedron. (L.U.) 

32. The coordinates of the angular points A, B,(', D of n tetrahedron 
are ( -2, 1, 3), (3, -1,2), (2, 4, - 1) and (1, 2, 3) respectively. Calculate 
to the nearest minute the angle between the edges AC and Bl). (L.U.) 

33. Three of the vertices of a tetrahedron are at the points (a, 0, 0), 

(0, b, 0), (0, 0, c). Prove that if the perpendiculars from the vertices 
on the opposite faces are concurrent, the fourth vertex lies upon the line 
ax =by =cz. (L.U., Sc.) 
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84 . The vertices of a tetrahedron are (0, 1, 2), (3, 0, 1), (2, 3, 2) and 
(A, + 1, A, 2A) ; its volume is 6 ; find the numerical value of A. 

36. A sphere of radius a rests in the positive octant in contact with 
the three planes of rectangular coordinates. Write down the equation 
of its surface. 

Shew that there are two such spheres passing through the point 
(2, 1, 3), one of radius 4-41... and the other of radius 1-59. .. . Obtain 
the equation of the tangent plane to each sphere at the given point. 

(L.U.) 

36. Prove that the erj nation of the sphere described on the line 
joining the points (2, - 1, 4) and ( - 2, 2, -2) as diameter is 

{x -2)(z -f 2) +{ij+l){y ~2) +{z -4)(2 +2) =0. 

Find the area of the circle in which this spheie is intersected by the 
plane 2z + 2 / -z ~ 3. (L.U.) 

37 . The rectangular coordinates of a point are (1, 3, 2) ; what are its 
polar and cylindrical coordinates ‘1 

A sphere is of 3 in. radius, its centre is (0, 2, 1 ) in rectangular coordi- 
nates ; find the equation to the surface in rectangular, polar and 
cylindrical coordinates. 

Determine in rectangular coordinates the equation to the sphere 
which passes through the origin and the points (0. (I. 1), (1, 2, - 1 ) and 
(1,0,3). (L.U.) 

38 . Describe with sketches the surfaces represented by the following 
equations in three dimensions : 

(1) .r2+2y2 +32* 12. (2)z*+4y* = l, 

(3) r*+3)/*-4:* 0, (4) xijz -r*. (L.U.) 

39 . Express in a symmetrical form the equations of the straight line 
given by 8z - 3(/ - 2 - 16 - 0, 3x - - 2 + 1 - 0. 

Give the distance of the point (x, y, z) from the straight line 
{x-(i)il = {y -b)!in ={z -c)'n, 

and deduce the equation of a cone of semi- vertical angle 60°. having its 
vertex at (1, 3, 2) and its axis parallel to the line x 3 =y/4 =2/2. 

40 . What surface is represented by the equation 3x*+4!/* + 2*=20 ? 
Find the value of p such that the plane f.r i«;/ + » 2 -p = 0 may touch 
this surface. 

Shew that there are two tangent planes parallel to the plane 

3x + 2f/ +2=0, 

and give the coordinates of their jioints of contact iiith the surface. 

41 . Shew that Ax* + /fy*+ Gz*--!) is the equation of a cone having 
its vertex at the origin, and that lx + my + nz~0 is a tangent plane to 
this cone if P/A + m*/B + 
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42. Find the condition that the line (x -- f)ll — (y -g)lm — {z -h)ln 
should touch the quadric ax^ + by^ + «* = !, and deduce the equation of 
the tangent cylinder with its axis in the direction I, m, n. (L.U., Sc.) 

'•‘43. A circular cylinder of radius 2 has for its axis the line 
(*- l)/2 = »y = 3 -2. 

Find (1) its equation, (2) the lengths of the axes of the ellipse in which 
it is cut the plane x=y. (L.U.) 

*44. Find the equation of a right circular cylinder of radius 2, whose 
axis is the line (x - ;5)/5=-(y — l)/4 = (: + 2)/2. Find also the equations 
of the tangent planes to the cylinder from the origm. (L.U.) 

*45. A right circular cylinder is cut by a sphere whose centre is on 
one of the generators of the cylinder. 8hew that the }>rojectioJi of the 
curve of intersection on the plane containing the axis of the cylinder 
and the centre of the sphere is a parabola whose latus rectum is twice 
the radius of the cylinder. (L.U.) 

*46. Shew that any plane section of an elH]>soid is in general an 
ellipse. The ellipsoid j •’>,</'*•+ 22* — 12 is cut by the plane 

2x-rf/^y6+2=0. 

Find the area of the elliptic section thus made, and prove that its 
eccentricity is \'14/3.‘). (Sec jip. 413-41().) 

47. Shew that the plane lx + my + 7iz—p will touch the ellipsoid 

x^ja^ + + 2*/c* — 1 , if p* - 

The ellipsoid 2x* + 3//* + 2 * — 1 is cut by (larallel planes 3x + 2y + 4z = 1 
and 3x + 2y+42 — 2. Find the ratio of the areas of the sections made 
on the planes. 

48. Find the eccentricity of the section of the elli])soid .r* 4 4(/* + 7z* — 1 

made by the plane x 4 y t 2 — 0. (L.U., Sc.) 

49. Find the equation of the tangent plane at any point of the 

ellipsoid x*/a* + y*/h* + — 1 . 

Find the equation of the jilane which intersects the ellipsoid 

x*/4+y*/9:=z*/I() = l 

in an ellipse whose centre is the point (1, 1, 1). (L.U.) 

50. Find the equations of the tangent planes to the ellipsoid 

x*/4 + y*/ 1 6 + 2*/9 — 1 

at the points in which it is met by the line x/2 --y/2 =2/3. Find the 
equation of the projection on the xy-plane of the section of 'the ellipsoid 
made by the plane through the c-entre parallel to the above tangent 
planes. (L.U.) 
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61 . Shew that there are on the ellipsoid x^j25 + + z^jQ = 1 two sets 

of circular sections. Find the coordinates of the points of contact of 
the tangent planes parallel to these sections, and find the diameter 
of the circular section made by a plane whoso perpendicular distance 
from the centre of the ellipsoid is 1. 

52 . Prove that an ellipsoid has two real circular sections passing 
thi’ough the ends of the mean axis. 

A sphere is draw'n to meet the ellipsoid in plane sections ; prove that, 
if the sections are ]-eal, the radius of the sphere must lie between abje 
and beja inclusive. (L.U., Sc.) 

53 . Shew that the sphere.s j- ^ -r + Gy + 2c + 8 =0 and 

+ //• + c- ‘ G.r + 8// + 4c + 20 =0 
intersect at right angles. 

Find the ecpiation of the tangent plane to each sphere furthest from 
and parallel to the plane of intersection of the spheres. (L.U.) 

* 54 . Shew that the middle points of parallel chords of an ellip.soid lie 
on a plane. 

Obtain the equation of the diametral plane of chords having direction 
cosines I, in, n in the ellipsoid x- <i^ + y^jb- 

In the ellipsoid x^+lh/- -2:^ 1, find the equations of the diameter 

in the plane c — 0 conjugate to the line x/2 = 2y = c, and also the equations 
of the third conjugate diameter. (L.U.) 

* 65 . If the tangent plane to the surface ^ by'^ + cz^~] makes equal 
angle.s with the thiee coordinate axes, .'•hew that it forms uith the co- 
ordinate planes a tetrahedron of volume (1 u -f 1 l/c)‘ - G. (Li.U.) 

* 56 . Shew that the straight line. r y). y - b^ril{b^ + y),z = ^ + y, 

is a normal to the elliptic paraboloid x-ja“ ->-y^jb" — 2z. drawn from the 
point (^, q, ^‘) ; hence prove that fixe normals can be draxvn from this 
point to the surface, and that they lie on the cone 

fe7(-r 'bin - ’/It- ("" - f>')ii~ ~ 0 

*67. Shew that through every point on the surface ‘Ax^—4y^-i c^ — 1. 
two straight lines c.an be drawn lying wholly on the .surface. 

A straight line i.s at a (list. nice 2 from the a.xi's of c and is inclined at 
60° to that axis ; shew that the surface generated by the rex'olution of 
this line about the a.xi.s of c is a hyperboloid of rcx olution. 

* 58 . The normal at a ]ioint P on the ellipsoid (x/rr)* f (y/h)--f (2/c)2 = l 
meets the coordinate planes in (r'j. G.,, G^, and 

F(t, 2 t- PG^- + = constant = ; 

shew that the point P lies also on the elliproid 

x^/n* + )/-//<• q z'‘lr* — PI((P -f h' + r*). 


fLi.U.) 



CHAPTER XIV 


PERIMETERS, AREAS AND VOLUMES 

106. Len^b of Arc in Cartesian Coordinates. Lot ds be the 

length of an infinitesitnal element of a plane curve whose Cartesian 

equation is given, then the integral taken between two points 

on the curve between which it is continuous, gives the length of 
the arc between those points. This process is sometimes called 

Rectification. 

Since 

ds^ = dx^ + d;i^ = { 1 + . dx~ = { (drjdi/)'^ + 1 } ; 

/. ds = Vl +{dij/dx)^ . dx or v'^1 + (dxjdi^)^ . dy, 

BO that the length of a plane curve, which is continuous, between 
the points {x-^, y^) and (Xj, y^) is given by the formulae 



the integral chosen depending upon wliether the equation of the 
curve be given in the form y=f(x) or x = tj>{y)- 

107. Area of a Curve. Let da^ be an element of area between 
a plane curve PQ (Fig. 41 ) and the x-axis, and da^ an element of 
area between the curve and the y-axis, then by considering narrow 
strips parallel to each of the axes and of width dx, dy respectively, 

da^ = y . dx=f(x) . dx and da^^x . dy = d>{y) ■ dy, 
so that the areas between the arc, the axes and the ordinates or 
abscissae at P(Xi, y^), Qix^, y^) are given by 
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If the curve cuts both axes by a continuous arc, like an ellipse, 
then, in general, otj = 02 - It often happens, however, that the 
areas Oj, lie on opposite sides of the curve, as in Fig. 41, in 



which case thev are said to be eoinplenientary, because their 
sum makes up the rectangle PA'QS\ formed by joining the 
points 

//i)- //‘j)’ ^ !h)> 

l.c. f U2 = (J"2-^l)(//2-:'/l)• 

In every case a rough graph should be drawn to ensure the 
correct area being calculated. 

It should also be observed that if the curve cuts itself, thus 
forming a looj) or loops, the area of each loop must be found 
separately if such falls wuthin the given limits. 

When the curve is defined by j)arainetric equations of the form 
x=F{t), y^f{l), then 

dui = y .dx=f {t) . {(ix'idl) . dt, and da^ = xdy =F{t) . (dyldt ) . dt. 
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Ex. 1. Find the length of the curve 

20?/ =3(43!* -20x4- 9) 

between the ordinates where x=0-6 and x = 4-5. 

Determine also the area of the curve bomided by the arc, the x-axis 
and the given ordinates. 

By plotting a rough sketch of the curve, it will at once be seen 
that it is a parabola and the given points are those where it 
crosses the x-axis. 

From the equation, 

dy/dx = 3 (8x - 20)/2() = 3(2x - r))/5 ; 

from (116), f7s = s^l 4-9(2x-5)*/25. 

Let z = 3(2x-5)/5, then dx = 3.dzj('>, 

and ds = (5v/l 4 -c*/ 6) . (/,r. 

Now when x=0-5, 2 = -2-4, and when x = 4'5, 2 = 2-4 ; 

T) n' K r _ Y'' 

vl4-2*.dx = g Uv/l 4-2* 4- ilog (2 -l-v I 4-2*) ’ 

by (48), 

= ^ (3-12 -f ^ log 5 -e 3- 12 -f .1 log 5 } 

= i;- (6-24 4- log 5) = ;] (6-24 4-1-6091) ■--- 6-541. 

To find the area, 


^ = ^^J'‘(4x*-20x-f9)dx 



The minus sign indicates, as is obvious from the graph, that 
the area lies in the fourth quadrant, i.e. on the negative side of 
the y-axis ; hence, the magnitude of the area is 6-4 square units. 

Ex. 2. Find the length ami the, area, of the curve 

y = cosh"^ X 

between the ordinates where x = l and, x = 2-6. 

The curve is shewn in Fig. 42, where it will bo observed that it 
is symmetrical about the x-axis. 
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Since 


and 


jf = cobIi"* X, 

. y—\ag(x + Jx^-\), from (26), 

dy ^ 1 

dx sx^-l 



(h- 




. dx, 


pinco r and s increase together. 



FUi. V>. Arcii of till' ciirve 2/^pos|i ' x. 


Put - 1 = 2 ^, tlien . dx =z . dz \ 

ds = dz. 

For the given limits, when x = l, 2—0, and when a' = 2'6, 
2=2-4 ; hence, if .v he the semi-length between these limits, 
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This result may be verified without using the logaritl)mic form 
for the inverse function ; thus, from the equation of the curve, 

dx 

x = coahy, so that ^^ = sinh y, 

ds^ = (1 + sinh^ =eosh" y . djf ; 
d.‘; = cosh y . dy. 

Now when a: = l, ^—0, and when x = 2-6, ?/=log5 ; 


-llOf!!. 


= 2 sinh (log 5) 


sinh y 


-|1 


= 4-8. 


niiKo r 

s = 2| eosh//.(/// = 2 sinh?/ 

= (5 - 1) =4-8 as before. 

To find the area, 

A' = 2 1 ar . f/y = 2 1 eosh y . dy = 2 

From Fig. 42, it will readily be seen that this is the area between 
the curve, the a.xis of y and the ab.scissae at y = + log 5. 

If A be the area between the axis of x and the double ordinate 
at a: = 2’6, then 

A + A' = area of rectangle PQQ'P 
= 5-2 log 5; 

A = 5-2 log 5 - A' = 5-2 log 5 - 4 8. 

Taking the area as 

A = 2 J y dx, 

the strip y . dx is now between the curve, the oc-a.xis and the 
given ordinates, so that the value of the integral will give the 
required area. 

Hence, 

A — 2 !" y . dx = 2 j" co8h~* x .dx — 2 J log (j; + - 1 ) . dx 

= 2 fa: . log {x + \lx- - ]) . ?Zxl , integrating by parts, 

L Jvx^-I -Ji 

ea 

= 5‘2 log 5 " 2j dz, where 2 ^ = - 1 , 

= 5'2 log 6 - 4-8, as before. 
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108. Length of Arc in Polar Coordinates. When the equation of 
the curve is given in polar coordinates, and is therefore of the 
form r=/(6'), then, from (9()a), 

ds = Jr^ + (drl(fd)" . dt)=-Jl +r^(ddldr)^ . dr, 


so that the length of arc between the points (j'j, 6^^) and (r^, is 



. dfl or 



the former being generally much more convenient. 


109. Area in Polars. Let dA be the area of a small sector POQ 
(Fig. 43), bounded by two radii vectores inclined at an angle 
dd to each other at the i>ole, and an infinitesimal arc ds, then 

dA - lr2 . dd. 

Hence, for a continuous curve, the area between two points 
(fj, d^) and (r^, d^) is 

A i (*Ti(6rr’ . de (iw) 



Ex. 3. Shew that the length of one loop of the curve 

r = 2a cos^ d 

is ‘^a. . ^/3{2v/3 + log {2 + ^■'3) ) , and find its area. 

One loo]) of the curve will be traced as d varies from ^ ~ ^ 

to d=^. This is shewn in Fig, 43; since co 3 d~eoa{~d), the 

£t 



350 HIGHER MATHEMATICS [oh. xiv 

axis divides the loop in half. Hence the integration may range 
from 0 to and the result doubled. 


Now 


dr 

do 


— 4a cos & . sin d ; 



= + 1 cos® ti . sin* 6 = 4o* cos'* 0 + 16ci* cos* i) . sin* 0 


= 4o* cos* d (cos* + 4 sin* 0) 


~ 4rt* cos* t^(l + 3 sin* d ) ; 
ds = 2a. cos djl +3 sin* d . dd 


= 2a\'l +3w* . du, on putting w = .sin d ; 

TT 

the limits 0, - ^ for d, then become 0, 1 for u ; hence, the whole 
length of the loop becomes 

s = 4a I +3 m* . du 

= -^< 1 . j ^'2 w ■ N'^1 +3w* + .1 log (s^l + 3ii* + 

= g*V^{2^^/3+log (2+^3)} 
as given. 

To find the area, A, 

rr n 

|.(4=ij r*.rf(^ = 2«*j' cos*d.dd. 


Since the limits are 0, - Gamma functions may conveniently 
be used ; thus, by (51), ^ 




cos d.dH- 2.2 ' 


3 
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Without Gamma functions, the integration may be effected as 
follows : 

eos^ fc* = 1(1 + cos 20) ; 

cos* ^ = 4 + a ‘"‘OS Sfb' + ] cos- 20 = | + 2 00 s 211 + i (1 + cos iO) 

= ;4 + i cos 2ll + i cos iO. 

If fr 

A (ii + 2 cos 20 + i vosiO)ilt) gjj^ 20 + 1 sin 

3 

_43ra^ 

as before. 

Ex. 4. Transform the equation 

{x- + - X- - //) — iay^ 

into polar coordinate.'^ hi/ /lattinf/ x — rcosO, y = rsinO-, hence, 
shew that the area of one loop i.'t one-third that of a circle whose 
dirt meter is a. 

x^ + //- — r- cos- 0 + r- sin‘- 0 = r-. 

The given equation becomes 

r^(3ar sin (1 - / -) =4ur® sin^ tt. 

Divide out by r^, assuming it is not zero, 

3a sin tl - r = 4<i sin® 0 

= 3a sin 0 -a sin 30 ; 

/-^ a sin 361. 


Now r will be zero for 11 = 0, and for = these are therefore 
the limits of integration for one loop. 

TT ■W TT 

I = {l-cosQ(^)dO 

” Jo " J II Jo 

IT 

= |a®| <1 - sin 6 I 1 J " 

which is 2 the area of a circle whose radius is la. 
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Exebcisks 14a. 

Whereve.r possible, a rough graph of the curve should be sketched on 
squared paper. 

1. Find the length and the area of the parabola i/*=25x between 
the points where a;=0 and .e = 36. 

2. Find the length of the parabola 20i/=3(2x^ - 3x -5) between the 
points where it intersects the axis of x. 

Find also the area of the curve between these points and the x-axis. 

8. Find the length of the curve between the ordinates where 

3a; = 4 and z=5. 

4. Shew that the length of the curve y — a log - a®) between the 
points where x — l-5a and x^ll-5n is (10 + log 4'2)(;. 

5. Find the area of the curve y*~(13 ~x){3 + x) between the a:-axis 
and the ordinates where a- = - 3 and x — ft. 

8. Calculate the area of the curve --(7 ~x)(f> +x) between the 
x-axis and the ordinates where a-— -5 and x — 1. 

7. Shew that the area of the curve + 6r - 55) = 1 between the 
x-axis and the ordinates where x -7 and x — 14 is log 2. 

8. Plot the curve )/ = 2x*- 15x® 1 24.r + 25 between x-0 and x=4 ; 
then calculate the area enclosed by the ordinates at these points, the 
axis of X, and the arc of the curve. 

9. Plot the curve -x*(9 -x*). and calculate the area of one of 
its loops. 

10. Trace the curve y = l lx -x* - 18 from x = 2 to x - 9, and calculate 
the area enclosed by it and the x axis between those points. 

11. Find the length and the area of the cycloid 

x=^r(ff -Hin 0), y — r(l-cost^) 

from cusp to cusp. 

12. Calculate the length of the epicycloid 

X = (a + h) sin ff-b sin 

i/ = ia +/;) cos 0 -h . d'j, 

for one revolution of the rolling circle whose radius is b, whilst a is the 
radius of the fixed circle. 

18. Find the perimeter of the cardioide 

x — 2a sin 6(\ - cos 9), y=2a cos 6 -a cob 20. 
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* 14 . By putting — y - a find the JcngtJi of the four- 

cusped hypocycloid between the limitw where tf =-() and 6-Z- 

15 . Find the length of the catenary y = S cosh the values of x at 
the points of susjwnsion being -i 8-047. 

* 16 . The evolute of the parabola, y^ — 4tax, is given by the equation, 

4(.t 2a )“ - 21 ay ^. 

Shew that this curve meets the ])arabola at .r - 8a. and find the length 
of the evolute between this jroint and the point where it crosses the 
x-axis. 

* 17 . The evolute of the ellipse, r '^.^ = 1, is given by the equation 
(ax) +(hy) . 

Find the length of one arc of this evohitt', the limits being x=0 and 
the ordinate where y 0. 

Shew that the length of this arc is e()ual to the difference between 
the radii of curvature of the ellipse at the extremitie.s of the minor and 
major axes respectively. See i). 272. 

* 18 . Shew that the length of the curve // — logsec.c between the 

points where .r — 0 and .c - " is log (2 + .^ 3). 

* 19 . Find the length of the curve 

X - log (eoth y ~ cosech y) 
between the points where y “ log 2 and y log .7. 

* 20 . Shew that the length s, of the arc of the spiral of Archimedes 

r =2d, 

between $ — 0 and y — </, where o <2;r, is given by the relation 
{( —sinh (.s' - -r a^). 

Calculate 5 when a— tt. 

* 81 . In the equiangular spiral, r~ne9''"ta^ prove that 

i/) cot u - log cos tt + 1 ^ ■ 

where s is the length of arc from -0 to B - </>. 

Hence, shew that if h is the increase in the lengt.h of r, for one revolu- 
tion, then s — nh sec a. 

82 . Find the length of the are of the parabola a = r eos^ 2 * oS 

the latus rectum, ?.r the ])erpendicular to the axi.s at the origin. Work 
this out for a = 6. 


K.M. 


z 
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*23. Shew that the Jcnj'tli s of tlie arc of tlic hyperbolic spiiul, 

rd=a. 


is given by 


.dO. 


Transform this integral into the form 


du 

a2(T^’ 


by means of the substitntion -- — — ; hence, by resolving into partial 
fractions, evaluate .s, between t) f,-, and taking «^2'1. 


* 24 . BOA is a quadrant of a eiiele whose centre is 0 ; M is a point 
in OA such that OM = 8 inches, and MP i.s drawn parallel to OB. If 
the radius OA =17 inches, find the area of the figure bounded by OB. 
OM, MP and the arc Bl\ 


25 , The work done in expanding a gas from a volume r to a volume V 
is measured by the area of the curve whose general capiation is 

x")/ = c 

between the x-axis and the ordinates at x — i- and x = T. « and c being 
constants and y the pres.surc of the gas. 

When the expansion is isothermal. « = 1 and c—a; when it is 
adiabatic, n — \ + y, where y is a constant deiiending >i])on the gas used, 
and c — b. 

Shew that the difference between the work done in expanding a gas 
isothermally and adiabatically is 

^ (pv-PV) - pv log 

where p, P are t he values of y corresponding to .r = a and x -V lesfrec- 
tively. 

Calculate the work done in each ease when 1’ 276, P -ICt, V = 2v 

and y =0-4, 

* 26 . The area of the curve y-nx^ * 2hr - 1.5 between the x-axis and 
the ordinates at x=l. .r --.0, is .‘12 square units, and between the x-a.xis 
and the ordinates at x= 2, x- 4, it is 22 square units. Find the 
numerical values of a and b. 

* 27 . Findtheareaoftheellip.se + 

iP h- 


The area of the parabola 16y* — 121x, 
between the curve and the double ordinate at x — 0, is equal to half the 
area of the ellipse 

81 ^ 6 * ’ 

find the semi-minor axis of the ellipse, taking tt-- 22/7. 
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*28. Sketch roughly, and find the area of each of the following curves, 
(i) y-e"' sin i<.e, (ii) y =6“^ cos 6a;, 
between the ordinates where ar=0 and x=<i). 

If the curves intersect for the first time on the positive sides of the 
axes at find the value of w, and shew that the area enclosed 

between the two curve's and the y-axis is 

6(eV2j-l)-a 

+ b- 

where Calculate this area when (x = 7, 6=5-a and 77 r = 22. 

*29. Prove that the jjennieter x, of the ellipse 


is given by the equation „ 

■s- - 4ii j ( 1 - sin'*d)- rftt, 

0 

where n^e^ — n^-lr and x—a sin d. 

Hence, by applying the binomial expansion to the integrand, shew 
that *' is given approximately by the formula 

.‘12 s- -7r«(f)4- lGe2-.3c^). 

Calculate to the nearest tenth of an inch, when a = 2.5 in. and 
6 = 24 in., and show that this perimeter is less than that of the circle 
whose radius is a by r wry nearly. 

*30. Shew that the length of the curve y -- a sin x, from .'c = 0 to x=Tr, 
is given by the integral 

tr 

,i = 2al (1 - cos- j')^ . t/i’. 

.’o 

.Assuming that a <1, j)rove. by expansion, that 
()4.s -= (t)4 + lfi«“ -■ 3o'*)7r 

approximately. 

Calculate s when « =(h25. 

*31. Shew, by eliminating 1. that the lemniscate, defined by the 
equations 

n-t(/- * (1^) - a^) 

may also be defined by the equation 
(.rMy-)== 

and from this .show, by putting x-rcoaO. i/ -rain (4, that its polar 
equation is r-~a^ cos 2fy. 

Hence, sketch the curve roughly and find the area of one loop. 
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*82. Trace the curve (x* + y®)(a:*+y*-3ay) + 4ay*=0, and find the 
area enclosed by one of its loops. {L.U., Sc.) 

*38. Shew that the common chord joining the points where the 
parabola t/® = 

intersects the parabola =4b(h- x), 

is the double ordinate at x= . 

a + h 

Hence prove that the area bounded by the arcs of these parabolas is 

8 / 

sU+ty ■ 

Calculate this area when a — 4, ft — 9 and fi — 13. 


*34. If s be the length of arc. measured from the origin to the ordinate 
where x—a of the curve 

shew that =a(a + 3)-. 

Find also the area of the loop of this curve. 

*35. If s, A denote the ])erimeter and area respectively of the curve 

r^ = a^ cos W, 

prove that 2As=^jra^j3. 


*36. Shew that the whole area of the curve 


is 8a*/15. 


ah/ =x'^(a^ - x^) 


37. Obtain the area in the first quadrant bounded by the curve 
whose equation is f)*/~-(a^ - x-f and the line x -0. (L.U.) 

88 . The chain of a suspension bridge has the form of the curve 
x^ — h^yjh, where the origin of coordinates is taken as the lowest point ; 
the axis of y is vertical, b is half the span, and h the dip of the chain. 
Write down an expression for the length of the chain in the form of an 
integral. 

Shew that when h is much smaller than h, the radical under the 
integral sign may be expanded by the binomial theorem and that the 
length of the chain is approximately 2b + 4h^l3b. (L.U.) 

*39. If a rod move with its ends on a closed curve of area A and make 
a complete revolution, prove that a jmint P on the rod at distances c 
and c' from the ends will trace out an area of A - tree,'. (L.U.) 

40. Find the area of the loop of the curve whose equation is 
oj/* = (a; - a)(a: - 5o)®. 


{L.U.) 
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41. At caoh point of a curve the gradient varies inversely as the cube 
of the abscissa of the point, and the curve passes through the points 
(2, 0) and (4, 3). Prove that the equation of the curve is =4(a:* — 4), 
and find the area bounded by the cui-ve, the axis of x and the line x=4. 

(D.U.) 


*42. Shew that the area included by the parabola r~a sec“ ^ and the 

A 


focal vectors of lengths a and r is .\v^a(r— a) . (2a + r). 


(Br.U.) 


110. Surface Areas and Volumes of Solids of Revolution. Let 

/S be the area of a surface, generated by the revolution of the 
an; (Fig. 44), of a plane <-iirve //=/(*), about the aj-axis, 



Fig. 44. Surface aiul volume of a solid oi revolution. 

betw'ecn the j)oint.s /'(jq, //,), //.J ; then an clement of arc 

(is, whose ordinate is //, truces out an area, 2n-j/ . ds in one revolu- 
tion ; hence the whole area generated is 

S:=2ir [* > . ds--0ir[^ f(x)-^/l + (^^^j .dx, 

or, in sonu! cases, it may be easier to evaluate the integral, 


(120a) 
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Let V l)e the volume generaknl by tlie rt' volution about tlie 
x-axis of the area bounded by the arc PQ, the axis of x, and the 
ordinates at x^, x.^, then the volume of a thin circular slice RR' 
perpendicular to the axis of revolution, of radius y and thickness 
dx, is iry^ . dx ; hence 

V = 'Tr| y-.dx-irj {f(x)l"dx (181a) 

For the volume of a regular solid which is not generated by the 
revolution of a plane curve, the* area of a slice of thickness dx, 
perpendicular to the axis of symmetry, must be found by the 
methods of the previous article. Denoting this area by A, 

V-j^A.dx (121b) 

Jyi 

Ex. 5. The curve y~x{6-x) -7-50 revolves ahout the axis of x 
between the poi)tts where it crosses the axis ; find (i) the surface 
area, and (ii) the volume of the solid thus yenerated. 

The curve crosses the x-axis when )/-0, i.e. when 

x{6 -x) -7'56 =0, or 25x2 - 150x -t 189 =0, 
i.e. (5x-21)(5x-9) =0, 

so that x-4'2 or l-S. 

By plotting the curve between these values, it will be seen 
that the graph is the arc of a jiarabola, and the ordinate 

X- 1(4-2 -i- 1-8) =3 

cuts the arc in half ; hence the integration may be taken from 
.x = l-8 to x = 3, and the nssult doubled. 

Since y - Ox - x^ - 7 -56, 

-6-2x = 2(3 -x) ; 
dx 

* = 42 e‘i 

y . ds = iiT\ (6.r - x^- 7-50) >.'^1 +4(3 - x)^ . dx. 
*-i s J 1 s 

Put 2(3-x)=tan2, then —2 . dx = iwe-z . dz, and wdien x = l-8. 
z=tan~^ 2-4 ; denote the principal value of this angle by z^, when 
x = 3, z = tan“^ 0=0. 


S 


= 27rj 
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Finally, 6.*; -x^~ 7-5« = - 7-56 + 9 - (3 - 2)2 

= 1-44 -0-25 tati2 2 
= 1-69 — 0-25 se('2 2 ; 

r(j 

- 2;7-j {1-69 - 0-25 8 oc2 2 ) . soc® 2 . dz 
~ I ^ ■ dz~ O-sJ Sfic^ 2 . dz^TT ; 
. . 1(X)»S = I (501 1 S 50 C 2 . tan 2 + log (tan 2 + sec 2 ) } 
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on a])plying the results of Ex. 2.1, p. 1.33. 
«inee tan 2i =2-4, sec 2 i =2-6, hence 


- 50 sec* 2 . tan 2 ) 


• 


4(XJ,S-- (1(511-12 + 601 log 5)77, 
giving .S' ---6-5277 =.20-47. 

For the volmue r, 

r = 77 1 ,f- .d V - 277 f' ((5 r - r* - 7-56)2 . dx 

J I « .1 I S 

■ 1 - di\ on ])iitting r = 3-a;, 

-=277|^1-2L'- •( . 1-2* . (-* f 0 


1-2 

0 


= (l(5 X 1-2* 11)77 -=8-339. 

hx. 6. Sheir that IJh' i'oIudic of 
a rujhi jiyntitiid is <<]n(d to oiic-lliird 
of the rohintc of a mftdor jiris)ii of the 
Hiioie heifjht stoiidiiiif on the no me hise. 

Prove also that the volume V of a 
frustum whose jiurallel areas are A 
atal Ajii-, and ivhnse distance ojiart 
is h, is (jiveii bij the formula 

= A(ir + II + l)h. 

Hence find n. when F =-65, A =- 11 

and /i=y. 



A right pyramid is oiu- whose eeutroidal axis is perpendicular 
to its base. 

Let PP' (Fig. 45) be a thin slice, ol area a and thickness dy. 
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parallel to, and distant y from the base ST, whose area is A. 
Then if p be the height of the pyramid, 

alA=(p-y)^lp^, 

or a = {p-yfAlp^. 


Hence the volume 



= { (/ _ 2py + //■) dij 

= AlpAp^>l-p)l^ I y®/'^ 

L ■ ' _ 0 

= Ap/li. 


But Ay) = volume of a regular prism of height p standing on 
the base ST; hence, the volume of a right pyramid — one-thi^ of 
that of a regular prism of the same height standing on the same base. 

For the frustum, the limits of integration are now h to 0, so 
that the volume F = A/)(/r- ph +h^/3). 

But since a = {p- yy^A/p^, and the area of the u])pcr face is A/n^, 

Ain^-^{p-h)-A/p^, 

from which p = /)/)/(« - 1). 

Substituting this value of p in the expression for the volume. 


y _{n — 1)11 j n- 

I (IT- 1)2 


n 1) 
a - 1 ^31 


/f=A/((H2 + „ + l)/(3/i2); 


Zir-V = Ah{n^ + n-¥\). 


When F = 65, A = 15, /;=y, 

195«2 = 1 . 3 . 5(/(2 + « + ]), 
or 4H2-9n-9=0; 

i.e. {h - 3)(4w + .3) =0, 

giving n = 3 or — 0’75. 

The negative valu(‘ is inadmissible in this case ; 

n = 3. 


Ex. 7. Prove that the area of surface of a prolate spheroid of 
eccentricity e and major axis 2a is 

tr 

4:7ra®(l - e®)' f {I ~e^ cos^ (f>)' sin <f> . (l<fi \ 

Jo 
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hence shew that if powers of e above the second nuty be neglected this 
area is that of a sphere which has the same volume as the spheroid. 

(L.U.) 

When an ellipse revolves about its major axis, the solid 
generated is called a prolate spheroid ; when it revolves about its 
minor axis, the solid generated is called an oblate spheroid. 

Let S be the surface of the prolate spheroid, then <8 = 2771"^ . ds, 

and if f be the eccentric angle of any jx)int (,f, y) on the generating 
ellipse, x = a cos </>, y^b sin </>, from {73c), h being the semi-minor 
axis ; 

{dsjd(l>Y =• '/' + 1>~ cos^ <j> = COS" 0), 

since - b^. 

The limits over half th<' sjdieroid are <!>=(), and hence 

for the whole surface, 

n 

S = Ir-rdd ( 1 - e- cos‘^ d>) sin ■ d(f>, 

.1 (I 

which, on replacing h by (/(I -c^)s gives the n-qiiired expression. 

Since powers of c above the second may be neglected, and 
c® COS" 0 < 1, the root may be expanded by the binomial theorem, 
giving 

(S =47rahf (sin </> - Ic- sin </> . cos'^ i/> + ... )d(f> 

Jo 

= 4-02(1 - .\e2)(l - y) =4-a2(l - ^e^). 

Now if r be the radius of a s])hcre of the same volume as the 
spheroid, 

f Trr^ = 2-1" 7/2 . (l.t = j sin* ih . d(/> — .1 -ab ^ ; 

Jo' Jo 

.-. c^{n/>2)', 

and the surface, of the sphere N" =47rr2 =4-« -h- 

= 4:r«2(l 

= 477 ^ 2(1 _ neglecting powers 

of e above the second, 

= N, from above ; 

so that the surface of the sjdieroid =that of a sphere equal in 
volume when powers of e above the second can be neglect*^. 
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Exercises 14 b. 

1. The curve y=ae’‘^ passes through the points x = l, y = 3‘5 ; 
X— 10, y = 12'6 ; determine the values of a and b. 

This curve rotates about the axis of x, thus generating a solid of 
revolution. Find the volume of this solid between the ordinate.s at 
x = l and 10. 

2. The curve x^y - (3 - .r)(.3 +3 ) revolves about the axis of x ; find 
the volume of the solid generated between the ordinates at x=-i and 
a; =. 3 . 

3. Find the surface geneinted by the revolution of the curve 

y=x^ 

about the x-axis between the ordinates at .r~0-o and .r=0. 

4 . In the curve y -a-rbx'-, 

if y — 1'82 when .t — 1. and y .■>-.32 when x 4, find n and b. 

Let this curve rotate about the axis of x. 

Find the volume enclosed l)y the suiface of revolution between the 
two sections at j -= 1 and .r=4. 

5. Find the volume of the paraboloid generated by the revolution of 
the parabola 

if-=‘ia{h-x) 

about the 3:-axis. 

On the flat circular end of this paraboloid a hemisphere of the same 
diameter is fastened, and the total volume of the solid thu.s formed is 
equal to that of a cylinder who.se length and laditis arc each equal to 
the radius of the common section. Prove that 

»/< irw. 

*8. Shew that the sui-face area <S'. and volume F, of the solid generated 
by the revolution of the patabola 

2(rt -x)=:tnn d. 4y i 1 

about the x-axis between the ordinates at x 0 and .r ~2f/, aic given bj 

(a) KhS' -77 [2a(l 8n*)vT + 4u- - sinh ’2a;, 

(b) 5 V - 

7. The curve .v*{x-8) -t(x-6) revolv'os about the .r-axis ; find tlu 
volume generated between the ordinates at x--() and x 6. 

8. A tank has plane uniformly slojiing sides, the top and hotton 
being horizontal rectangles of sides a, b, and a, fi respertively, whils 
the vertical depth is h. Find the capacity of the tank, and shev 
that if the tank is the fnisturn of a pyramid, then 

a'.b — tf.fi. 



EX. 14b] 


EXERCISES 


363 


Ciilculale the c;a))aeity in gallons wlien a 12 ft., Ii -9 ft., a = 8 ft., 
/j=6 ft. and h -lU ft., it being given that 25 gallons occupy four 
cubic feet. 

9. Find the whole sui-face of the paraboloid generated by the 
revolution of the parabola 

//--“2.')X 

about the x-axis between the ordinates at r-O and x -36. 

10. Find the surface area and the volume of the solid generated by 
the revolution of the cycloid 

*■ — r(d-sin d), y ”r(l -cos fl), 

about the x-axis. 

*11. Find the surface generated by the revolution of an arc of a 
circle of radius r, subtending an angle 2rt at the centre, about a line in 
its ])lane ])arallel to its chord and at a distance d from it. 

Deduce from the result the surface generated 

{(i) whe-n the axis coincides with the chord, 

(b) when the axi.s passes through the centre. 

(c) « hen the arc is a semicircle revolving about its diameter. 

*12. Find the surface generated by the revolution of a semicircular 
arc of radius r about the tangent at its middle point. 

13. ABCI) is a four-sided figure having AB. CD parallel and each 
[)er])endicular to BC. 'I'he figure re\oives about BC ; find the volume 
of the solid thus generated when d/)' — l<> ft.. CD — 6 ft. and BC — S ft. 

14. Find the volume of a frustum of a ajdiere of radius 5 ft. lying 
between two parallel j)lanes on opjrosite sides of the centre at distances 
3 ft. and 2 ft. res])eetivel\' from the centre. 

15. A bowl, in the form of a spherical segment, is two feet in diameter 
at the top, and is 9 inches deep. Kind the radius of the sphere of 
which it forma part, and, neglecting the thicknc.ss of the material, find 
liow much water the bowl will hold, (live the ansu cr in gallons, having 
gi^'cn that one gallon of water occupies O’lfi cubic feet. 

16. Kind the volume cut off from a hemisphere of l adius r, by a ])lane 
parallel to the Hat surface and at a distance d from it. 

Deduce, from the result, the volume 

(a) when d - .\r. 

(b) when the segment cut o(T has a depth h and radius of flat 

surface a. 

Calculate how many gallons of water a bowl in the form of a hemi- 
spherical segment would hold w^hen its upper diameter is 2-.5 ft. and 
its depth 10 inches, taking G-25 gallons of water to one cubic foot. 
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*17. A sphere is cut by a plane intersectinp; tlie diameter perpen- 
dicular to it at F. if FB~n . AP, whore w <1, Vi, iVj, are the volume 
and surface area of the larger segment, and V, S, are the volume and 
suiface area of the whole sphere, prove that 

(а) 7j : y = 1 -fSm : (I -frif, 

( б ) Si-.S=l-.l+n, 

(c) 3671 TV : V ■" ( 1 : ( 1 -t- ny. 

If »S'i=990 square feet, and ji— 0‘4, find T\ and the radius of the 
sphere. Take tt =22/7. 

Prove the following formulae where iS'=surface area, and e =eccentri- 
city of the generating ellipse, and is given by = 

*18. For a prolate spheroid : 

.S' = 2ra2(l-e2-l--‘~'’V sin-ie! . 

V e f 

♦19, For an oblate spheroid, 

5 = 27ra*(l-f * 7®' log 

t 2e 1 ~e> 

* 20 . Calculate the surface areas in Exs. 18 and 19 when «=.') ft., and 
i»=4 ft. 

If (Sj, <Sj denote the respective areas of the prolate and oblate spheroid, 
shew that <S '2 = T106'i approximately. 

21. Calculate the volume of the oblate spheroid generated bv the 
ellipse 4a;=‘ -+-81^=324. 

22 . The ratio of the volumes of an oblate and a prolate spheroid is 
1‘6. Find the area of the generating ellipse if the sum of its scmi-axe.s 
is 22-75 ft. 

* 23 . An anchor ring is a solid formed by the revolution of a circle of 
radius r about an axis distant R from its centre and in its jilane, R being 
greater than r ; if A =arca of the circle, p=it8 perimeter, = circum- 
ference of the circle described by the centre of the i-evolving circle, 
prove that 

(a) S = AF, (6) V = Aj), 

where S, V are the surface area and volume of the ring respectively. 

* 24 . ABCD is a square whose side is of length 2a ; on AB a semi- 
circle is described outside the square. The whole figure then revolves 
about the side CD ; find the volume of the solid thus generated. 

If V denote this volume, and 41^ =97r(14 -} .'{tt), find the side of the 
square. 

* 26 . A uniform sphere, whose radius is a, has a cylindrical hole of 
radius b bored through it so that the axis of the hole is a diameter 
of the sphere. Shew that the ratio of the volume of the solid to that of 

the whole sphere is (a* - : a*. 
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If a=p^ + q^, and h = 2pq, shew that the volume removed is 

+q*). 

Calculate the volume of the pierced sphere when a = 13 ft. and 6 = 5 ft. 

*80. ABC is a triangle having a right angle at <7 ; on CB a quadrant 
of a circle is drawn outside the triangle meeting AC produced in D. 
The whole figure revolves ahovit yl T), thus generating a solid whose 
volume is 1296^ cubic feet. If AC : CI>=^5 : 28, find (a) the lengths 
of AC, CD, and AB, (6) the surface area of the solid, taking 77r = 22 
and without using tables. 

A right circular cylinder who.se axis is vertical is represented in 
elevation by a rectangle ANBB, SB being the base. It is cut by a plane 
perpendicular to the paper through K. which intersects AB at C. The 
height of the cylinder, SN ~k, the radius of its base =r, and CB—c. 

* 27 . Find the volume of the solid CNSB. 

*28. If the solid CJ^^SB be hollow and made of thin sheet iron, whose 
thickness is negligible, find the area of iron plate needed. 

Calculate this area in sipiare feet when r =7-5 in., 6 = 1 ft. Sin., 
and c=l ft. 

*20, The solid ('NSB is cut by another plane MR perpendicular to 
the base BS and the plane of the paper, which intersects CN at M. 
Find the volume of the solid MS SR, if RS = r-h. and MR = a. 

Calculate this volume in culiic feet when r = l ft. 1 in., o = ll in., 
6 = 21 in., and 6 = 5 in. 

*80. Shew from the result of Ex. 29, that if the plane MR passes 
through the geometrical axis of the exlindcr, the volume of the solid is 

,1/2(46 + Sirri - 4(i). 

Hence find r, when a—1 in., 6 14'.j in., and this volume is 484 cubic 

inches. 

81. Find the surface generated by the revolution of the catenary 

X 

v — c cosh . 

•' c 

about the y-axis, from .r -- 1) to a; = c. 

Calculate also the volume generated. 

*32. Two right circular cylinders, each of base radius r, intersect with 
their axes cutting each other at right angles. Find the surface area 
and the volume of the solid common to both. 

* 88 . Find the volume of the ellipsoid 



and find the radius of the s}»hcre of equal volume when a = 9, 6 = 6, 

and c=4. 
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*34. Find the volume generated between the point where the curve 
crosses the axis of x on the positive side and the ordinate where x — 12, 
by the hyperbola ix^ - Oy* =36 revolving about the x-axis. 

35. The curve ay^ = x^ revolves about the axis of ij ; 6nd the surface 
area and the volume generated between the planes perpendicular to the 
axis of revolution at the origin and through the point where 27y = 8o. 

36. Find the volume generated by the revolution of an equilateral 
triangle of side a, about one of its sides. 

37. A segment of a circle whose chord is 6 inches and height 1 inch 

is revolved round its chord ; find the number of cubic inches in the 
solid spindle so formed. (I./.U. ) 

*38. Prove that the volume of a paraboloid of revolution cut off by a 
plane perpendicular to its axis is half the volume of the surrounding 
cylinder. 

A closed cylindrical vessel containinir water is rotating with uniform 
angular velocity to about its axis, which is vertical. The free surface 
of the water is known to he a paraboloid formed by the revolution of 
the parabola y = (t)V (2f/) about its axis. Shew that the difference in 
the heights of the lowest and highest points of the paraboloid varies 
as w or according as the water is or is not in contact with the top of 
the cylinder, provided that the evlinder contains sufficient water for 
the base to remain covered. (L.U. ) 

*39. Sketch the curve i/{l 'x*) — (3 .r)(3- 2). and shew that the 
volume generated by revolving it about the axis of ,r is 

.l-(r)log2-2 - Kttan ’ 1). (Br.U.) 

*40. Trace the curve and jirove that the length of 

the are from the origin to the iioint (x, y) is . sm ‘f.r/u). If 

the curve revolve about the axis of x. prove the total area of the surface 
generated is (I).U.,Sc.) 

111. Approximate Methods. In many jiractical jiroblems the 
precise relationship betw’een the variables concerned is unknown, 
and it is, therefore, not possible to evaluate an integral of the 

form Jy . dx by any of the preceding inetliods. In such cases, 

however, approximate methods of calculation have been devised 
which will yield results to a degree of accuracy quite sufficient 
for the purpose. These methods depend upon plotting an 
approximate curve through a series of discrete points whose 
coordinates are observed values of the variables under considera- 
tion ; hence the'process is often called graphical integration. 
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112. The Trapezoidal Rule. Bu])|)osc a scries of corrijspouding 
pairs of observed values of two variables x, y, are plotted and an 
approximate continuous curve drawn through the points, assum- 
ing there are no diseontimiities in the series, then to find the 
area bounded by the curve, the axis of x and two given ordinates, 
the simplest method of apjiroximation is as follows. Divide the 
area into n strips of equal width h by drawing n+1 ordinates, 
a being so large that each strip may be regarded as a trapezium. 
Till' required area is therefore the sum of the areas of the n trapezia. 
Denote the ordinate.s l)y //, (,s =0, 1, 2, ... n), then the area 
becomes 

V' (.Vo + .yi) + ( Vi + T ... -1- \h + y,,) 

hlUy„ ^ yn) + y, y... - ... +yB d (122) 

This rule is known as the Trapezoidal Rule. 

Ex. 8. T/i(' folloiriiKf t((bh‘ (jire.'i (‘oncspoHiluig measure me nls of 

lira quantities, x and y. Plot these on squared jxiper and calculate 
the area of the euiee bctmeeii the axi.'^ of x ami the extreme ordinates. 

X , U i 3 4 o 7 I 8 

y * 10 28 :?3 X) 1 32 i 24 10 

The aiqiroximate curve is sliiuvn in Fig. Hi. 
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Divide the area into 16 strips by drawing ordinates at intervals 
of 0-5 unit ; denote the lengths of the ordinates by 

1,2, ... 16), 

then from the table 

2/o = 10, .V4 = 28, ?y6=33, ^8=35, .Vii = 24, ?/i6 = 16. 

Reading from the graph, the lengths of the remaining ordinates 
are approximately, 

j/j = 15, = ?/3 = 23*5, //,', = 31, ij’j — Si-H, i/g = 31, 

^10 = 32. yn=29'5, ?/i2 = 27-5, y^^ = 2i-5, 2/i5 = 19. 

Sum of ordinates to ?/i 5 = l()9-5, and ^ (.Vd + Vio) = 13. 

By (122), the approximate an-a is 

0-5(13 + 409-5) =211-25 sq. units. 

113. Simpson’s Rule. In 1750 Thomas Simy)son devised a 
rule witli a view to securing greater accuracy than is obtainable 
by the Trapezoidal Rule. It depends upon finding a rational 
integral function which will exjuess an approximate relationship 
between the variables It is therefon' founded upon the method 
of § 63. 

Let y=f{x) be a function defined by a scries of discrete points 
through which a smooth, continuous curve is drawn. Consider 
the area bounded by this curve, the axis of a*, and the ordinates 
yg, y^, assuming that the whole area is divided into 2n strips of 
equal width h. For convenience let the ordinate yg coincide 
with the y-axis. A.s in § 63, let /(r) take the form //=« +bx + C3!^, 
then to determine a, b, c, 

yg=(i, since ar„ = b. 

y^—a + bh+ ch^, since Xj = h . 

^ 2 =« + 2hA + 4cA®, since = 2/c 

Solving the last two equations for h and c, 

b = (4?/i - 3yg - c = (y^ ~ 2yy + yg)l{2h^). 

Now the area between yg and y^ 
f2/i rsA 

= 1 y . dx=\ (a + hx + cx^) dx = 2h {a + hh -f ich^/i) 

Jo Jo 

==lb{yg + iyi+y^) 


on inserting the values of a, b, c. 
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In the same way, the area between y.^ and y^ ^ ],h (//j; + dyj + y^, 
and so on, until the area of the last two strips 

Hence the total area between and y/ 2 ,, 

= IJi' { !/o + y^H + 4 ( 2/1 + ,V3 + • ■ • + y^n-i) + 2 ( 2/2 + ^4 + . . . + ?y2„_2) } ■ 

This is Simpson’s Rule, which mav bo stated as follows. 

Divide the area to be calculated into 2n strips of equal width h by 
drawing 2n + 1 ordinates, then if 

A sum of end ordinates, 

B - „ „ even ordinates, 

C - „ „ odd ordinates, 

the required area-Jh{A^4B + 2C) (188) 

Ex. 9. Find the area of the curve xy — \, betnrcii the ordinates 
alx = \ and x = 3, (a) by Sun ii.wn'.'i Rule, and (b) by the Trapezoidal 
Rule, and verify the resttUs by intey ration. 

(a) In niiiiierieal c•aleulatlon^ it is eonveniont, when employing 
Simpson’s Rule, to use the following tabular method, which is 
largely adopted in practice. 

Take ordinates at intervals of 0-2. 


No. of ordiiiaU', 

la'liKtli ol 
onliuati'. 

1 multiplier. 

1‘roducts. 

1 

1 

, 

1 

1-000 

2 

U-83;t 

4 

3.332 

3 ' 

U-714 

2 

1-428 

4 

0-62.‘) 

4 

2-500 

5 

O-ooG 

' 2 

1-112 

6 

O-.jOO 

1 4 

2-000 

7 

0-4r)5 

' 2 ' 

0-910 

8 

0-417 

4 

1-668 

9 

0-3H.> 

2 ' 

0-770 

10 

0-3.57 

1 4 1 

1-428 

11 

0-333 

! ' J 

0-333 



Total 

16-481 


.-. Area = J. . 0-2 . 16-481 = 1 0987. 

Hence (b) By the Trapezoidal Rule, 

Area = 0-2 (0-667 +4-842) = 1-1018. 

1 3 r "IS 

^ = log I =log 3 = 1-0986. 

‘2 a 


II. M. 
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Thus the Trapezoidal Rule gives a result 0-0()32 too high, whilst 
Simpson’s Rule gives a result only 0-0001 too high. These results 
could be even nearer the true value if the number of ordinates 
were increased. 

114. Application to the Determination of Volume. The above 
rules may equally well be applied to determine the approximate 
volume of an irregular body, such as a tree trunk, whose areas 
of cross-section pcrjicndicular to its axis are known at regular 
intervals along that axis. For let the ordinates of a curve denote 
areas, then the volume I' between an area of section and an 

area a 2 ,, is Ja . dj: taken betwe(-n the limits + 2a/' and .ry, 

which is, by Simpson’s- Rule, ^ {/I + ^R + 2C), where A + 

O 

n H - 1 

R=Va 2 j_j. and C- TJiis is sonietime-s called the 
sti 

Prismoidal Formula. 

Ex. 10. The follou'infj are cra.'s.'.-.^ecliona} areas. A sqmre feet, 
of a body 12 feet loa// at distances x feet from one end : — 


j: 

0 

j 1-3 j 3-2 1 

j 4-6 

6 ! 

7-3 j 10 

A 

1 2-9 

t 1 

1 .3-1 j .‘{-O 


4-8 

5-5 j fi-1 

1 


Draw the yraph of A and x ; (/Ire the protxible cross-section at 
a; = 8-5, aiul find the a ppro.riaiate rolumc of the body. 

The graph is shewn in Fig. 47. Draw ordinates at intervals 
of 6 inches, then denoting their lengths by A^, A^. Aj, ... A^^. 
and reading from the graph, the following gives the approximate 
values : 


Ao = 2-9, 

As = 3-35, 

.4 10^4 -35, 

11 

-'^20 ~ 

Ai = 2-95, 


.4.1=4-55, 

A 18 = 5-75, 

A 21 = 6-07, 

^2=3-0, 

A- = 3-7, 

A, 2 = 4-8, 

A 17 = 5-9, 

A 22 = 6-06, 

A3 = 31.'3, 

^3 = 3-9, 

A, 3 = 5-0.5, 

Ai8-=6-0, 

A23 = 6-t)5, 

^4 = 3-25, 

A« = 4-2rj, 

A,, =5-3, 

A IS = 6-05, 

A24 = 6-0. 
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Hence, at a; = 8-5, the probable area of cross-section 
= A 17 = 5-9 sq. ft. 

By the Trapezoidal Rule, 

Volume of body + A24) -t Ai + + ... +^23} 

= (>5(4-45-h 108-68) 

= 56-57 cubic feet. 



By Simpson’s Rule, 

Volume = ,\{A„4--4.i+ l(Ai+.l3 ' ••• ‘ -ie-,) 

+ 2 ( Ag + Aj -f . . . A 32) } 

I + 1 X 56-67 + 2 X 52-01) 

= ,^ (8-9 + 226-68 -t 104-02) 

= 56-60 cubic feet. 

This result should be checked by using the tabular method of 

Ex. 9. 
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Exercises 14c. 

1. The foIloMdng table gives corresponding values of x and y ; 


a- 

j 5 

! 16 

1 1 

26 

35 

50 

y 

!i3 

' 22 1 

24 




Plot X and y on squared paper, and find the area of the curve between 
the a;-axia and the ordinates at .x- = 5 and x — 50. 


2. A series of soundings taken across a river from shore to shore 
is given by the following table, x ft. being the distance from one shore 
and y ft. the corresponding depth. 


Z j 

0 i 

! 

1 1 

2 

1 3 

1 ! 

4 

1 0 1 

1 

6 

7 

, 8 

i ® 

1 10 

y 

0 

5-4 1 

10-6 

j 12-6 

14*4 

1 

15 ' 

1 

13-4 

1 

11-6 

8-3 j 

4-7 ! 

i « 


Draw the section, and calculate its area by Simpson’s Rule. 


3. The following table gives corresponding values of r and y : 


=^1 

0 1 2 

1 3 1 5 1 

' t 1 

1 6 

1 ^ 

i 10 i 


13 

15 1 

16 

1 

M 

10 10-9 

1 _ 

11-2 11-7 

12-6 

' 11-5 

1 

1 10-9 

10-5 

112 ' 

11-7 1 

_ J 

12-6 


flB 

Find the approximate value of the integral y . dx. 

■0 


4 . X is the distance iii chains measured along a straight line AB 
from the point A , the values of y are offsets or distances in chains 
measured at right angles to A B to the border of a field. Draw the 
shape of this border and find the area in square chains between the 
first and last offset, the straight line AB and the border. 

y i l j_ » ! ° I S » _ 

y I 0-53 j 0-27 j 0-46 0-42 j 0-35 j 0-52 

5. A series of soundings taken across a river channel is given by th<' 
following table, x ft. being the distance from one shore and y ft. the 
corresponding depth. Draw the section and find its area. 


!| 0 

10 

16 

23 

30 

38 

43 

50 

55 

60 

70 

76 

j 5 

10 

13 

14 

15 

16, 

14 

12 

8 

6 

4 

3 
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6 . The following oorr(*8ponding values of x and ij are given ; find 


the approximate value of | ^ . dx by Simpson’s Rule. 

0 


X 

1 1 

01 ! 

0-2 

0-3 i 

0-4 j 

0-5 1 

0-6 1 0-7 j 0-8 j 

0-9 j 

1 

1 1 

1 i 

1-36 1 

1-47 

1-58 j 

1-70 1 

1-84 ' 

2 00 2 19 i 2-43 j 

2-73 

2-93 


7. X is the distance in feet acro.s.s a river from one shore, and y is 
the corresponding depth in feet. Draw the section from the following 
measurements, and calculate its area. 


X ' 0 4 9 10 j 13 16 ! 18 
y I 0 I r)6 81 80 j 6.5 , 32 I 0 


8 . The following are the aieaa of cross-section of a body at right 
angles to its straight axis. 


A in square inches 

' 250 

292 J 310 

273 j 215 1 

180 j 

135 j 

120 

X in. from one end 

1 

• 0 

22 41 

1 70 ' 84 

O 

130 ] 

145 


Find the whole volume from x -0 to a' = 145. 


9. The area of a horizontal .section of a pond is A sq. ft. at the 
height h ft. from the lowest point. When h is 30 what is the total 
volume of the water ? 


/i] 

jo 

I 2-5 1 

5 1 7-5 10 'r2-5 

13 Il7-5l 20 122-5 25 

> 1 1 i 

27-5 

30 

A 

|o 

2510 3860 4670 5160 5490|581oj6210j 6890 | 7680 827oj8620 

8780 


10. The cross-section of a tiee is A sq. in. at a distance x in. from 
one end. CorresjKinding values of A and x are ; 


X jj 

10 1 

30 i 

50 ' 

70 

90 ! 

110 1 

1 1 

150 

j 


120 1 

123 ! 

129 , 

( »29 1 

131 ] 

1 135 I 

142 ! 

1 156 


What is the volume of the tree in cubic inches, its total length being 
1 60 inches ? 


11. The following values represent the areas of cross-section of a 
body perpendicular to its axis : 


Area in sq. in. | 

[ 250 1 292 1 310 1 

''ll 

j 273 1 

215 ! 

180 j 

1 1 

1 120 

X in. from end j 

0 22 1 41 

70 ' 

84 

j 102 

130 

145 


Plot A and x on squared paper, and find the whole volume. 
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12. The (iieJi of a liorizoiital sectioH of a tanlc is A 8(j. ft. at a 
height /( feet from tlie lowest point. The followng table gives a series 
of values of A and h ; 


h 

^ ! 

1 

1 2 

1 

1 

1 4 

1 1 

5 

1 6 i 7 


1 76-8 [ 

77-24 j 

77-66 

; 78-04 

78-38 i 

78-7 

78-96 1 79-20 

h 

8 

9 , 

1 

10 

\ 

1 >' 

i I 

13 

14 1 

A 

1 79-42 ; 

! 1 

79-6 

79-74 

' 79-86 

79-94 

79-98 ' 

80 1 


Use the Trapezoidal Hole to calculate the total volume of the tank. 


13 . Shew that the area of (he curve -4{/y !t). above the x-axis, 

is given exactly by Sim[)son’s Rule. 

14 . P'ind the area of tlx- curve // — eo.s j-, between the axis of x and 

the ordinates at a- — ^ and a- -0, by Simpson's Rule, taking 5° as the 

common interval between consecutive ordinates, and shew that the 
result is witiiin O-OOOO.o of the exact value. 

15 . An odd number of parallel ordinates i.s drawn to a curve at 
equal intervals h. Prove that the area of the curve between the 
extreme ordinate.s is approximately 

4*4R + 2C'), 

where A is the sum of the extreme ordinates, li the sum of the even 
ordinates, and (' the sum of the remaining ordinates. 

The under- wat<-r portion of a ves.sel i.s divided by horizontal planes, 
one foot apart, of the following areas ; 472. 398. 3(»2, 198, 116, 6(J, 34. 
12, 4 sq, ft. Find the volume in cubic feet between the extreme areas. 

(L.U.) 

16. Plot the function 4y -- j-* - 64 for values of x betwei-n 8 and ~8. 
then determine the area bounded by the curve and the x-axis, 

(a) by either the Trapezoidal or Simpson’s Rule, 

(h) by direct integration. 

*17. If } (x) -- a -If h.r ^ rx^. shew that 

[ f(x) . (lx - + 4f{h) +f{2h)). 

. 0 

Deduce Simpson’s Rule, and u.se it to shew- that 1 -62 is an approximate 

value of 1 , taking ordinates at integral values of x. (Br.U.) 

* 



CHAPTER XV 

CKXTKOIDS AXI) MOMENTS OF INERTIA 

115. Determination of Centroids. Tlio centroid or centre of 
gravity of a system of partiel(‘s is the point where tlie whole mass 
of the system may 1)(‘ considered to I)e comamtrated. Sii])pose a 
system consists of e particles whose masses an* /a, (.v=-l,2. ... »). 
Let the coordinates of these particles witli referonc(' to three 
mutually perpendicular ])l<ines la* (o, /ys,;^) (s = l, 2, ...?«) i 
tlnm if M bo the total mass of the system, on takinji moments 
about each of planes of refereix-e, the position of the centroid 
(x, y, z) is "iven by tht‘ ei] nations, 

* I •■>1 s = i 

from which 

X (i'nux,)/M. y (2Lni,y,)/M, z -(^m,z,)/M (124a) 

S 1 R 1 «- I 

When tlic particles form a solid continuous body of uniform 
density, then the above summations become int(>jtrations, and 
the formulae assume the forms, 

i = (j] 1 . dm)/(|;;dm), y-- (l^y • 

z -(^1 z , dm 'dm^. ...{124b 

In solving problems, however, it is better in general to work 
from first princijiles rather than to apply the above formulae. 
The method is illustrated in the following examples. 

rjo 
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Ex. 1. Bodies of weights 18, 11, 12, 26 and 33 U). have their 
centroids at points whose coordinates are (3, 2), (5, -4), ( -2, 4), 
(-1,3) and (7, 4) respectively with reference to rectangular axes. 
Find the coordinates of the centroid of the system. 


=1 

121b 

0 ^41 

1 

1 o- -3- 

1 2611b 

\ 1 =- 

; 1 1- 

, i 

1 1 

O 

1 

f^Centrofcf 100 ib i 

; 

(1 ' 

n ‘ 

1 

1 II \ 

1 1 1 
-3 -2 -1 0 

1 1 1 1 1 1 

1 2 3 4 l5 C 7 

-1 - 

1 

-2- 

1 

1 

-3- 

1 

1 

-4- 


-5- 

1 


na 48 (.etitroM 01 a hvstein ot iiarliilcs 

The points shoiild first be plotted on squared paper, as shewn 
in Fig. 48. Then if (x, y) are the coordinates of the centroid, 
taking moments about the y-axis 

(18 + ll + 12 + 26+33)x 

= (18x3)+(ll x5)-{r2x2)-(2Gx l)+(33x7), 
or lOOi = 54 4- .55 -24 -26 + 231 =290 ; 

x = 29. 

Similarly, taking moments about the x-axis, 

lOOy = (18 X 2) - (1 1 X 4) + (12 X 4) + (26 X 3) + (33 X 4) = 250 ; 

?y = 2 5. 

Ex. 2. A uniform triangular lamina ABC has a circular hole 
of radius 3-5 ni. pwiudied out of it. If AB = n ni., BC = 28 in., 
OA =25 in., and the centre of the hole +v ten inches from A measured 
along the perpendicular from A to BC,jiiui the distance of the centroid 
of the plate from BC. 

The figure should be drawn to scale, marking 0 as the centre 
of the circle, and D as the foot of the perpendicular on BC from 
A, as shewn in Fig. 49. 
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The area of triangle ABC = Js{s- a){s -b){s- c) 

= v/35Tr.TO'8 

= 210 8q. in. 

But area = |RC . ^D = ll . ^D=2]0 ; 

4D = 15m., 

and area of circle = rr x 3-52 = 38-5 sq. in. 

A 



no. 40. l'('i>trf)!d oi a pierced triangular lainin.i. 

Now the <'ontroKl of th<' whole triangle is distant /lD/3 = 5 in. 
from BC, and the centroid of the circle is at 0, so that 

0D = AD-10 = 5 in. 

Ilencc if y be the distance of the centroid of the ))late from BG, 
moments about BC give 

210 x 5 = (210 - 38-5) // + 38-5 x 5 : 

17 1-51/ = 857-3, 

from which ^=5 in. 

Ex. 3. Firul, by iiUcgratioti, the centrouh of (a) a qwidra nt of a 
circular area of radius a, (6) the portion of a paraboh. of latus 
rectum 4a., hounded by the arc, the axis and an ordinate distant b 
from the vertex. (L.U.) 

(a) Let y be the length of ii strip of width dx, parallel to one of 
the boimding radii and distant x from it, then if x be distance of 
the centroid from this radius, moments about it give 
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Putting x=a cos 9, y = a sin 9, this becomes 
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TTx = 4fl I sin* 9 . cos 9 . d 9 

Jo 

=ior(;!).r(i)/{2r(r‘)}, by(5i), 
= 4o/3; 

. (3r). 


Similarly, if y be the distance of the centroid from the other 
radius, /y=4«;(37r). 

Hence taking the bounding radii as axes, the centroid of the 
quadrant is the jioiiit 4a/(3-), 4a, (3r). 

{b) With the vertex as origin and tlu' axis of the parabola as 
the ar-axis, the equation of the curve is ?/*-- lux. 

Let // be the lengtli of a strip of width clx, parallel to the //-axis 
and distant x from it. Taking nioment.s about both a.xes, and 
(i, y) as the centroid, 


4V 

Jo 

dx —\ xy . dx 

Jo 

and 

,7 

ro 

1 // . dx= 0 
' o' 

Putting 

//* = iax or y = 

2u -x-. 



X 1 X 
Jo 

1 P • 

- . dx= 1 x-dx 
Jo 

and 

.'/I 

f'' ’ / 

x-dx —iw 

' 0 

i.e. 

zx . 6-' = if)- 

and 



Centroid lies at the jxiint (3b/5, 3a!bj/4). 


Ex. 4. A hovi III the shape of a hemispherieol seijiiieiif is 18 in. 
deep, and 4 ft. in diameter at the top ; find the position of the 
centroul, assuming it to he mode of uniform thin material. 

If the boui is filled with water to a depth ef 1.5 in., find how much 
the centroid is raised, assuming that the density of the. material of 
the boui is 8-75 times that of the water. 

Let ABY (Fig. .50) be the bowl, O the centre of the sphere, 
then^C = 24 in., 6'y = 18 in., so that 06' - GF - 18 = /• - 18, where 
r=radiu8of sjihere. 

Now OA- = A 6'* or r- - 24* f {r - 18)* = 9(K> ~ 36r -f r* : 

,36r=90(), or r = 2,5in. 
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Ooaaider a tliiii band PQ round the bowl parallel to AB, of 
width ds, radius x, and distant y from 0, then 

Area of band = 2;ra; ds. 



ri<l. r)0. ( ciitroul of a lU‘iuisi>liorica] hcpjnoDt. 

But J? + ]j~ — < ip- -- r- 1)2.'), so t hat .r . dx + // . iJy= 0, 


and 


did = il.r- + ihj- — (if x- + 1 ylij- ■= d2:"3 . (hfix- ; 

X . (/.s = 25d//. 

Area of ),>and =30,r 

and area of )>o\vl ^ 


i\l = oO- 1 fly = i,K)U-, 


Let //^ = distarK'e of centroid of bowl from 0, then taking 
moments about 0, 


90(1-// , = 50 - j”' ’ . fly = 50- 




= 25 X 57077 : 


• //i—f Sin- 

Now consider tlie uattw only, and su])pose A’ B’ is its level, 
then V y ~ 15 in. and OC' —25 - 15 = 10 in. 

Let PQ represent a disc of wiiter, of width d//, radius x, and 
distant // from 0: llien mas.s of water = 77.r“ . ff// = 77(025 — //^)d//, 
taking density as 1 . 

Total mass of uater 

-- T [“(025 - if) (!</ - ^ I <i25y - ’ ^ 

Jio ' ■ L Jio 

If j /2 = distance of centroid of water from 0, then moments 
about 0 give 

450077^;, = 7rj"V>25 - //-) 1 / . dll - 77 1^625 . hf 

= in. 


1.'/ - 4?/' 


10 


= 689061 . 
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For the bowl and water, let y= distance of centroid from 0, 
then taking moments about O, 

(900 X Y . - + 4500;r) y = 900 x Y x 1 + 4500r x . 

Dividing out by 900r, 

(Y+5)^=i40+iiY=^ir; 

= b's = 'V‘ = 15| in. ; 

the water raises the centroid by a quarter of an inch. 

116. The Theorems of Pappas. When an arc of length s, 
measured between two given ordinates at x^, Xg, revolves about 
the x-axis, it generates a surface of revolution whose area 

<S = 2jrf y . (In, taking the axis of revolution as the x-axis. If, 

Jn 

however, y be the ordinate of the centroid of the arc, then, by 
(1246), s2/=.[ 'y . ds. 

JXi 

Eliminating the definite integral between this and the expres- 
sion for S, 

S-S-iry.s, (126a) 

i.e. the ares of a surface of revolution is equal to the product of 
the length of the generating arc and the path described by its centroid. 

Again, the volume of the solid generated by the revolution of 
the plane area bounded by the arc, the x-axis and the given 

ordinates is F = 7rJ y^ . dx, but if A be the jdane area and y the 

ordinate of its centroid, then 



Eliminating the integral as before, 

V = 2try.A (186b) 

i.e. the volume of a solid of revolution is equal to the product of the 
generating area and the path described by its centroid. 

The two theorems were first given by Pappus, a mathematician 
of Alexandria, in the latter half of the fourth century. 
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Ex. 6. Prove that if a plane area revolve abotU an axis in its 
plane, not intersecting it, the volume generated is equal to the area 
multiplied by the length of the path of its mean centre. 

Find the surface and volume of the annular solid generated by 
the revolution of a quadrant of a circle whose bounding radii are 
AB, AC, about an axis in the plane of the quadrant parallel to the 
chord BC. The distance of the axis from A is tvnce the radius r of 
the circle and the convexity of the quadrant is totvards the axis. 

(L.U.) 

The position of the centroid is often called the mean centre, so 
that this is the second theorem of Pappus {125h), already proved 
above. 

For the second part, since the convexity is towards the axis of 
revolution, the figure will be as shewn in Fig. 55 (p. 402), where 
AO is perpendicular to the axis OX ; if AO meets the arc BC 
in D, then OD-r, and clearly D is the mid-point of the arc. 

To find the centroid of the jierimeter, it is evident that the 
centroid of the two radii lies in AO at a distance r\'2/4 from A, 
or (8 - ,,,/2) r/4 from 0. The centroid of the arc is at D, so that 
if y be the distance from 0 of the centroid of the perimeter, 
moments about 0 give 

(7rr/2 + 2r) y = rr’-/2 + (8 - ^'2) r^l2, 
from which // = (--(- 8 - J2) . rjfrr ■+ 4) ; 

hence, from (125((), the surface 

S = 2ry ( V -t 1 ) r/2 = v(7r 8 - 

From Ex. 3, the centroid of the area of the quadrant lies in OA 
distant 4/\'2/(3-) from A, i.e. 2{3ir -2f2) r/{57r) from 0; hence 
from (1256), the volume. 

r = (^rV4) .2=7.2(377 -2V2)r/(37r) 


Exercises 15a. 

In each of the followinj? systems of particles, the weight and position 
referred to rectangular axes of every particle is given. Plot these 
positions on squared paper, and calculate the position of the centroid 
for each system. 

1, 8-6, (2,0); 10-5, (4. 2); 15, (1,3); 16, (.'I,- 1). 

2. 21, (6, 8); 13, (5, -4); 56, (-1,-1): 10, (-3-5,4). 
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8. 12, (1, 2) ; 14, (2, 1) ; 8, (3, - 1) ; 16, (4, 6). 

4. 23, (1,1); 15, (1,3); 162,(2,7); 87, (-4, 6); 135, (0,-8); 
78, (7, 2). 

5. 15, ( - 1, -2) ; 21, (3, -3) ; 8, (2, 2) ; 16, (5, 5). Where must 
an additional weight of 3 lb. be placed so that the centroid of the 
whole system may be at the origin ? 

6 . Weights of 11 lb., 13 lb., 17 lb., and 7 lb. are placed at the corners 
A, X, O, Y respectively of a scjuare AXOY, whose side is 2-5 feet long. 
Find the position of the centroid of the system with reference to the 
sides OX, OY. 

7. Weights of 6 lb., 8 lb., 12 lb.. 9 lb., 5 lb., and 15 lb. are placed 
at the angular points A , R, C, Z>, E, F, of a regular hexagon ABCDEF, 
whose side is two feet long. Find the position of the centroid. 

8. Weights of 1, 4, 2, and 3 lb. are placed at the corners Y, A, X, 0 
of a rectangle YAXO, having OX 15 inches long and OY 12 inches 
long. Find the position of the centroid with reference to the sides 
OX, OY. 

9. Seven equal weights arc placed at the angular points B, C. I), 
E, F, G, H, respectively of a regular octagon ABODE FGH. Find the 
position of the centroid with reference to the axes OGH, OFE, where 
0 is the point of intersection of HG and EF produced. 

10. Weights of 56 lb.. 13 lb., 16 lb., are suspended from a rigid 
rod OX whose weight may be neglected. The 56-lh. weight is hung 
from 0. the 13-Ib. weight at a distance 3 feet from O, and the 
16-lh. weight 6 feet from 0. The rod is 12 feet long, and a fourth 
weight hung from X causes the rod to balance horizontally when 
supported at a point distant two feet from O. Find the magnitude of 
this weight. 

11. ABC is a triangle having AR, 10 inches long, BC. 21 inches long, 
and CA. 17 inches long. 7 lb. is placed at ,4. 5 lb. at B. and 2 lb. at (L 
Find the position of the centroid with reference tf) AD, DC as axes, 
where D is the foot of the perpendicular on BC from A. 

12. Find the position of the centroid of a uniform triangular lamina 
ABC, whose base BC is a inches long and height h inches. 

Shew that it is the same as that of three equal y)artioles, each one- 
third of the mass of the plate, placed at the angular points. 

If D is the mid-point of BC, calculate the distance of the centroid 
from D along DA, when AB is 8 in., BC is 18 in., and CA is 14 in. 

13. PQRS is a uniform plate in the shape of a trapezium, having 
PQ, SR as its parallel sides. If D, E, are the mid-jioints of PQ, RS, 
respectively, find the distance of the centroid of the plate along ED 
measured from E, having given that SR is 40'5 in. long, PS is 9 in., 
QE j? J5-75 in., and PQ is half the length of SR. 
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14. PQYOX is a uniform plate in ■which each of the angles at Q, 
O, X, are right angles, and OY, PX are equal. PQ is 15 inches long, 
FQ is 20 inches long, and the centroid of the whole plate lies on a line 
parallel to OF and distant 12-64 inches from it. Find the length of 
the side PX and the distance of the centroid from OX. 


15. ABC is a triangular wedge whose thickness, measured perpen- 
dicular to the plane ABC, varies uniformly from zero at .4 to 1 along BC. 
Prove that the centroid lies three-quarters of the w-ay along the line 
from A to the centre of the rectangular base of which BC is the edge. 


16. Find the value of y from the ecpiation 


‘TT rir 

■ . y . rfa;= 

• 0 Jo 


when y = a . sin^ ^ “os What is the meaning of this value ? 


Find the position of the centroid in each of the following cases : 

17. A uniform circular arc of radius r. subtending an angle 6 at 
the centre. 

18. A uniform semi-circular area of radius r. 

19. A uniform hemispherical shell of radius r. 

20. A uniform solid hemisphere of i-adius r. 

21. A uniform lamina in the shajje of a quadrant of a circle of radius r. 

22. A uniform semi-elliptical area whose semi-axes are a and h. 

23. The area formed by the curve of the parabola, y-=4uj", and the 
double ordinate at x—h. 

24. A uniform right circular cone of height h and base j'adins r. 

25. The surface of the frustum of a I'ight circular cone, whose flat 
circular surfaces are distant h from each other and whose radii are a 
and h respectively, a being greater than b. 


26. A circular disc of one foot radius has a ciicular hole of radius 
three inches cut out of it, the centre of the hole being at a flistance of 
one and a half inches from the centre of the disc. Find the position 
of the centroid of the disc. 


27. A solid is formed l>y joining the flat surface of a hemisphere to 
the base of a cylinder of the same radius. Find the centroid of the 
solid, the height of the cylinder being equal to the diameter of its base, 
which is 9-6 inches. 
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28 . ABC is a uniform lamina in the shape of a sector of a circle whose 
centre is 0 : if r is its radius and 2<ji the angle AOB, find the distance 
of the centroid from 0 along the bisecting radius of 

(1) the whole sector, 

(2) the segment bounded by the chord AB. 

Deduce the position of the centroid of a semicircle. 

29 . Find the position of the centroid of the area enclosed by the 
cycloid, 

x — r(6-8ind), y— r(l - cos 0), 
and the x-axis from cusp to cusp. 

30 . Find the position of the centroid of a bowl in the form of a 
hemispherical segment whose top diameter is 2tt and depth h. 

Deduce the position of the centroid of a hemispherical shell whose 
radius is r. 

* 81 . OPQR is a uniform square lamina of side a ; a triangular portion 
DHP is cut off such that D is the mid-point of PQ and H is the point 
of trisection of the side OP, HP being the smaller segment. Find the 
position of the centroid of the figure RQDHO with reference to OP, OR 
as axes. 

* 82 . ABCD is a uniform rectangular plate whose sides AB, BC are 
28 and 21 inches long re.spectively. At a distance 14-4 inches from A 
measured along AC, a circular hole of radius r inches is cut out, and the 
centroid of the plate is thereby shifted to a point on AC, distant 18'6 
inches from A. Find the value of r, taking 77r =22, and without using 
tables. 


*33. A uniform triangular lamina ABC whose base BC is two feet and 
height three feet has its vertex A removed by cutting through a line 
PQ parallel to BC ; shew that if y is the distance of the centroid of 
BPQC from BC, then 


2-i-p-p* 

2+p 


where p is the length of PQ. 


* 84 . Find the position of the centroid of an octant of a uniform 
ellipsoid whose equation is 





= 1 . 


* 85 . Find the centroid of the arc of the catenary 

i/=c . cosh (x/c), 
between the points where x=c and x= -c. 
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*80. Find the position of the centroid of a hollow conical vessel of 
height h and base radius r, made of uniform thin metal plate, 

(1) when there is no base, 

(2) when there is a base of the same material. 

*87. In a disc of brass 40 cm. in diameter, a circular hole of 8 cm. 
diameter is cut out and replaced by lead of the same thickness, iJie 
distance between the two centres being 8-73 cm. Find the distance 
of the centroid of the whole plate from its centre, having given that 
the densities of brass and lead are 8'62 and 11-37 grams per cubic 
centimetre respectively. 

*38. A uniform plate ABCDEFG is shaped like the letter L, being 
formed by two rectangular strips ABFG, CDEF, the point C l)dng on 
FB, and OF, EE being in the same straight hne. If the lengths of AB, 
AO, DE, EE are x, y, a, b inches respectively, shew that, if the centroid 
of the whole plate lies on a straight line passing through C, then 

aa; - by + 2a6 =0. 

Find y when a is 18, 6 is 24 and x is 12. 

Hence, with these values, find the position of the centroid of the 
plate with reference to GE, QA as axes. 

On the strip ABEO another strip of the same material and width is 
fixed symmetrically, so that the centroid of the whole plate is situated 
at C ; find the length of this strip. 

*89. Regarding a walking stick as made up of a long right cylinder of 
length na and radius h, together with a spherical knob of the same 
material whose radius is a, shew that the distance of the centroid from 
the bottom of the stick is 

8a® (« + !)+ 3n®ab* 

2(3»b®+4a®) 

Work out this distance when a is IJ in., b is § in., and n is 28. 

*40. Find the position of the centroid of : 

(1) A solid regular tetrahedron, i.e. a pyramid on a triangular base, 
all of whose faces are equilateral triangles. 

(2) The surface, including the base, of a regular tetrahedron, the 
length of an edge in each case being a. 

*41. YZXO is a uniform rectangular sheet of metal, having FZ and 
OY, X and a inches respectively. The comer Z is turned over so that 
it lies on the side OX, and the centroid of the plate thus folded lies on 
a line parallel to 0 F and distant b inches from it. Prove that x is the 
positive solution of the equation 

3a:®-6bx-o®=0. 

Hence, find x and the distance of the centroid from OX, when a is 
12 in. and b is 8-8 in. 


B.M. 


2b 
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42 . Find the coordinates of the mass centre of the area in the first 
quadrant bounded by the curve whoso equation is = (a* - a;®)* and 
the line a: =0. (L.U.) 

* 43 . A long vertical tapering rod of circular section has to bear a 
load W at its end ; the rod weighs w lb. per unit volume, and the 
tensile stress / over every section has to be constant. Determine the 
law giving the radius of the section at any distance y from the smaller 
end, and find the position of the centre of gravity of the rod when of 
len^h h. (L.U. ) 

* 44 . Find the centre of gravity of the solid cut off from the cylinder 

+ by the planes z =0, x sin B-(z-h) cos t) =0, where 

h cot d> a. 

A cylindrical shaft, 1 foot diameter, bevelled at one end, is to be 
mounted on a horizontal axis forming a diameter of a circular section 
so that it will hang with the bevelled face horizontal. If the greatest 
length of the shaft is 4 ft. and the shortest length 3 ft., determine the 
distance of the axis from the circular end. (L.U.) 

* 45 . Find the area and centroid of the portion of a plane bounded by 
a parabola =a.f, the line and the axis y—0. The area is revolved 
about the axis of y so as to form a solid ring. Find the volume of the 
ring. (L.U.) 

* 46 . A plate in the form of a quadrant of the ellipse x’^ja} f 
is of small but varying thickness, the thickness at any point being 
proportional to the product of the distances of that point from the 
axes ; shew that the coordinates of the centroid arc 8n/15, 8b/15. (L.U.) 

* 47 . The coordinates of the vertices A , B, O, D of a quadrilateral with 
reference to the diagonals as axes are (a, 0), (0, h), ( -c, 0) and (0, -d). 
Prove that the centroid of the (inadrilateral is nt the point (a - c)/3, 
(b-d)/3. Hence shew that if 0 is the point of intersection of the 
diagonals, and E and F are points on OA and OB such that AE=OC 
and BF — OD, the centroid of OEF coincides with that of the quadri- 
lateral. (L.U.) 

48 . Find the area and the abscissa of the centroid of the plane 
surface bounded by the curve 

_ 5 

^'~l4:+X^)(l~X)’ 

the axes of x and y, and the line » = J. (L.U.) 

49 . A semi-circular bend of lead pipe has a mean radius of one foot ; 
the internal diameter of the pipe is 4 in. and the thickness of the lead 
i in. I'ind its weight, given that a cubic inch of lead weighs 0'41 lb. 

(L.U.) 

50 . AEB is the diameter of a semicircle of radius a. and CD is a line 
parallel to AB and lying on the same side of AB as the semicircle. 
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Shew that the volume of the solid formed by revolving the semicircle 
round CD is 27r®o® - 47ra®/3, the perpendicular distance between the 
lines AB and CD being 2a. (S.U.) 

*51. Find the coordinates of the centroid of the smaller segment of 
the ellipse (xla)^ + (ylb)^ = l cut oflF by the line bx + ay=ab. If the 
segment revolves about its chord, prove by the theorem of Pappus 
that the volume of the solid generated is 


7r(10 -37r) ^ am 

6 + 


(D.U., Sc.) 


*52. A groove of semicircular section, of radius ft, is cut round a 
cylinder of radius a. Prove that the volume removed is Tr^aft* - iTrb^jS, 
and that the surface of the groove has an area of 27r^aft - 47rft^. (Br.U.) 

117. Moments of Inertia. Supj)osc a particle be describing a 
circle of radius r with uniform angular velocity t» about the centre, 
then the angle swept out in any time < is or wt. If, however, 
V be the corresponding linear velocity along the circumference, 
the arc described in time t is nl. ; but vtjr is the circular measure 
of the angle described at the centre, so that vt/r = o}t, or 

v = «r (126) 

Suppose, further, that a system of particles of mass (« = !, 
2, ... w), moving with uniform angular velocity w about a fixed 
axis, their distances from this axis being r^, and their corresponding 
linear velocities being then the kinetic energy of the system 


1 ” 
V 

2 




-?p,/^m,r/,by( 126 ). 

6-1 


The expre.ssion is called the Second Moment of Mass or 

the Moment of Inertia of the system about the axis of revolution, 
and is usually denoted by /. When the particles form a uniform, 
continuous body, tlu; summation then becomes an integration, 
so that 


I - niiEi'* 


or 


r' . dm. 


'd9\3 

dt ) ’ 

when the angular velocity is not uniform. 


and the EUnetic Energy = or ^1 


.(127a) 
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Again, if Af = m„ i.e. the total mass of the system, and k be 

such a distance that AfP = 1, k ia called the radius of inertia or, 
more often, the radius of gyration of the body about the axis of 
revolution ; hence 

k»=(im.r.')/M or (j%« . am)/M. 
where M = 2 or 1 dm. 

•=1 'mi 

n 

The momentum of the system is and therefore the 

moment of the momentum of the system about the axis of revolu- 

n n 

tion ia ^ = 

*=i «-i 

Moment of momentum about the axis of revolution 

=I« or (127c) 

when <0 is not uniform. 

Ex. 6. Find the ^noment of inertia of a thin uniform circular 
plate of mass m and radius r about (1) any diameter, and (2) the 
axis perpendicular to the plate passing through its centre. 

Hence shew that when a disc of radius r rolls down an inclined 
plane along the line of greatest slope without sliding, its acceleration 
is ^g sin a, where a is the inclination of the plane to the horizontal. 

Let the centre 0 be the origin, and the diameters XOX', YOY' 
(Fig. 51) the axes. 

Taking a strip PQ of length 2x, width dy, parallel to and distant 
y from XX’, it is clear that its moment of inertia about XX' is 
2xy^p . dy, where p is the surface density. 

Let L XOQ = 6, then x = r cos 0, y — r sin 0, and dy = r cos 6 . dd. 

I for plate about A'Z = 4pj xy^ . dy 

Jo 

IT 

= 4pr*| cos^^ . sin® d . dti 
=pr*Tr/i, by (50) and (61). 


I 

1 


.(127b) 



iU7] 

But 
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m = 3rr*p ; 

7 = |mr*, 

It is obvious that this result will be true for any diameter, 
since both m and r are constant. 



Fig, 51. aioinunt of Inertia o£ a circular plate. 


For an axis through 0 perpendicular to the plate, usually called 
the z-axis, take a circular strip bounded by two concentric circles 
of radii x and x + dx respectively, 
then the area of this strip = 2jra: . dx ; 

Iz = 27rpj 3^ . dx = \Trpi-* = \rDi^. 

Jo 

Suppose the disc starts from O 
(Fig. 52), the point Q being then 
coincident with 0 ; let it traverse 
the distance OP = x in time t, the 
angle PCQ being 0, then the kinetic 
energy of the disc due to its trans- 



/dx\^ 


Fig. 52. Disc rolling down an 
inclined plane. 


lational motion from 0 to 1 kinetic energy 

due to its rotation about > ^7 (127a). 


But 


( 126 ); 


dtt ' dt 
Total kinetic energy = ^ 


dxY 

di) + 
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and by the previous result, ; 

Total kinetic energy = f . m . 

and this is equal to the work done by gravity 

= mg X vertical distance fallen through 




118. Theorems of Perpendicular and Parallel Axes. Consider a 
system of n particles of mass (a = l, 2, ... n), and let P'(xp, yp, 0) 
be the position of one of them rehirred to three mutually per- 
pendicular axes, then the distance of P from the z-axis is 



i.e. if Ix, ly, Iz be the moments of im'rtia and kx, ky, kz, the 
corresponding radii of gyration about the x, y, z-axes respectively, 

Ix + ly = Iz. or + ky'^ kz' (128a) 

Also, if P be in the position (,r, ?/, z), then since 


it follows that the 


Op2 = x^ + y^ 


Moment of Inertia about the Origin = Ix + Iy fli (128b) 

These important results arc known as the Theorem of Perpen- 
dicular Axes. 

Again, let XX' (Fig. 53) be any axis through the centroid of 
a body, and SS' a parallel axis distant A from XX'. 

Suppose P be any particle of the body whose mass is and 
whose distance from XX' is r — PR. 
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Then Pg = r- A; /. P02=r3_2Ar + A* ; 

m . PQ‘^=m(r^-2r)^ + \^). 

• P 


S- 


Tio. 53 . 


T 

I 

I 

\ 


Q 


S 


1 


R 

Tlieorem of iwallel ii.ves. 


X 


Hence, summing over the whole body, and denoting the 
moments of inertia about XX', SS' by /q, Tx respectively, 
7x==/o-2Ai:»(r + A2 . 1'w. 

Now since XX’ passes through the centroid, l'?ur = 0, by 
(124u), and 2)/i = total mass of body ; denote it by M, then 


Ix=I„ + MA2,] 


(129) 


This is the theorem of parallel axes. 


Ex. 1. Determine the radius of gi/rntioii of a henmj uniform 
cijlinder of radius r and length I about on axis through its centroid 
•perpendicuhtr to il.s geoinetncAil axis, and calculate this radius ivhen 
r = i in. and I = ft. 


Y 

A 

P B 


< X > 

\ 

r 

\ 

Y 

i: 



D 

Y' 

/ Q 1 

, / 

1 


FlO. 54 . I. of cylinder. 


Let A BCD be half the cylinder (Fig. 54), OX, the geometrical 
axis, and 0, the centroid. 
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CklQflider a disc PQ perpendicular to OX, of thickness dx, and 
distant x from 0. 

Then I. of PQ about its own diameter is ^irpr^dx, by Ex. 1, 
p being the density of the material. 

Hence, by (44a), 

I. of PQ about Y'Y = \wpr^dx + irpr^x^dx 
=5rpr^(Jr® + a^) . dx. 

If ^ = radius of gyration about Y'Y, 

Mk^ = rrpr^ f* (ir^ + x^) dx. 

i-V 

But M = TrrHp, and taking the integral over half the cylinder 
and doubling the result, since it is uniform, 

W = 2 (ir2 + x^) dx = 2 ^ir’^x + ** = IrH + ; 

When r = 4 in., and i = 4 ft. = 48 in., 

ifc2 = J(16 + 3> 482) =4(1 +48) = 196; 

/. I: = 14 in. 

119. Ellipsoids of Inertia. Let P(x, y, z) be the position of 
any particle of a body whose total mass is M, referred to three 
mutually perpendicular axes, OX, OY, OZ. Denote the moments 
of inertia of the body about OX, OY, OZ respectively, by 
d=2p(2/2 + z2), B = 2p(z2 + 3c2), C = 'S,p{x‘ + y^}, 

where M = '^p, the summations including integrations also. 

LetD = 2/5yz, E = '^pzx, F—'^pxy. These expressions are called 

products of inertia. 

Now take any other axes OX', OY', OZ', mutually perpen- 
dicular to each other, through the origin, and let the direction 
cosines of OZ' be I, m, n. If (x', y', z’) be the coordinates of P 
with respect to these axes, then from Ex 8 of § 101, or by solving 
the equations of (111) for x' and y', 

kx' = mx-ly and ky' = -Inx- mny + kH, 
where F = + m* = 1 - w*. 
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Hence 4- y'*) = ( - Inx - mny + A**)® + {ir>^ - ly)‘ 

= (Pn^ + np)x^ + (rtPrP + P)y^ + 

— 2}t?lnzx — 21Pmnyz — 2lm{\. - v?)xy. 

Now ZW + m® = Z*{1 -k^) + m*=P{l - P) = {nP + rP)k^. 

Similarly, nPrP + P = (P + fP)JP. 

Hence, after dividing out by F, 
x'^ + y'^ = {rrP + ‘tP)x^ + {P + ‘rP)y^ + (P + np)z^ - 2mnyz — 2lnzx 

- 2lmxy 

= P(y^ + z^) + m^(z^ + oP)+ n^x^ + y^) - 2mnyz — 2lnzx 

— 2lmxy. 

Multiplying out by p, and summing over the whole of the body, 
the moment of inertia I about OZ' —'2,p(x"^ 4- y "^) ; hence : 

The moment of inertia of a body about any line through the origin 
whose direction cosines are 1, m. n, is given by 

I =1’'A + m^B + n^C - 2mnD - 21nE - 21mF (180) 

where A, B, C, are the moments of inertia about the axes of x, y. z 
respectively, and D, E, F the products of inertia for the coordinate 
planes. 

Let a point Q on OZ' be chosen so that the moment of inertia 
about OQ is inversely proportional to the square on OQ ; if OQ = r, 
then (130) gives 

PA + nPB + n*C - 2mn D~2nlE - 2lmF = fPjP, 
where /i is a constant. 

If (x, y, z) be the coordinates of Q, then x = lr, y~mr, z = nr 
the locus of Q is the surface 

Ax» + By^ + Ca» - 2Dyz - 2Ezx - 2Fxy =|i» (181) 

Since A, B, C are essentially positive, this equation represents 
an ellipsoid, and is called the ellipsoid of inertia or the momental 
ellipsoid, and its axes are called the principal axes of the body 
at the point O. 

120. Principal Moments at 0. The moments of inertia about 
the principal axes are known as the principal moments of inertia, 
and their determination is an important practical problem. It 
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is obvious that the principal axes are normal to the surface, and, 
by (114), the direction cosines of any normal to a quadric 
Q(x, z)—0 are proportional to dQjdx, 'dQJdy, dQI'dz respectively. 
Applpng this to the equation of the ellipsoid of inertia (131), 

{Ax - Fy- Ez)/l = {- Fx + By- Dz)lni = {- Ex- Dy + Cz)/n, 
or replacing x, y, z by Ir, mr, nr, 

{Al- Fm - En)jl = {- FI + Bm — Dn)jm = {- El - Dm + Cn)jn 
= {1{AI - Fm - En) — m(Fl— Bm + Dn) 

-n(El + Dm - Cii) } /(P + ni^ + n^) 

=AF + Bnfi + Crfi - 2Dmn - 2Enl - 2Flm 
= /, by (130). 

• Hence (I-A)l+ Fm+ En=0, 

Fl + {I-B)ni+ D>i=0, 

El + Dm + (I - 0) II =0, 
which, on eliminating I, m, ii, gives 

I-A F EUO (182) 

F I-B D 

E D I-Bl 

a cubic in I whose roots give the tliree principal moments of 
inertia of the body for the point 0. The direction cosines I, m, n 
may then readily be derived from the above equations on in- 
serting the values of I and solving, thus the positions of the 
principal axes become known. 

Ex. 8. Find the equation of the ellipsoid of inertid and the 
prmcijial radii of yy ration at one of the vert tees of a uniform cube 
whose edge is of length a. 

Take the selected vertex as origin and the three edges con- 
current at that vertex as axes. Let p bo the density of the cube, 
then considering a rectangular slice, of width dy, parallel to and 
distant y from the zx-plane, its moment of inertia about an axis 
parallel to OX through its centroid is a*p ■ d?//]2. 

Hence, by (129), the moment of inertia about OX is 

a^P . dyll2 -t {a*/i: -l- y^) d^p . dy 
= a^p{a^l3 + y^)dy. 
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In the notation of § 119, 

A = j‘(a2/3 + f)dy= 2a^pl5 = 2Ma^ji, 

where M = mass of cube = a^/j. 

Similar considerations, as well as those of symmetry, shew that 
A = B = C = 2Ma^l3. 

Referring again to the rectangular slice, its product of inertia 
for the yz and zx-jilanes is clearly 

a^l> . (ly . (ay 12 ) ; 

F — \<Fji j" y . dy = a^p/i = McFji:. 

.'o' 

Similarly, D= E= F = Ma^li. 

Hence, hy (131), putting = the equation of the ellipsoid 
of inertia becomes, on multiplying out by 6/A/, 

4i(x^ + y^ + z^}-3(yz + zx + xy) = G k^/a- . 

If I — he the moment of inertia about any line through O, 
then, by (132), after division throughout by AI, the principal 
radii of gyration are given by the cubic, 

1c^-2oA!3 oA'A a-H =0, 

0-/4 B^2o?l3 o2/l 

074 074 A-2 - 2o‘^/3 

or (¥■ - 2a73)3 - 3 . ( 0 ?!^)^^^ - 2a73) + 2 (o-Zll^* = 0, 
which factorises into 

(k^ - 2073 - 074 )7^;2 - 2a7'3 + a2/2) = 0 ; 

/.;,2 = fc/ = lla712. ^-32 = 076. 

Exeecises 15b. 

1. A thin uniform rod has a length I and mass m : find 1 about an 
axis perpendicular to its length, (1) through its centre, (2) through one 
end. 

If the rod is two feet long and it rotates about a point in its length 
such that its radius of gyration is eight inches, find the distance of this 
point from the nearer end. 
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A A uniform wire of length I and maaa m is bent into a plane reot> 
«Qg^e< I^d I about an axis through the centroid perpendicular to its 
plwe. If the radius of gyration almut this axis is 2^3, find the length 
of the 'wire. 

A A uniform wire is bent into a circle of radius r and mass m; 
find the moment of inertia about (1) any diameter, and (2) the axis 
through the centroid perpendicular to the plane of the wire. 

The circle has two diameters of similar wire fixed to it, and these are 
perpendicular ; find the radius of gyration about the axis through the 
centre, peroendicular to the plane. If this radius of gyration is ten 
inches, find the radius of the circle, taking 77r = 22. 

4. A uniform rectangular plate has the length I and breadth b ; 
find I about : 

(1) an axis through the centroid parallel to the breadth ; 

(2) one of the shorter sides ; 

(3) an axis through the centroid perpendicular to the area ; 

(4) an axis through one of the angular points perpendicular to the 

area. 

Calculate the radius of gyration in each of the above cases when I is 
31 ‘6 inches and h 's 30 inches. 

5. Given a uniform triangular plate whose altitude is h and base a ; 
find I about : 

(1) the base ; 

(2) an axis through the centroid parallel to the base ; 

(3) an axis parallel to the base passing through the vertex opposite 

the base. 

Calculate each of these moments when the base is 48 inches long and 
the other two sides are 29 and 35 inches long respectively. 

6. An annular area is enclosed by two concentric circles liaving 
radii a and b respectively, a being greater than b ; find I about : 

(1) any diameter ; 

(2) an axis through the common centre, perpendicular to the plane 

of the area. 

Find the value of 6 such that when a is 15, the radius of gyration 
about a diameter is 8'5. 

7. Find 7 for a thin uniform circular disc of radius r, about : 

(1) any tangent ; 

(2) an axis through any point on its circumference perpendicular 

to its plane. 

If a circular hole of radius x be drilled at the centre of the disc so 
that the radius of gyration about any tangent is 3'5 in. when r is 3 in., 
find X. 
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8. A uniform dliptioal plate of mnjiB m has semi-major and minor 
axes a and b respeotivdy ; find I about (1) the minor axis, (2) an axis 
through the centroid perpendicular to its plane. 

Find the minor axis so that the radius of gyration about (2) shall be 
13*75 when the major axis is 44 inches long. 

9 . A thin uniform parabolic plate of mass m is bounded by the 
y-axis and the parabola y^ = 4a{h-x) ; find I about the y-axis. 

Calculate the radius of gyration when a is 35, and the straight edge of 
the plate is 14 feet long. 

10. A uniform thin plate is made up of a square ABCD and a semi- 
circle GED of radius a ; find I about the side AB, the total mass of the 
plate being m. 

Calculate the radius of gyration when o is 13 in. 

11. A uniform hoUow cylinder of mass m has radii a, b, a being 
greater than b ; find I about its geometrical axis. 

Deduce from the result the moment of inertia of a solid cylinder of 
radius r about its geometrical axis. 

If the radius of gyration of the hollow cylinder be 53.J2 in., and a is 
7*6 ft., find the radius b. 

t 

12. Find I for a uniform sphere of radius r and mass M, about any 
diameter. 

A uniform sphere of radius 8 in., with centre A, is attached to a thin 
rod OA of length 65 in., and the system revolves about 0. Find the 
radius of gyration of the sphere, neglecting that of the rod, when the 
vertical distance between 0 and A is 33 in. If the vertical distauice 
between 0 and A increases to 63 in., shew that the radius of gyration is 
decreased in the ratio of 10 to 3 very approximate!}', and find the 
change in the angle at which OA is inclined to the vertical. 

18. A uniform right circular cone has height h, base radius r, and 
mass M ; find I about ; 

(1) its geometrical axis ; 

(2) a base diameter. 

If the radii of gyration about the given axes respectively are in the 
ratio of 2 : ^^3, prove that r : A = 2 : .,,_/3. 

14. Find I for the ellipsoid 
about each of the principal axes. 

Calculate the radii of gyration for each axis when a is 24 in., h is 
18 in., and c is 7 in. 

16. Find the radius of gyration of a uniform triangular plate ABC 
about any line through C distant p from A and q from B. 
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Shew that this is the same as the radius of gyration about the same 
axis of three particles, each one-third the mass of the plate, placed at 
the mid-points of the sides. 

16 . Find the moment of ineitia of a uniform triangular lamina ABC 
whose sides are a, b, c and mass M, about an axis through the centroid 
perpendicular to the area. 

Calculate the radius of gyration when a is 24 in., h is 27 in., and c is 
36 in. 

17 . Find the radius of gyration about an axis through the centre 
parallel to a side of a uniform square plate of side a, having a circular 
hole of radius r cut out at the centre. 

Calculate this radius when a is 22 in. and r is 7 in. 

18 . A uniform rectangular plate 16 in. by 25 in. has another small 
uniform plate, which is square, fastened to it so that their centres are 
coincident. The radius of gyration h, about an axis through their 
common centre, parallel to the shorter side is given by 

121-2 = 481; 

find the side of the square plate. 

19 . Two thin uniform discs of radii a, b respectively, a being greater 
than b, are fastened together bo that the distance between their centres 
is c. Find the radius of gyration of the whole about an axis through 
the centre of the larger disc and perpendicular to its plane. 

If a is 3 feet, and c is 1 foot, find the values of b which will give 
V4-2 feet as the radius of gyration about this axis. 

80 . A uniform solid sphere of radius a has a cylindrical hole of 
radius b drilled centrally through it. Prove that the square of the 
radius of gyration about the axis of the hole is {2a^ + Zb'^)l5. Shew also 
that for a diameter perpendicular to the above axis the result would be 
(4a2-|-62)/10. (S.U.) 

21 . A uniform heavy cylinder having hemispherical ends, of mass M 
and radius r, rotates about an axis through the centroid perpendicular 
to the geometrical axis. Find the radius of rtyration. The length of 
the cylinder exclusive of the hemispherical ends is 1. 

22. ABCD is a square whose side h" of length 2a ; on A B a, semicircle 
is described outside the square. The whole figure then revolves about 
the side CD ; find the radius of gynation of the solid thus generated 
about the axis of revolution. 

*28. Find the radius of gyration of a uniform plate shaped as a 
trapezium whose parallel lengths are h feet apart and of lengths a, b feet 
respectively about the longer side a. 

If k be the radius of gyration about an axis through the centroid of 
the plate, parallel to the side a, prove that 

18. .{a+by={a^ + 4ab + b^)h^, 

and calculate both radii when a is 3-6, b is 2-4, and h is 1-8. 
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*24. Prove that if k^, k^, k„ are the radii of gyration of a particle 
about the x, y and z-axes reapectively, and k is the radius of gyration 
of the particle about the origin, then 

2l^^K^JrkJ^ + k?. 

Apply this theorem to find the moment of inertia of a uniform hollow 
sphere of radius a, containing a concentric cavity of radius b, and shew 
that if p, 5 be the radii of gyration about a diameter and the centre 
respectively, when b is zero, then p, q, a are the lengths of the sides of a 
right-angled triangle. Hence find a when p is 9'5 in. and q is 16'8 in. 

*26. Find the moment of inertia of a rectangular thin lamina about a 
diagonal, its sides being a and b. 

Shew that the radii of gyration about the diagonal and an axis 
through the centroid perpendicular to the lamina are the square roots 
of the values of x which satisfy the equation : 

72(a^ + b^)x^ ~ &{a^ + 4a^b^ + b*)x + f h^)=0. 

*28. The radius of gyration about the a:-axis of a solid paraboloid 
generated by the revolution of the parabola 

2/2 = 12 *, 

about the axis of *, is fi\'e feet. Find the radius of the flat circular end 
of the solid. 

27. Find the moment of inertia about its centre of a hollow sphere 
containing a concentric cavity of radius b, the radius of the sphere 
being a. 

*28. A T-section consists of two rectangles ABCD, EFOH, E, H lying 
in CD such that DE is equal to HO. When AB is 2 ft., BC is 9 in., 
and EF is 1 ft, 6 in., the radius of gyration about the neutral axis, 
i.e. the line parallel to AB through the centroid of the area, is 3.^6 in. 
Find the width of the rectangle EFOH. 

*29. Find the moment of inertia about the axis of revolution of a 
uniform anchor ring of mass M, formed by the revolution of a chcle of 
radius r about an axis distant R from its centre, R being greater than r. 

Calculate the radius of gyration when r is 8^/3 in. and R is 35 in. 

*30. Find the radius of gyration of the area of the curve 

(*2-(-2/)='^144(*2_y!!) 

about a line in its plane through the origin perpendicular to its axis. 

31. A cylindrical shell whose external diameter is 3 ft. and internal 
diameter 2 ft. rolls down a plane inclined at 30° to the horizon. If it 
starts at rest, determine its speed when it has described 20 ft. of the 
plane. (L.U.) 

*32. Shew that the principal radii of gyration at the centroid of a 
triangle are given by the equation 

10811;* - 3(a2 + + c*) it* -f =0, 

where o, b, c arc the sides and A the area of the triangle. (L.U., Sc.) 
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* 98 . Prove that if a plane closed curve, which is Byiuine1aioa>l about 
any line in its plane, revolves about a parallel axis not intersecting the 
curve, then the moment of inertia of the solid generated about the axis 
of revolution is given by 

I=M(k*+Bk\ 

where k is the radius of gyration of the generating area about its axis 
of symmetry and h is the distance between this axis and the axis of 
revolution. 

84 . Prove that the moment of inertia about its axis of symmetry of 
a solid frustum of a cone of mass M is (6® - a®)/(il)® - o®), where 
a and b are the radii of its circular ends. (S.U. ) 

♦ 86 . Prove that the radius of gyration of a uniform lamina in the 
form of a parallelogram about a diagonal is SjeJS, where S is the area, 
and c the length of the diagonal in question. (M.U., Sc.) 

• 88 . A mass of 10 lb. hangs from a string wrapped round the hori- 
TOntal axle of a flywheel of mass 200 lb. ; the radius of the axle is 2 in. 
and the mass falls 16 ft. irom rest in 16 secs. Find the radius of gyration 
of the flywheel. (Li.U.) 

♦37 A fly-wheel in the form of a uniform circular disc of radius 8 in. 
and weight 64 lb. is free to rotate about a horizontal axle. A weight 
of 20 lb. is suspended by a rope coiled round the circumference of the 
wheel. If the system starts from rest, find the velocity of the weight 
when it has descended 14 ft. (Le.U.) 

88 . Verify the following rule for finding the moments of inertia of 
symmetrical bodies, first given by Dr. Routh. The moment of inertia 
about an axis of symmetry is 

Massx (sura of squares of perpendicular Bemi-axea)/(f, 
where d is 3, 4 or 6 according as the body is rectangular, elliptical or 
ellipsoidal. 

♦39. Find the equation of the momental ellipsoid at the vertex of a 
right circular cone of height h and base radius r. (Li.U., Sc.) 

♦ 40 . Prove that the equation of the momental ellipsoid at a point on 
the edge of the circular base of a right solid cone of height 1 ft. 6 in. 
and base diameter 1 ft. is 21a:*-)-4l3/® + 26z*— 30za;=p,*, where p. is a 
constant. Hence calculate the radius of gyration of the cone about a 
generator. 
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121. Volume by Double Integration. In determining the 
volumes of solids, the general method employed is to find the 
area a of a convenient slice and then integrate over the whole 
solid. In general, however, the area a also requires an integra- 
tion, and if the slice lies in a plane parallel to that of yz, then 



taken between the proper limits, and the volume V becomes 



a , (lx — 



the second integration being taken over the whole solid. 
Such a symbol is known as a doable integral. 

If z = <ft{x,y), then in evaluating 




X is regarded as a constant, as it certainly will be for an area parallel 
to the ?/e-plane. The resulting integral taken over the region con- 
sidered will then become a function of x, and the second integra- 
tion performed with respect to x. 

In the notation of double integrals, the right-hand differential 
always applies to the first integration, and the other difierential to 
the second integration. The following examples will illustrate 
the method of dealing with double integrals. 
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Ex. 1. Find the volume of the annular solid generate by the 
revolution o^a quadrant of a circle whose bounding radii are AB, AC 
about an axis in the plane of the quadrant parallel to the chord BC. 
The distance of the axis from A is twice the radius r of the circle, 
and the convexity of the quadrant is towards the axis. (L.U.) 

The solution to this question was intended to be based on the 
second proposition of Pappus, and such a solution is given on 
p. 381, but an independent method, though longer, will exemplify 
the use of double integrals. 


A H a' 



OK OX 


Fio. .>5. Volume of an annular 

The quadrant is shown in Fig. 55, 0 being the origin on tlie axis 
of revolution. Suppose the quadrant revolve through a small 
angle about OX, so that O' A" be its new position in the plane 
perpendicular to OX, containing OA. 

Consider a slice FQ of tliickness dx jiaralhd to OA, then the 
volume of this slice is 

Area P'P"Q"Q' . d.c 
^l(0’P'^-~0’Q''^) .d<f> .dx 
= l.PQ.[KP + KQ).(Uf>.dx. 

Let QAP = 0, then since l PAH = rr/d, 

PQ=QH- PH =^QH- AH =r{sin {d + 7r/4) - cos {0 + ;r/4)} 

= 2r sin 6'/V2. 

KP = KH - PH ==2r -r cos {^ + 7r/4) = 2r - r (cos - sin 0)jJ2. 

KQ = KP - PQ =2r -r (cos d - sin d)/,J2 - 2r sin d/.J2 
— 2r-r (cos d + sin d)j.f2 ; 
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and x~r sin^^ =r(cos 0 - sin 6i)/^2, 

so that Hx = - r (sin 0 + cos 6')/,/2. 

Volume generated by the quadrant in revolving through the 
angle d4> 

= r®V2 f { 2^y2 (aiii^ 0 + cos 0 sin tl) 

Jo 

— cos B . sin^ 6 - cos^ 0 sin b}dB . d(j>, 

d4> being constant. 

Volume generated by the whole revolution 

= f [ { 2J'2 (sin^ 6 + cos 6 . sin B) 

Jo Jo 

- cos 0 sin^ 0 - cos* B sin B)d4> .dd 
= r3|^"(37r-2V2) . (?././3 = 7r(3;r- 2.^/2) r»/3, 


which agrees with the result previously obtained from the second 
proi)osition of Pappus. 


Ex. 2. a;*/a* + = 1 gixxs the contour of the huse of a right 

cylinder, and the height ixi c. The cylinder is bevelled down so that 
the height z at any foint (x, y) of the base, in the first quadrant, is 
given by z=c[\ -xja)(\ - yjb). Express the volume left in this 
quadrant ns a double integral and .shew that its value i.s 

abc(~-13i6)ji. (L.U.) 

Consider a rectangular juisin of height z, whose axis is parallel 
to the r-axis, and the coordinates of whose base on the a;y-plane 
are {x, y), {x + dx, y), {x + dx, y + dy), {x, y + dy) ; then the volume 
of the prism is z . dx . dy. 

Hence the volume of a slice of the solid, parallel to the yz-plane, is 

f.v C/i 

I z.dx.dy = c\ {1 -xla,){l - yjb) . dx . dy, -whete y = b>Ja^ -x^ja, 
Jo Jo 

The volume of the whole bevelled solid in the first quadrant is 



(1 - x/a){l - yjh) . dx . dy. 

0 
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It is obvious, in evaluating the first integral, that x is constant, 
since the slice is parallel to the yz-plane ; hence, if F denote the 
required volume, the first integration gives 




S-lftA/^np/a 


dx 


be f" 


^ J ^(1 - x/a) { 2 \/a* - 3^/a - (a® - 3^)la^} . dx. 


Putting a: = a sin 6, 

V 

V = \ahc J (2 cos^ 6 — cos® 6 — 2 sin 6 cos® 6 + sin 6 cos® 6) . dS 
= ^6c(v/2 - 2/3 -2/3 + 1 /4) =abc(ir - 13/6)/4. 


128. Area of a Surface. Let z=f{x, y) be a quadric surface, 
and suppose it to be intersected by a rectangular prism whose 
axis is parallel to OZ and whose base on the x^z-plane is a rectangle 
having the points {x,y), {x + dx,y), (x + dx, y + dy), (x,y + dy) as 
its vertices. If {x, y, z) be one of the points of intersection of the 
quadric and the prism, then the tangent plane at this point will 
cut a section of the prism whose area will approximate to that of 
the section cut off on the quadric by the prism, these two areas 
being equal in the limit. 

Let dS be the area of the section of the prism cut off by the 
tangent plane, then since this section is a rectangle, by (108) 

dx . dy = n . dS, 

I, m, n being the direction cosines of the tangent plane. 

Now, by (114), these are proportional to 'dzj'dx, 'dzj'dy, and 1. 

Let j> = ?)zl'dx, q = 'dzj?iy, and l = kp, m==kq, n = k, then since 
P + m® + w® = l, A®(p® + 5® + 1) = 1 or l/« = l/\/l +p® + g'®. 

Hence the surface S of the quadric z =f (x, y), is given by 



It is clear from this that if y, z, or z, x be taken as the indepen- 
dent variables, corresponding formulae involving the partial 
derivatives 'dxj'dy, ’dxjdz, and 'dyfdz, 'dyj'dx respectively may be 
used. 
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Ex. 3. Shew that the area cut out of the cylinder z® = 4aa; hy the 
cylinder a^ + y^=a^ is 5Tra^/2. {L,U., Sc.) 

The vertex of the parabolic cylinder z^ = 4ax is the axis of y, 
and the axis of the cylinder x^ + y^=a^ is the axis of z. 

Now, since z^ = ^x, 


. 3z 2a la , 3z ^ 

•• ^ = ~ =a/~ and „ =0; 
ox z \ X dy 

raC^/a'—x' j*o 

sl^+ajx .dx .dy = i\ \J(a^ - x^){a+x)lx . dx 



+ sin*^ 6 . cos^ d) d9, on putting x = a sin* 9, 


= 8a*(7r/4 + 7r/16) = 57 ra 72 . 


123. Centroids and Moments of Inertia. There are many cases 
where double integration is required in the determination of 
centroids and moments of inertia. The following example will 
illustrate the method of dealing with such cases. 


Ex. 4. (a) A right prism standing on a rectangular base is cut 
by a plane so that the lengths of parallel edges are z^, z.^, Zg, Zj. Shew 
that the centroid of the solid thus cut off between the xy -plane and 
the intersecting plane is at a height above the base equal to 

{2Z4 + Zg + (Zg* - ZlZ 3 )/(Zi + Zg) }/6, 

Calculate this height when z^=5 ft., Zg = 3 ft. and Z 3 = 4 ft. 

(fe) The thickness z of a plate in the form of the parabola y* = 4ax 
between the vertex and the ordinate at x=h, is given by the relation 
z = x^ + y^. Find its radius of gyration about the axis of the para- 
bola, assuming it to be made of nvaterial of uniform density, and 
with edges perpendicular to the xy -plane. 

(a) Let Ix + my -^nz=p be the plane of intersection, and 
suppose the base of the prism to be on the xy-plane, having 
(o, 0), (0, 0), (0, b), (a, b) as its vertices ; then if z^, Zg, Zg, z^ be 
the corresponding heights to the plane, the equation of the plane 
through (a, 0, z), (0, 0, Zg) and (0, b, Zg) may, by (104e), be 

X y z 1 =0, 

a 0 Zj 1 
0 0 Zg 1 
0 6 Zg 1 
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VP = (^2 - *l)/«Z2. = (2^2 - nip = 1/22. 

Hence, taking a prism whose base is a rectangle of sides dx, dy 
and height z, between the xyy-plane and the intersecting plane, its 
volume = z . dx . dy, and its moment about the a;2/-plane is 

. dx . dy, 

so that, if 2 be the height of the centroid. 


•aCh 

oJo 


z . dx .dy - 


•aCb 


OJO 


. dx . dy. 


Putting z = {p-lx- my) jn, 

Ca fb Ca Cb 

2 nz I I (p-lx- my)dx . dy =1 1 {p-lx- my)^ . dx . dy. 

J oJ 0 ' J oj 0 

2 nz{ {{p-lx)-lmh}dx=\ {{p -Ix)^ -m(p-lx)h + \nfi}fi}dx‘, 

Jo ‘ Jo 

2 nz{p - \mh - \la) —p~- mhp + 1 (mb - 2 p)la + 

Dividing throughout by p^, and inserting the values of 1 /p, 
m/p, njp already found, a simple reduction gives 

6 {2i + 23) 2 = 2 (2i + 23)2 - 23 ( 2 i 4 - 23) + 22® - 2i2!3 ; 


62 = 22i + 223 - 22 + (232 - 2i23)/(23 + 23). 

Now since (a, b, z^) also lies on the plane lx + my + nz — p, 
la/p + mb/p + nzjp = 1 , 
so that 2^ = 2j - 2.2 + 2,. 

Hence 2 = { 22^ + 23 + (z^^ - ZiZs)/(Zi + 23) }/G, 
as given. 

It is easy to transform this expression into the form 

2 = ( Zj /^ + 2,® + 23^ + 242)/{6 (2j + 22 + 23 + 24) } + (24 + 22 + 23 + 24)/! 2. 

With the given values, 24 = 6, and 

2 = 62/27 = 2-296 ft. 

(b) Let p be the density of the plate, then the mass of an 
elementary prism of length 2 is pz . dx . dy, and its moment of 
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inertia about the a;-axis is pyh . dx . dy ; hence, if k be the radius 
of gyration about this axis, 

k^'p\ f z . dx . dy = 2p{ f y^z . dx . dy, 

J 0 J 0 J oJ 0 

i/(x^ + y‘^)dxdy; 


•i.e. 


JoJo 


•hCy 

oJo 


{x^ + y^)dx . dy = 2 

pj" {x^y + y^lti)dx = 2^ (x^y^jS + y^j5)dx. 
Since y is now an ordinate of the parabola y"^ = iax, 

(x^ + !,ax^dx — S(t{ (Ixl + \axi)dx-, 

Jo Jo ' 

{h /7 + 4a/15) = ^ih (/?/27 + ia /35) , 

,2 /^35h"+l08a)ah 

‘-sV 15h + 28. ■ 


124, Centres of Pressure. Tiie force exerted on eacli unit of 
area of a surface by a fluid in contact with it is called the pressure 
of that fluid. Let <5a be a small element of area, and let Bp be 
the force exerted by the fluid upon it, then Bp/Ba is the pressure 
at this point on tlic surface, and the sum of the pressures over 
the whole area is called the re.sultant pressure. The point on 
the surface where a single force acts, equivalent to the resultant 
pressure, is called the. centre of pressure of that area. The deter- 
mination of resultant ])ressures and centres of pressure requires, 
in general, the use of double integrals. 

Ex. 5. (n) Explain the use of double integrals in finding centres 

of pressure of arms under fluid thrust. (L.U.) 

(b) Deterniine the emrdinates of the centre of pressure of a 
uniform thin lamina in the shaj>e of a quadrant of a circle of radius r, 
u'hen immersed vertically in a homogeneous liquid icith one bounding 
radius in the surface. Compare the jwsition of this j)oi)it with that 
of the centroid. 

(a) Let a ]jlane surface be completely immersed in a homo- 
geneous liquid whose pressure at any point is p, then the pressure 
on an infinitesimal rectangular area whose vertices are the points 
{x, y), {x + dx, y), (x + dx,y + dy), (x, y + dy), is p . dx . dy. 
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Hence the resultant pressure over the area = j*j*p . dx . dy. 

Let (5, y) be the centre of pressure, then taking moments about 
each axis in turn, 

. dx . dy px . dx . dy and 'y^^p.dx.dy=\^^py.dx.dy, 

lipz.dz.dy llpy.dz.dy 

or i = , y = '^ , (184) 

p . dz . dy p . dz . dy 

where the integrals are taken so as to embrace the whole area of 
the surface immersed. 

If the weight of the fluid alone be considered, and taking 
/o= density of the liquid, and h the depth of the point {x, y) below 
the surface, p^pgh. 

This analysis shews clearly the use of double integrals in 
determining centres of pressure. 

(6) Since the lamina is vertical with one edge in the surface, 
taking this edge as the axis of x, A = y, and p = pgy. 

Hence (134) becomes 

xj [y.%.dx=j Vxy.dy.dx 

JoJo JoJo 

and y f I 2/ • j | • '^2/ • <^ 2 :, 

J 0 J 0 J oJ o' 

_ fr Cr fr J f»- • 

i.e. xj y^.dx= \ xy^.dx, |,f/l \ if ■ dx. 

Jo Jo Jo' "^Jo 

But y is now an ordinate of the quadrant, and is therefore equal 
to ; 

xJ (r^-x*)dx = J x(r2-x^) . dx, 
lyj* (r‘*-x®)dx = |J {r^ - . dx ; 

TT 

t.c. ^x.r® = |r*, = cos*(/.dx, 

Jo 

x=r sin ; 

X == 3r/8, y = 37rr/16. 


where 
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If (x*, y') be the centroid, then from Ex. 3, p. 377, 

s' =4r/(35r) = 2 /' and i/-y'=r(97r®-64)/(48»-), 

which is obviously positive, so that y>y', and therefore the 
centre of pressure is below the centroid. Since the pressure 
increases with the depth, it is clear that this will always be the 
case for plane areas which are immersed in any position not 
horizontal. For a horizontal position the pressure is \iniform 
over each element, and therefore the centre of pressure will 
coincide with the centroid. 


125. Triple Integrals. In some practical problems it is neces- 
sary to use triple integration. If, for instance, the density at any 
point (x, y, z) of a solid be a given function (j> (x, y, z) of the 
coordinates, then the mass of an infinitesimal prism of volume dv 
whose edges are dx, dy, dz, is <^(x, y, z) . dv or (f>{x, y, z) . dxdydz. 

Hence the mass of the whole solid is 


y, z) . dv, or y> dxdydz, 


the integrations extending over the whole solid. Triple integrals 
may be evaluated in precisely the same way as double integrals. 


Ex. 6. The solid ellipsoid, x^ja^ + y'^jb^ + z^jc^ = \, is such that 
the density at any point (x, y, z) ts fi(x^” + 1). Calculate its mean 
density. 

Let dxdydz be the volume of an infinitesimal prism situated 
in the limit at the point (r', y' , z'), then the mass M of the ellipsoid 
is given by 




-\-\)dxdy dz 


ILt 

z is now the ordinate of the ellipse y^jy'^ + z^jz’^ = \, on the 
plane x = x' ; so that z = z' Jy^- y^jy ' ; 

M = 2 /x f-.r. (x*" + 1)2' -Jy'^ - y^ly' . dx dy 


= 2/xj“_^(r=" + l)2'p2- 

= { 3 ^^ + \)y'z'dx. 




dx 
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But y' is the ordinate of the ellipse = 1 on the 

a^-plane, and z' is the ordinate of the ellipse x^ja^ + z^jl^ = l on 
the zcc-plane ; 

/. y' — bja^-a^ja and z' — cja^ -x^ja, 
so that M = TT/ibc/a^ . | (a:^“ + \){a^-x^)dx 

i[i7rahc{3a^^ + (2m + 1) (2m + 3)} 

"" 3(2M + l)(2rt + 3') ■ 

Now the volume of the ellipsoid! s irrabcjS ; hence, by division, 
the mean density is 

ix{3a^ « + (2n + l)(2n j-_3)} 

(2h + 1)(2m + 3) 


126. Change of Variables. It is sometimes lu'cessary in order 
to evaluate a multiple integral to change the variables, as, for 
instance, from Cartesian coordinates to polars. When each 
variable is expressible in terms of a single ])arameter, the trans- 
formation is quite simple, but when each variable is given as a 
function of two or more new variables, the transformation is 
more troublesome. Formulae giving the differential relations 
between the old and new variables in such cases will now be 
established. 

Suppose that to evaluate the double integral |"j'</>(a;, y)(Ix . dy, 

it is necessary to change the variables x, y into u, v, where 
x = P{u, v), and y = Q{fi, »)■ From (39), 

(d) dx = ^ . + ™ . dv, 

ou ov 


(b) dy = 


"Ou 


7 

du+ ~~ . 
av 


do. 


Now, in evaluating the integral, x is considered temporarily 
constant whilst the ^/-integration is performed. So in changing 
the variables x may first be regarded as constant, then dx = 0, 
and (a) becomes 


3x 

uu 


. du + 


'dx 

'do 


dv^O. 
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Eliminating du between this relation and (fc), 

dy=J.dv/^, 

93/ Sw 

where J = ~ ^ i.e. the Jacobian of x, y with respect to 

ou dv ov du 

u, V, as defined on p. 87, which by (42) does not vanish. 

Now let y be constant whilst x is variable, then from the 

relation just obtained, dv = 0, and from (a) dx = ^. du. 

Hence ?/) • v) . J . du . dv, 

where F(u, = v), Q{u, d)}. 

Similarly, it may be shewn that 

y, z)dx . dy . = v, w) .J.du.dv. dw. 

Hence, if X -P(u, v), y = Q(u, v), 'I 

y) . dx . dy-||</.{P(u, v). Q(n, v)} J.du.dv, 

. 0x 0yl 

where J- ,, 

f'x fiy , 

?v ?v 

and if x-P(u, v, w), y Q(u, v, w), a = R(u, v, w), I 


0(x, y, z) . dxdydz^l j Q, B) • J . dndvdw, 

I Sx 0y dz I 

J 'TN _ n— I* 



0y 

dz 

3u 


9u 

dx 

5y 

dz 

9v 

dv 

dv 

ax 

Sy 

dz 

9w 

0W 

0W 


If J' be the Jacobian of u, v, ir with respect to x, y, z, where 
u = A{x, y, z), ■v = B{x, y, z), w^C{x, y, z), then JJ' =1, and this is 
true for any number of variables provided the relations defining 
the functions are independent. The theorem will be proved for 
two jiairs of variables. 
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Let x=P(u, v), y=Q(u, v), and suppose these equations solved 
for u, u, BO that u = R{x, y), v=S{x, y) ; then in the former x and y 
are independent, and in the latter « and v are independent. 

Writing the Jacobians in determinant form and changing 
columns into rows in J, 


JJ' = 


dx 

dx 


'du 

dv 

‘du 



dx 

dx 




'du 

dv 

du 

dv 


dy 

dy 

'dx 

dx 


1 

0 


dx 

'^y 


0 

1 







dx 

-dy 





dx 
du 
■dy 
'du ' 


'du 'dx 
dx'^ 'dv' 
dv dy 
'dx'^ dv' 


dv 

'dx' 

dv 

dx’ 


'du "dx 
'dy'^ dv' 


dx 
du 

dy du dy 
du' Sy 'dv 


= 1, since x and y are independent. 


'dv 

dy 

"dv 

dy 


Similarly, it may be shewn for any number of variables. 

Hence, using the notation of Ex. 3, § 32 ; 
n ys =<^8(Zii X:. - • Zb)> be 8 independent functions in Vg variables, and 


j._ 9(yi. Ya. yg) x„ ■■■ xg) 

Xj, ... xg)’ d(yi, y., yg)’ 

then ( 186 ) 

When Xg is expressed in terms of y„ this rule will facilitate the 
determination of J, since J' may be found directly. 

Ex. 7. Prove that the area in the positive quadrant enclosed 
between the curves a^y — 7?,a'^y—x?, l^x = iP andh'^x = iP is equal to 

l{a-a'){b-b'). (L.U.,Sc.) 

Shew that the locus of the point x=a sin 6 cos <j>, y = sin 0 sin <^, 
z=c cos 0 is an ellipsoid, whose volume is 


Sabcf f sin 9 . cos^9 .d9.d<h ; 
Jo Jo 


hence evaluate this double irUegral. 
(i) Let 7?ly = u, -y^/x = v, then 


J' = 


‘du 

'dv 


dx 

'dx 


‘du 

'dv 


1 dy 

dy 



Sx^y 

5y^lx 


= 8xy = 8'>Jiw ; 


J = 1IJ’ = l/{8duv). 
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Cvt 

I dx . dy 

XiJVt 

f ui.vi.du.dv, by (135), 
j6'*Jo'’ 

= i| ui{a-a')du = U&-&')(h-'b'). 

Jft'* 

(ii) Eliminating 6 and ^ from the parametric equations, 

+ y^/h^ + z^jc^ — sin^0 cos® + sin®^ sin® 4> + cos®0 

= sin®0 4 - cos®0 = 1 ; 

the locus is an ellipsoid. 

The volume of an elUp8oid = 8f f z . dx . dy. 

Jo Jo 

Now to change the variables, 
dx dy 


J = 


dO dt) 
dx dy 
d4> di> 


a cos d cos <j> b cos 9 sin <j> 
- a sin 0 sin <f> bsin 9 cos <t> 


=ab sin 9 cos 9 ; 


IT IT ir 

F = 8a6cf f sin 6^ cos®0 . d<j!> . = 8a6c [ ■ d<i> 

Jo Jo Jo ^11^) 

TT 

= ^a6c I d4> = ^Trabc. 

Jo 


127. Intersection of a Plane and an Ellipsoid. The volumes of 
the two portions of an ellipsoid cut off by a plane may be found 

by evaluating the triple integral between the proper 


limi ts. In general, however, the calculation is very long and 
tedious, and often difficult. This may be obviated by taking a 
slice parallel to the intersecting plane and integrating along the 
normal. If, therefore, the area of such a slice is known, the 
triple integral may be replaced by a single integral. 

Now just as an ellipse has conjugate diameters, so an ellipsoid 
has conjugate planes, passing through the origin, such that their 
lines of intersection are conjugate diameters of the elliptic sections 
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cut off respectively by them. From the properties of these con- 
jugate diameters (Ex. 12 (c), p. 226), the equation of the ellipsoid 
referred to its conjugate planes may be written 

x^la^ + y^l^ + zyy^ = \, 

where a, /?, y are the semi-lengths of the conjugate diameters. 

Let the plane z = K, parallel to the conjugate ?/ 2 -plane, intersect 
the surface, then the section on it is the ellipse 

If w be the angle between the coordinate axes of this ellipse, 
which are a pair of conjugate diameters, and a', h' be the semi- 
axes, then, by (73/)), 

ol / 3/(1 - A^/y^) cosec (d, 

and the area A of the section = ir«'b'=7ra/3(l - sin <«. 

Hence if be the area of the parallel section through the origin 
Aq = 7raj8 sin tu, 

so that, by division, to eliminate w, 

AIA, = l-XW- 

Further, let pg, p be the perpendiculars from the origin to the 
respective planes, z = y, 2 = A, then ^ly=p!j>o- 

Hence A = A„(1 -p^/Po'') (137a) 

Ex. 8. (o) Find the area of the elliptic section cut off from an 
ellipsoid by any plane through the origin. 

(b) Prove that the plane xla+ylb + zlc = \ divides the volume of 
the ellipsoid x^ja^ + y^jb^ + = 1 in the ratio 

(3^3-4); (3^3 + 4). (L.U., Sc.) 

(a) Let lx + my + nz = 0 be any plane intersecting the ellipsoid, 
x^/a^ + y^jly^ + z^jc? = 1 passing through tlie origin, then by ( 1 1 1 ) 
the section is the ellipse 

A'x^ + 2H'xy + B'y'^=0, 

A' = {m^la^ + P/li^)liP + m% 

B' = (l^n^ja^ -I- m^n^jb'^)j(P + m^) + {P + m^)l<P, 

H' ^hnnifjaP - llb^)l(P + mP). 


where 
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From Ex. 8, § 73, the squares of the reciprocals of the semi- 
axes of this ellipse are {-4' + 5' ±s/4^'^ - (4' - 5')®}/2, the 
product of which is A'B' - H '^ ; hence the area of the ellipse is 
TrjjA'B' — H'^ = TrabcjJaH^ + l^nfi + (^)i^, on putting in the values 
of A', B', H'. 

Now the parallel tangent plane will touch the ellipsoid at the 
extremity of a conjugate diameter ; hence its perpendicular 
distance from the origin is the po of (137rt), and by (115), 

Po^ = aH~ -(- 

so that the area A^ is given by the simple relation 

Ao =irabc/p„ (137b) 

(b) With this result the required volumes may be obtained by 
a single integration. Consider a slice of thicbness dz, parallel to 
and distant z from the given plane, then if A be its area, and the 
volume, 

Cl T'A.dz 
J B 

= AX'\^-^^bv) - dz, by (137a), 

JV 

= - Vo - P + //3/V) 

= ',;rahc(2-3/4+/i»), by (137b), 

where p^^plpa- 

Similarly, the volume of the other p>rtion is 
Tg = .'_7rabc(2 -I- 3/x — fj?). 

Hence to determine the ratio /q/cj, the value of p must be found. 
Writing the equation of the cutting plain' in the form 

'P = lx + my + nz, 

and observing that it passes through the points (a, 0, 0), (0, b, 0), 
(0, 0, c), successive substitution gives 

Z = pja, m = p/6, n — pjc, 

and =a^Z2 -I- JPnP' -t- c^>fi=3}P, on inserting the values of Z, m, n ; 
hence ja = l/.,y3, so that 


iq: c, = (6^/3-8) : (6^3-(-8)=(3^/3-4) : (3^3 + 4) 
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S£8. Flane Section of a Paraboloid. The formulae given in (137) 
are not applicable to a paraboloid since it is a non-central quadric 
surface. The area of a plane section may, however, be readily 
determined as follows. 

Let the equation of the paraboloid be a3^-{-by^ = 2z, and 
suppose it to be intersected by the plane lx + my + nz=p, then the 
projection of the section on the xy-plane is 

aa^ + by^ = 2(p-lx- my)ln, 


i.e. 




1 w? 
n^\a^ b 



which is an ellipse if a and h are positive ; hence its area is 


n^JabXa b 


2pn|. 


Now, if this area be divided into triangular elements whose 
bases are infinitesimal elements of the bounding curve, the area 
of each triangle is n times the area of the triangle in the plane 
section of which it is the projection, by (108). Hence summing 
all these areas. 


A 


IT 1* ^ in“ 

n’Vab t a b 



(187c) 


Exercises 16. 

1 . Evaluate | 1 dy . dxj(x^ 

JflJo 

2. Explain the meaning of double integration in connection with 
finding the mass or volume of a solid. The surface 

x’‘/a» + yW+zVc’‘ = l 

encloses a solid whose density in the first octant is kx. Find the mass 
of the octant and the distance of its mass centre from y—0, (L.U.) 

8. Find the value of the double integral ^xydxdy taken over 

the positive quadrant of the circle x? +y^ = a^. (L.U.) 

4 . Shew that the volume enclosed by the surface xy—z cut off by 
the planes x=0, y=a, x = b, y=c is 6*(c*-a®)/4. 

6 . The equation of a surface is given in the form z=f{x, y), where 
f(x, y) is a continuous single valued function of x and of y. 
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Shew that the volume between this surface and the plane * =0 out from 
a cylinder that has its generating lines parallel to the axis of z, can be 
written ,, 

r*2 \ihi 

f{x,y)dx.dy. 

J*» Jvi 

Find the volume between the surface z=xy, the plane bx + ay=ab 
and the coordinate planes. (L.U.) 

6 . Find the value of \\{a^ - 3^)dx dy taken over half the circle 
**+^*=0*. 

A horizontal boiler has a flat bottom, and its ends are plane and 
semicircular. If it is just full of water, shew that the depth of the 
centre of pressure of either end is 0-7 x total depth, very nearly. (L.U.) 


7. Explain the use of double integrals in finding centres of pressure 
of areas under fluid pressure. 

A rectangular tank is filled with water ; the ends are vertical and of 
area 4 ft. by 6 ft. each, the 4 ft. edge makes 30“ with the upward vertical. 
Find the total fluid thrust on an end and the centre of pressure. (L.U.) 

8 . Evaluate! [ (iy^ + \)dxdyja^, where y^=a^x^-l, 

Jl/nJo 

9. A right circular cylinder, of radius a, with axis along the axis of 
z, stands with its base in the plane of xy. If it is cut by a surface with 
ordinates z given as a function of x and y, shew that the volume of the 
solid bound^ by the surface, the cylinder and the base can be expressed 
by the integral 

J a j-VoS^ 

1 z ,dx dy. 

-a J —Vo*—** 


Find the volume of the solid left when the upper part of the above 
right circular cylinder is cut away by the parabolic cylinder z = b+ cy*. 

(L.U.) 

10. If z = {l -x^ja^ -y^jb^)^ — I +xla + ylb, change the variables in 

the double integral ||z . dx dy from x, y to 8, <f>, where x =o sin 0 cos <f>, 

y = & sin 0 sin <^ ; hence evaluate it between the limits w/2, 7r/4 for 
8 and s-/2, 0 for <f>. 

11. Find the area of the section of the surface 3(1 -z)=2x*+y* 
made by the plane z=c, where c is less than unity. 

Utilise this result to obtain the volume of the solid bounded by the 
portion of the surface above the plane of xy. (L.U. ) 


12 . Bind the value of \^\^xydxdy taken over the positive quadrant of 
the ellipse 6*x* + o*y*=a*6*, and also of |||r. dF, taken through the 


volume of the sphere of radius a, r denoting the distance of a point 
from a fixed point on the surface of the sphere. (L-U.) 

B.M. 2d 
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13. Shew that the area bounded by the isothermals pv^a, pv — h, 
and the adiabatics pvf=c, pv>'=d, is 


h — a 

?/-l 



14. P is any point on the catenary y=ceoah{xjc), whose vertex 
is A ; find the length of the arc AP. 

Find the values of 



and 


jja: dx dy 
II dxdy 


taken over the area bounded by the above catenary, the axis of x and 
the ordinate x=a. (L.U.) 

■ 15. Find the value of 1 Ir® cos* 0 . dr dO taken over the area of the 
circle r = 2a cos <1. (L.U. ) 


16. Change the variables in ||(1 where = + from 

X, y to 0, (f>, by means of the relations a: = sm cos <f>, y =sin sin 0 ; 

hence evaluate the integral between the limits (i to 0 for 0 and T to 0 
for 0. -^4 

*17. Shew that I | ^ 

A* = (a* sin* 0 cos* </> + 6* sin* 0 sin* (j) + c* cos* 0)^. 


18. Find the volume of the portion of the paraboloid x*/9 + y*/4 = 2z 
cut off by the plane which passes through the points (3, 2, 1-5), (0, 6, 0‘6) 
and (1'5, 0, 3). 

19. Find the ratios of the volumes cut off from the ellijisoid 

4a;* + Sly* + 576z* = 7056 

by a plane which contains the points (0, 2, 2'5), (3, 0, 2-5) and (6, 3, 0). 

*20. Shew from (133) that the portion of the surface of the sphere 
x=a sin 0 cos (ft, y=a sin ty sin <^, 2 =a cos 0, bounded by two meridian 
arcs and the curve 0 =/(<}>), is given by 

S=a*j{l - cos f{<f>)]d<p. 

Hence prove that the area of a spherical triangle bounded by two 
meridian arcs and a great circle is o*P, where E is the spherical excess 
of the triangle. 
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• 81 . Prove that the volume enclosed between the cylinders 
x* + _ 2ax =0 and 2 * = 203; 

is 128a«/16. (B.U., Sc.) 

*22. The height 2 of a point on the surface of a mound above the 
plane of a;y is given by the equation aH=(a^ -x^){a^ -y^), 2a being the 
side of the square base of the mound. Write down the expression 
for the volume of the mound as a double integral, and find its value. 

(B.U.) 

23. Shew that the value of the double integral 


(I 


dxdy 
■(\+x^ + y^) 


taken over the area of a square bounded by a:=0, * = 1, j/=0, j/=l 
is w/6. (S.U., Sc.) 

*24. Taking any point on the edge of the circular base of a right solid 
cone of height h, base radius r and density p, as origin and the axis of 
2 parallel to the axis of the cone, shew that the product of inertia for 
the zx-plane of the solid is given by 


2p 


h Vlr-x 


0 'X 


xyz dz . dx. 


Hence evaluate this double integral. 

*25, Shew that the volume of the paraboloid + 7/^/6“= 22 cut off 
by the plane lx+my+nz~p is 

Trab{aH^+ b^m^+ 2pn)“/4n*. 

Hence prove that the distance p between two parallel planes cutting 
a slice of volume V from the paraboloid is given by the quadratic 

■jrabp(aH^+l)^m^+2pn-\- pn)= Fn®. 

*26. A square lamina in a vertical plane is totally immersed in a 
homogeneous liquid of density p, its centre is at depth d below the free 

surface, and a side makes an angle 0, less than ~ , W'ith the horizontal. 

Prove that the total thrusts on the portions of the lamina above and 
below a horizontal line through the centre are 

2grpa®{d± Ja(2 cos 0+ sec 61)}, 

where 2a is the length of a side of the square. 


(L.U.,Sc.) 
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129. Expansion of Periodic Functions. The determination of a 
rational integral function approximating to a given empirical 
function which is continuous and non-periodic has been dealt 
with in Chapter IX. The case of a periodic function will now be 
considered briefly. 

The period of such a fimction may be taken as 2t, for in any 
particular case an appropriate change in the independent variable 
can generally be made to effect this. The approximating function 
may then be taken in the form 

Aq + Ai cos a:-f - ^2 cos 2x + ...+A^ cos ras-f- ... 

+ Rj sin 05 -f- Rg 2x -I- . . . + sin ra: -1- . . . , 

where A^, are constants such that the series will be valid for 
values of x within the period. 

A determination of these constants will now be made. 

Ex. 1. Find the coefficients Aq, A^, if 

fix) = Ao + AiCOSx+... + ArCosrx + ... 

-t- JBj sinx + B^ sin 2x+ ... + B^ sin rx + ... 
between the values x=0 and x = 2Tr ; and determine their values in 
the case in which f{x)=x between these limits. (L.U.) 

n n 

Write f{x)=Ao + 'y^^Ar cos rx + '^B^ sin rx. 

r—l r=l 

Multiply out by cos rx, and integrate both sides from 0 to 2jr, 
then 
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fZir 1 r -|2,r 

Now J COS rx . dx = - j^sin rx\ =0, since r is an integer, 
r2<r 1 fair 

and J cos 805 . cos ra; . da: = 2 J {cos (r + s) a: + cos (r — s)x}da 


_ Ifsin {r + s)x sin {r -s)x\^” _ 


r\Zn 

1 

Jo 


as long as s and r are different integers. 

When s=r, the integral becomes 

rZir J rzw 1 [- “1 2ir 

J COB^ rx . dx = 2 J (1 + cos 2rx) dx = ^ j^x + sin 2rx/2r J = ir. 
Similarly 

f2ir . 

J sin rx . cos rx . dx = 0 and J sin sx . cos rx . dx=0. 

Hence every term on the right-hand side of the above equation 
vanishes, except that which contains A^, so that 




cos rx . dx = 7rA. 


This determines the coefficients A ^ . 

In precisely the same way, by taking sin rx as the multiplying 
factor and integrating, 


Finally, 


r2rr 

Jo 


sin rx . dx — irB.. 


tf{x).dxJ"\A, + ±A, 

Jo Jo r=l 


COS rx + V Bf sin rx)dx 


= 277^0. 


Hence all the coefficients have now been found. 
When/(x) = x, then 


277^0 = X . dx = 277* ; 


7rA,= j X cos rx . dx=0; 

Jo 

ttB, = P X sin rx . dx = - 27r/r ; 


Ao = 77 , 


Ao=0. 


H,= -2/r, 
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and the series becomes 

x = Tr-2 ^sin a: + ^ sin 2a; + ~ sin 3a: + . . . + i sin MO! + . . 

130. Fourier Series. A trigonometrical series whose coefficients 
are 

Ao=^(’" f(x).dx, A f(*)co8rx.dx, 

and Br=-^r f(x)smrx.dx, (138) 

"jr 1 — ir 

n n 

where l(x) = A„ + ^IiAr cos tx + ®r 

r= r~ 1 / 

is called a Fourier Series, after the French mathematician Jean 
Fourier, who first stated the theorem in 1822, that an empirical 
periodic fxmetion defined in the interval 0 - 2ir could be represented 
by such a series. 

It should be noted that in (138) the range is from -tt to :r, 
instead of 0 to 2it. This is often more convenient, and really 
means that the origin is changed to the period ("•, 0). 

The determination of the coefficients when f{x) is given as a 
series of discrete values through which a graph may be drawn is 
more difficult, since the integrations cannot now be effected 
analytically. Several ixiethods have been devised, but space 
permits only the discussion of one of these, which is a general 
method in practice. 

Ex. 2. Shew how a Fourier series can be constructed which ivill 
represent approximately the equatixm of a given curve between the 
values 0 and 2Tr. 

Let y—f(x) represent the approximate equations of the given 
graph; let the interval x=0 to x = 27r be divided into n equal 
parts, bounded by w + 1 ordinates, y, (s = 0, 1, ... n). 

Let 0 be the distance between consecutive ordinates, then 

6 = 2Tr jn. 

Assume that y has the form 

n n 

y = Ao + ^i4,. cos rx+'^B^ sin rx. 
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then since y, is the ordinate at x = = ^Tvsjn, 

n n 

y, = AQ + ^Af cos rsd + ^ > 

*■ = 1 r=l 

n— 1 n— 1 

V'2/, = «-Io + s^+ ^2^08 2sd + ... + sin s6 

«So f^o + Rg sin 25^ + ...}• 

Taking the general term of the series of cosines, 

n—1 

^ cos mtiO = 1 + cos md + cos 2nid + . . . + cos (« — 1) mO 

« =0 / ,ff \ / 

= f cos — 2“ • • sin {nmOj / sin ^md, 

by Ex. 10 (i) (p. 51), on writing mO for 6, and putting a=(), 


cos 


M - 1 


niTT . sin j/iTT sin 


rmr 


on putting in the value of 0, 

= 0, since m is an integer. 

Hence the whole of the cosine series vanishes. 

Similarly, taking the general term of the sine series, 
n-i 

’y] sin =sin iiti^ + sin 2/u^ + ... + sin {n - l)mt^ 

=sin \{n-\)md . sin \nmOjmi IrnO, 

on putting in the value of 0. 

Hence the whole of the sine series also vanishes, and 

n—1 

>>Ao-- ^ i/s. 

3=0 

i.e. Ag is the arithmetic mean of the n ordinates. 

The coefficients A,, may now be determined by multiplying the 
equations for j/, by cos rs&, and on taking the sum, all the coeffi- 
cients except tliat of will vanish, thus giving an equation for 
A^. Similarly, by multiplying the equations by sin rat^, and 
summing, a relation in R,. remains. 

In practice, only twelve equidistant ordinates are taken, and 
the corresponding Fourier series assumed is 
8 5 

y = Ag + Ar cos rs6 + ^ R, sin rs(^, 

r— 1 r=l 

where B — trjQ. 
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Erom the above analysis, the coefficients are given by the 
equations, 

18Ao=:i;yi, eAr= 2ytOo*r»9. 6Br= S yi»ln .-.(IBOa) 

•sO 1^0 

These may be simplified according as r is odd or even. 
Letr=2p + 1 (p=0, 1, 2), then 

s 

6^21.+ 1 = 2/o - 2/« + 2 iy ”' + 1) 

fn=l 

+ 2/i 2- w COS (2j> + 1) (12 - m) 6} 

5 

= 2/0 - + 2 (ym + Vn-m) cos (2p + 1) mff. 

m=l 

Since cos 3r 0=0, cos 4r0 = - cos 2r0, and cos 6r0 = - cos r0, 
f being an integer, odd or even, and 60 = ir, the above expression 
reduces to 

6^2®+i = 2/o-2/6 + (2/i+S'u-2/6-07) cos (2p + l)0 
+ ( 2/2 + 2/io - ya - ys) cos 2 (2p + 1) 0. 

Similarly, if r = 2p (f — 2, 4), 

= 2/o + 2/a + (2/i + 2/ii + 2/6 + 2/?) cos 2p0 

+ (2/2 + 2/10 + 2/4 + 2/8) cos 4p0 + + «/,) cos 6p0, 

and 

6^a®+i = (2/i - 2/ii + 2/5 - y?) sin (2p 4- 1)0 

+ (2/2 - 2/10 + 2/4 - 2/8) sin 2 (2p + 1) 0 
+ ( 2 / 3 - 2 /») 8in3(2p + l)0, 

6-821. = (yi - yii -ys + 2/7) sin 2^0 + - yio “ ^4 + 2 / 8 ) sin 4 p 0 . 

The actual numerical calculation is best carried out by the 
following simple scheme of tabulation devised by C. Runge. 


Ordinates. 

a 

h 

Vo Vi y% Vz y* yi 

yn Vio Vi Vi yn y* 

0+0 

c 

d 


C 

V 

Vo Vi V* Us 

c-d 

w 

Wq Wi Wj 

a-b 

e 

f 

Gtj €1^ ^ ^4 ^5 

O5 O4 

e+f 


l>i ha ha 

«-/ 

h 

Cl C2 
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The equations giving the coefficients A^, may now be easily 
determined from the following table : 


r»0 and 6 

1 and 5 1 

1 

2 and 4 

3 

I’d 

Vi 

W’o 

m),/2 

1 

1 

Vo 

-V 2/2 

1 Vi /2 

-V 3 

W'o - “’a 

§ 


“2 

“a 

“4 

“s 

ag 

— 

— o(.| (X^ 

= - ttj 

6^1 — Olg 4" 

0^6 = “3-a4 

6^2 = “ 6+<^6 
0 .^ 4 — Ctg 

6A^ = Wo-Wf 


1 and 5 , 

1 2 and 4 

3 


62 ^ 3/2 

c^^/3/2 

C2>/3/2 ' 

! 

h-b. 

I A 
« 

! 

ft j 

1 

— 

6 Bi = /3i + /3j 


6 B 3 = - 63 


Ex. 3. An empirical periodic function is defined by the following 
twelve equidistaiU ordinates covering the whole period. 

6-0, 8-1, 10-3, 11-6, 11-4, 10-3, 8-2, 6-0, 4-1, 3-8, 2-2, 2-8. 
Construct the approximate Fourier series for the function. 

Taking the given ordinates, and tabulating them according to 
the scheme of Ex. 2 above, the numerical calculation appears as 
follows : 


Ordinates. 

a 

b 

50 81 10-3 11-5 11-4 10-3 

2-8 2-2 3-8 4-1 6-0 8*2 

a + b 

c 

d 

50 10-9 12-5 15-3 15-5 16-3 8*2 
8-2 16-3 15-5 

c + d 

V 

13-2 27-2 28-0 18’3 

C-d 

w 

- 3*2 - 6-4 - 3-0 

a-b 

e 

f 

5-3 8 1 7-7 7-3 43 

4-3 7-3 

e+f 

9 

9-6 16*4 7-7 

e-/ 

h 

1*0 0-8 
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.Transferring the rows v, w, g and h to the second table : 


r”0and6 I 

1 and 6 

! 

2 and 4 

3 

13-2 

27-2 

-3-2 

-2-7J3 

13-2 

13-6 

-3-2 -t-3 

28-0 

15-3 

-1-5 

-14 

-15-3 

41-2 1 

! 

42-5 

-4-7 

-2-7J3 

-0-8 

-1-7 


12^0 = 

83'7 


4-7 - 2-1 

6A^ = 

:-2-5 

6^3= -0-2 

12^6 = 

-1-3 

6A,= - 

4-7-e2-7,y3 


= 0-9 


1 and 5 I 2 and 4 3 


4-8 

7-7 ^3 

0-5^3 1 

7-7 

i 

0-4^3 

12-5 

7-7 ,^3 

_ _ , 

0-.5^/3 ] 0-4^3 

6JSi = 12-.') + 7-73^3 

6«3=0-ft^'3 ' 

6^6 = 12-5 -7-73.y3 

6iJ,=01v'3 


Putting ^3 = 1 '732, the required series becomes 
y = 6-98 — 1‘56 cos x — 0'41 cos 2x — 0-03 cos 3x + 0-15 cos 4x 
- 0'003 cos 5x - 0-11 cos 6x + 4’31 sin x + 0'26 sin 2x 
+ 0-32 sin 3x + 0'03 sin 4x - 0-14 sin 5x. 

131. Validity of Fourier Series. It should bi' carefully observed 
that the representation of a periodic function by a Fourier series 
depends upon the assumption that such a series is valid within 
the period. A rigorous proof of this is by no means easy, and will 
not be here attempted. It was first given by Dirichlet in 1829, and 
may be found in the treatises on the C’alculus mentioned on 
p. xii. In the case of a function defined analytically, the infinite 
series supposed to represent it must be shewn to be convergent 
for all values of the independent variable within the period. In 
practical cases, however, it is generally sufficient to see that the 
function is single-valued, finite and, in general, continuous. It 
must also be periodic, satisfying the condition f{x±2mr)=f(x), 
and the Fourier series representing it must be tested for the end 
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values of the period, i.e. for *=0 and x = 2;r, for often the series 
is true for values within the period but breaks down at the 
boundaries. Ex. 11 of the following exercises will afford an 
illustration of this. 


Exercises 17. 

An empirical periodic function of x is defined by each of the following 
groups of twelve ordinates covering the period 27r. Express each 
function as a Fourier series. 

1 . 30, 40-6, 47, 51-5, 53-5. 53-7, 51-4, 45, 35, 25, 17-5, 17. 

2. 20, 39-5, 54, 64, 69-5, 73, 75, 73-5, 70, 63 5, 54, 40 5. 

3 . 44-2, 82-6, 110-3, 124-6, 113 5, 100-7, 71-2, 43 3, 28 3, 23-7, 22-2, 
28-3. 

4 . 13-6, 18-5, 20-7, 20-2, 17-8, 14-3, lO'l, 5-6, 1-9, 0 5, 2-5, 7-5. 

6, 16-4, 16-3, 14-1, 11-7, 9-4, 7-1, 5-7, 5 0, 41, 5-1, 8-4, 12-2. 

6. For the purposes of an approximation, a half arch of the sine 
curve sin x is to be replaced by the straight line y=mx. In order 
to find the best value of in, proceed as follows. Take the square of the 
difference of the ordinates of the curve and the line, and find the mean 
value by integration from 0 to 7r/2. Then find, in terms of a, the value 
of m that makes this mean value a minimum. (L.U, ) 

7 A crank a feet in length rotates uniformly -with angular velocity 
(0 ; the connecting rod is I feet long ; find the distance of the cross-head 
from the end of the stroke as a function of the time. Shew that the 
motion is very nearly simple harmonic combined with one of half the 
period. 

8 . Give concisely, with proofs, a graphical method for determining 

the coefficient of a Fourier series valid between x=0 and x—2Tr which 
is approximately the equation of a given graph. (L.U.) 

9. Find a Fourier series for x valid between the interval x=0, x = ir. 

10 . Shew that if <j}{x) is an even function, the expansion of </>(*) 
consists of cosines alone, when the period ranges from - tt to tt. 

11 . Find a Fourier series for e’ valid within the interval 0 to 27r, 
Test the series at x=0 and x = 27r. 

* 12 . Shew that 

1 -f 2a cos x + a^=2 2 ( - cos rxfr when a <1, and 
)•=! 

00 

= 2 log a - 1-2 2 ( — cos rx/(ra'') when a > 1. 
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*18. If ^(a:) = A, + 2 cos ra; + 5, sin rx, and the Fourier series be 

T^\ r=sl 

denoted by S, the ooeffioients may be derived from the condition that 
If is a minimum where 

M = (*) - iS}*da:. 

Jo 


This condition will be satisfied if ^^=0, and 2^=0 ; shew that this 
gives 


and 


i 2 tr r 2 ir 

4>(x).dx, irA,=;l <f>(x)coBrx.dx 
0 Jo 

f 2 ir 

TtBr = 1 <f>{x) Bin rx . dx. 

Jo 


14. A function of a; is equal to x for values of x between 0 and 7r/2 
and equal to 5r/2 for values between w/2 and ir. Prove that it may be 
represented by the series 

(1 +2/jr) sin a: - J sin 2x + ^(1 - 2/3n-) sin 3x - J sin 4a: 

+]K1 +2/67r) sin fix- ... . (Li.U.) 

15. The value of y, a function of x of period 2n-, is given for twelve 

equidistant values of x covering the whole period : 22-8, 20-3, 16-2, 9-4, 
6-2, 3-1, 2'9, 4-3, 7'4, 121, 17 3, 21-6. Express y in a Fourier series, 
neglecting terms in cos nx for 7! >3. (Li.U.) 


♦16. Determine the Fourier series of cosines of multiples of x which is 
equal to | sin x |, t.e. =8inxif0<x<7r, and = -sinxifn-<x <23r, 
viz. 


4/’l cos 2x 

^\2 TTS" 


cos 4x 


cos 6x 

“fiTT 



(Br.U.) 



CHAPTER XVIII 

DIFFERENTIAL EQUATIONS 


132. Formation of a Differential Equation. Any functional 
relation between two or more variables usually involves, in its 
expression, at least one constant. In order to remove this 
constant it is necessary to differentiate the relationship with 
respect to one of the variables. The eliminant thus contains a 
differential coefficient, and is called a Differentia] Egnation. In 
general, one differentiation is required to remove each constant, 
so that a functional relationship involving n constants will lead 
to a differential equation of the nth order, and conversely, the 
functional relationship between the variables in a differential 
equation of the nth order, will involve n arbitrary constants in 
its most general expression. This is a fundamental principle in 
the theory of differential equations which is exceedingly important 
in practice. 


Ex. 1. Eliminate the constant A from the equation y = A tan^ x. 
Differentiating with respect to x,^—2A tan x . boc^x. 

Divide this equation by the given one, and 
^ = 4y cosec 2x, 

which is the eliminant. 

This result might have been obtained directly by logarithmic 
differentiation, thus taking logarithms and differentiating, 

1 dy _2 sec^x 
y dx tan x 


- = 4 cosec 2x ; 


dy_ 


dx 


= iy cosec 2x, as before. 


429 
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Ex. 2. Eliminate the constants A and B from the eqvation 
y = 

Since, there are two constants to eliminate, it will be necessary 


to differentiate twice. 

Now y=Ax^ + Bx~^~^\ (a) 

• yi=‘nAx'^~^ -(n +\)Bx~”~^, [h) 

and y 2 — n{n-\)Ax^~^ + {n + \){n + 2)Bx~^~^, (c) 


bere y,J£ and y,^% 

Solving (a) and (b) for A and B : 

. _ (n + l)y + xyi p ( ny-xyi)x”+ ^ 

(2n + l}x” ’ 2>i + l 

Substituting these values in (c), 

(2n + l)x^y^ = n(n - l){(w + l)y + xyx} + (w + 1) (n + 2) (ny - xyfj 
= n{n + \){2n->r\)y - 2{2n-]r\)xyx ; 


Exercises 18a. 


In the following exercises, variables are denoted by small letters and 
constants by capitals, unless otherwise stated. 

Eliminate, by differentiation, the constants in each of the following 
equations : 

l.y—Asiax. 2. y~A^. S. y-A-fl+x^. 

4. j/(**-6)=a:(x + A). 6. 7^(1 -■x^) = A sin^x. 

6. e“=A7^. 7. ^f(A^-x^)=,A^ + x^. 


* 8 . x^{x^ +y^) = A^{y^ -x^). 
10 . X sin y—Ay cos x. 

12. xy = Ax?+B. 

14. f = Ax + Bx^e^. 

*16. j/+A=v'5nri. 


*9. 3a:^ + 2.4*3/ + 32/“ = 1. 

11. y=:A ainx + B cos x. 

13. y=:Ax + Bx-K 
*16. y—A cos (log r) +B sin (log a;). 
17. y + A=\og {x + B). 


18. y=A cos x + B cos 2a:. 

*19. 6(y + Aa:)=:5{2x(.'c“ + 3) tan a: -2 log (1 +a:“) - a:®}. 

*20. Ax* + ^ + By^-\. 
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21. The displacement a: of a body executing simple harmonic motion 
is, in time t, given by the equation 

a: =.4 sin uZ+il cos ati, 

where oj is a fixed constant, and A, B are arbitrary constants, depending 
upon initial conditions. 

Shew, by eliminating these arbitrary constants, that the motion is 
represented by the equation 


and interpret this equation. 


dH 

dt^ 


+ td*a;=0. 


22. The displacement a: of a particle executing simple harmonic 
motion, which is being damped by friction, is in time t given by 

a:=.ile^''* sin (mt + B), 

where /, o are fixed constants and A, B the arbitrary constants. Shew 
by eliminating A and B that the differential equation representing such 
motion is 


•23. The space s described in time t by a body falling under gravity 
in a resisting medium of constant density is given by 

11^(8 + A)=g\og cosh ix(t + B), 


where /a, g are fixed constants depending upon the medium and gravity 
respectively, and A, B are the arbitrary constants. Prove, by eliminat- 
ing these constants, that the differential equation representing the fall is 


*24. The general equation of a conic may be written 
Ax^ + 2lixy +y^ + 2Gx -t- 2Fy -i- C =0, 

where A , C, F, G, H are arbitrary constants depending only upon the 
position of the cutting plane. 

Regarding this equation as a quadratic in y, solve it, and then, by 
differentiation, shew that if ^ be written for 

= Ex^ + 2Mx -H N, 


where 


IP- A HF-0 F^-C 


E 


M 


N 


\(F^- C)[IP -A)- UF - Gf}^. 


Finally, by further differentiation, to eliminate the new constants 
E, M, N, prove that the general differential equation of a conic section 
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188. linear Differential Eanations of the First Odai. A dif- 
ferential equation is an equation involving two or more variables 
and their derivatives or differential coefficients. When the 
derivatives present are complete, the equations are called 
Ordinary Differential Eauations to distinguish them from Partial 
Differential Eanations in which the derivatives present are partial 
differential coefficients. 

The Order of an equation is that of the highest derivative 
present, and when only the first power of each derivative is 
present, the equation is said to be linear. Thus the following are 
examples of linear equations of the First, Second and Third 
Orders respectively : 


(a) 


(b) 


dx 

d^y 1 dy 

da^ X ' dx 
d?y 


+ y — ^x sin x, 

d^y 


5 = 0. 


(c) cos a: . + sin X . ^ -I- + C 08 *x = 

Only ordinary linear equations in two variables will be con- 
sidered here. 


Ex. 3. The gradient of a curve at any point is given by the 
equation dy , ^ 

2 sin X . ^ = 1 - ; 

find the equation of curve. 

Here the relation between x and y is required. 

Separating the variables, the given equation becomes 

2 .dy dx 
1 - y* sin X 

Integrating each side and adding on an arbitrary constant. 
Since A' is quite arbitrary, put .4' = log A, then 

l+y=A{l-y) tan 


or 
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Ex. 4. Obtain the general solution of the equation 

where A and B are constants. 

A particle of mass 1 Ih. moms in a medium whose resistance is 
vj3 lb. weight, where v is the velocity, and is sulfect to an accelerating 
force constant in direction which at time t is 4«® lb. weight. Tf t^ 
particle starts from rest, find its velocity after two seconds. (L.U.) 

In the given equation the variables cannot be separated 
directly, hence the term in y must first be removed. 

Let y==uv, where u and v are functions, of x to be determined, 
then 

dy dv du 
dx ^ ' dx^^ ’ dx 

Substituting in the given equation, and writing X for/(a5), 
do du\ 


{u. 


%.e. 


dx 


A du , 


+■« . 


dx. 


A „ 

A ^ + Bv 
. dx 


j + Buv = X, 


Now so far u and v are only subject to the condition that their 
product must be equal to y ; another condition may therefore be 
arbitrarily imposed upon them. Let this be that the coefficient 
of u in the last equation should vanish, 


then 


i.e. 


A~ + Bv=0, 
dx 

— + c.daj=0, where c = BIA, 


which, on integration, gives 

logi) + ca;=0, 

there being no need to introduce an arbitrary constant, since this 
would disappear later ; 

v = e~'^. 

Hence on substituting this value for v in the equation in «, v, 

Adu=Xef^^dx, 

2 £ 


B.M. 



434 HIGHER MATHEMATICS [oh. xvin 


which, on integration, gives 

Au = C+^Xef^^ . dx, 

C being an arbitrary constant ; 

Ay = ^C+|xe“ 

which is the general solution of the given equation. 

Let s be the displacement of the particle in time t, then the 
equation of motion is 

d^s , , . - , 


But v = 


ds 

dt’ 


dh 

•• dt^ 


dv 

Til 


, and the equation becomes 


where k=g(3. 

Put v = ue~'‘\‘^ = ue-'‘\ this being the substitution necessary 
to remove the term in v, as shewn above. 

Then du = igfi(^‘^ . dt, 


so that u = 49 J e^'t^ . dt + A, 

which, on integrating by parts, gives 

u = 4:g{kH^ - 2kt + 2)^'jk^ + A . 

Since v = the velocity at any time t is given by 

V = ig{k^t^ - 2kt + 2)/Jc^ + 

As the particle starts from rest, v=0, when <=0 ; hence 
0 = Sg/k? + A or A = - ^gjl^ ; 
v = ig(kH^ - 2kt + 2-2e~'‘')IJ!^, 


When t = 2, taking g = 32, 

1024y = 12(4096 - 384 + 18 - 9-774 x 10-®) 

= 12 X 3730, neglecting the last term ; 
'y = 43-7 ft. per sec. approx. 
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134. Integrating Factors. If P, Q denote functions of x, the 
general linear equation of the first order may be written 

and the foregoing analysis shews that the term in y may be 

removed by putting y = ue Tjjjg substitution may, how- 

ever, be obviated by multiplying the equation throughout by 

; the left-hand side then becomes a perfect differential, thus 

Jpdx 


or 




dx 


which gives 


Hence, the equation “ -I- Py =Q becomes integrable when it is multi- 
ox 

plied throughout by the factor ; the solution then becomes 

[fdX _ f fp dx 

yeJ =A + ^QeJ dx ( 140 ) 

The factor is called an integrating factor. 

A similar method may be applied to equations of the form 




dy 

dx 


+ Py=Qy”, as the following example will illustrate. 


(l (I 

Ex. 5. Solve the equation - y cot x + 2e®!/* = 0. 

(t>X 

This contains ij* as well as y ; to remove the former divide by 

-y*-, 

3 dij cot X „ 

Now put then, by substitution, the equation becomes 

T + z cot X = 2e®. 
dx 

The integrating factor of this equation is 

Icotx.dz logsinz 

eJ = e = sin x. 
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Moltdply out by this factor, 

• dz _ 

sin a; . ^ + z cos x = 2e* sm ® ; 

d 

^ (z sin x) = 2e“ sin x. 

Hence, by integration, 

z . sin x=2je* sin x . dx+A =e“(sin x-coa x)+A ; 
8inz = y*{ex(smz- cosx) + A}. 


Exercises 18b. 

In each of the following exercises, the gradient is given for 

the curve ; find the equation of the curve in its simplest form. 

1. ayj+y=0. 2. ax^/^+ 1 /= 0 . 8. t/j(a +x)* = 2a. 

4. yi(x*-7*+12)=2. 6. yi{2a:*-4x + 7)=4(a;-l)y, 

8. yi =y cot x. 7. y^ =e*(l + tan x + tan*z). 

8 . yi(z*-4x + 3) = y(2a:-3). 0 . yi{l -x)®=y log x. 

10. yi=2x tan-* x. 

11. xyi -y=2x* cosec 2x. 12. yi sin x -y cos x = 2e* sin* x. 

18. (x* - l)(x - 2)yi + 2(x - 2)y = (x + l){x» +x - 3). 

14. y^ +ay - cos 6x=0. 

16. (x - 2)(x + l)yi - 3xy - 3x(x - 2)»(x+ 1) =0. 

*16. (3-co8x)(yi+y co8ecx)=2(l + cosx). 

*17. 6yi cos’x - y sin 2x + 2y* sin* x — 0. 

*18. (l+x)*(yi-y)+xy*=0. *10. 2(1 +x»)yj -y +y»=0. 

* 20 . 2x(x + 1) (x + 2)yi - 2(x + l)y + (x + 2)^y» =0. 


21. A pulley ABC having its centre at 0 is driven by a belt connect- 
ing it with a driving pulley. The belt first makes contact with ABC 
at A and leaves it at B. The tension T at any point on this arc of con- 
tact is givrai by the equation 


where $ is the angular distance of the point from A measured at 0, 
and /i is a constant depending u^n friction. If T,, Tj are the tensions 
at B and A respectively, and L BOA = 0, shew that 
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_ 2S. The genial equation for the growth of an electric current in a 
circuit having inductance and resistance only is 

I di . ^ 

l-^+rt=E, 


where I is the coefficient of self-inductance, r is the resistance, E the 
applied B.h.F., all of which quantities may be regarded as constants, 
whilst t is the current produced in time t. Shew that 


ir 


--E{l-e<). 


\ J 

If, when the current has reached a steady state, the applied b.m.f. 
is withdrawn, so that the above ec^uation becomes 

l.g^ + n=0. 


shew that the corresponding decay of the current is given by 

rt 

where is the value of i when <=0. 


23. Find the equation of the curve for which the gradient is given 
by the equation 

(x* - 3x 2}dy=y(2x - Z)dx. 

To determine the constant, it is known that the curve passes through 
the point (3, 1). 

*24. The displacement x, in time t, of a particle moving along a straight 
line is given by the equation 

it) + 

where a, v, y, are constants. If x=a, when <=0, shew that 


at = C03-* , - COS-l , , 

0 0 

where 6 = + a*. 

*26. A thick-walled uniform cylindrical pipe of external and internal 
radii, o, b respectively, is subjected to a constant internal pressure P 
lb. per sq. inch acting normally to the inside surface. If this produces 
a pressure p on a layer of material distant x from the axis, where 
a>x>b, the equation giving p in terms of x is 

dp , 2(p-c) _^ 
dx X ’ 


where c(6* - o*) = 6*P, assuming there to be no external pressure. Find 
the precise relation between p and x, and shew that it may be written 
in the form a* - 6® o® - x» 
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* 28 . The gradient of a curve which paeaes through the point ( - 1, 0) 
is defined by the equation 

dy y 5x 

dx X (2 + a;)(3-a:)~^‘ 

Find the complete equation of the curve, and from it find the value 
of y when x = 2. 

*27. The extension z of a long uniformly tapering tie-rod, fixed 
vertically at one end and carrying a load of w tons at the other, is given 
by the equation 

AE j- = w, 
ax 

where E is the modulus of elasticity and A the area of cross-section at 
a depth x feet from the fixed end. If the radii of the circular cross- 
sections at the fixed and loaded ends are a and h inches respectively, 
a being greater than h, shew that 

.4 =r TT I a — . Xj , 

where I is the length of the rod in feet. 

Hence, prove that 

rra^a - . r'jEz=wx, 

and calculate z when x=l=30, a =3, b=l, w=l3 and E=l‘3 x 10^ 

*28. A heavy uniform chain weighing w lb. per foot is lying on a 
rough vertical circle of radius r. The chain is just on the point of 
motion, and its tension T at any point wheie the slope of the circle is 0, 
is given by the equation 

dT 

fiT =tw(8in d-fi, cos 9), 

H being the constant of friction. If 7’=0 where 9~Trj2, find the com- 
plete expression for the tension, and from it, calculate T, when 0 = 0'757r, 
w=5, r=8'32 and p,=0-2. 

*29. A particle is moving on an ellipse ■whose major axis is 2a, and 
eccentricity e. The time which it takes to reach a point on the elhpse 
where its distance from the focus is r, is given by the equation 

dt r 

nio . , = — , 

where co is a constant. Change the variable r into <f> by the substitution 
t =a{l -e cos </>), and assuming that t=0 when r = o(l -e), obtain, by 
integration, Kepler’s equation 

atz=cj)—e sin 
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*80. Solve completely the equation 

- a;®) sin-’-a-, 

it being given that x and y are zero simultaneously. 

*81. Solve completely the equation 
dy 

+ y tan x + sin x cos* a; = 0, 
having given that »/=0 when a:=0. 


32. An important 
aeroplane is 


equation in the theory of the stability of an 

dv , 

cos a - kv. 


wtiere g, a, k are constants. Solve the equation completely having 
given that ii — 0 when <=0. 


33. Solve a:(.T-2)j^ 
y = 9. 


-2(x - \ )y - :i^{x -2)—0, given that x = 3 when 


34. The equation giving the current y in a conductor at any time t is 
of the form 

a +6y — c sm pt. 

Find the general value of y and determine the constant of integration 
if i/=0 when Z=0. (L.U.1 

a + by=ce- ( L.U. ) 


35. Solve 


*38. If V . ~ paj> when t=0, x=:0, d= 0, prove that 


e" ' ' — cosh {gtIV). 

A particle falls freely from rest in a slightly resisting medium in 
which the resistance varies as the square of the velocity. Shew that so 
long as the velocity of the particle is small compared with the terminal 
velocity, the distance fallen in any time is approximately x-x^j&h, 
where x is the distance through which it would have fallen freely in 
the time and h is the distance through which it would have to fall 
freely to acquire the terminal velocity. (L.U.) 


37. The equation giving the horizontal oscillation of a compass 
needle is of the form 


d^_ 
dti ~ 


- a sin 9 - i'w*. 


Find w in any position if it is zero when 0 = 7r/3. 


(L.U.) 
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m 

Solve the equation 

•M. Solve * (a:* + y*) ^ = 2y*. 

40. Solve sin a; . ^ -y cos a;=8in*x oos®x. 


(L.U.) 

(Br.U.) 

(Li.U.) 


185. Linear Differential Equations with Constant Coefficients of 
a Higher Order than the First. The general linear equation of the 
nth order, with constant coefficients, may be written in the form 


~j~~z 7 ^ — 7 4- do ■7 „ — A 4" 


+a^^X, 




where a-^, a^, a^, are constants, and A is a function of x. 

In this section only equations where X=0 will be considered. 


Ex. 6. Solve the equation 




where a and b are constants, and work out the solulions in suitable 
form in each of the following cases : (i) w^en a = 2-9 ond 6 = 2'1, 
(ii) when a =3*5 and 6 = 3'7, (iii) when a = b. 

Assume as a trial solution, 2 / = e“*, where a is some constant 
which remains to be determined. 

Substituting in the given equation 


a*e“® + 2a(ie“® + = 0, 


or, dividing out by e“®, which is not zero for finite values of x, 

a2 + 2oa + ?>® = 0. 


This is called the Auxiliary Equation, and is of the same degree 
as the order of the given differential equation. The order, there- 
fore, indicates the number of roots of the auxiliary equation, in 
this case, two. 

Solving the above auxiliary equation, and denoting its roots by 

Uj and Ui : 

ai= -a + Ja^ -b^, and 02 = - a -n/o®-6®. 

Hence two particular solutions of the given differential equation 
are and e®*® ; these are particular solutions because they 
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involve no arbitrary constants. Since, however, the given dif- 
ferential equation is of the second order, the complete solution 
must involve two arbitrary constants, so that the general solution 
may be written, 

y = 

or, putting in the values of Oi and a^, 

y = ^ •>') . e-“. 

This may assume several forms, according as a >• , = or < b, as 
the following will illustrate. 

(i) When a = 2-9 and b = 2-1 , -Ja^ - b® = 2 ; 

y = (Ae2x Be-2i)e-2-9*. 

But since = cosh 2a; + sinh 2a:, 

and e“9x _ 2a: - sinh 2x, 

by substituting these values and writing L iot A + B and M for 
A - B, the solution may also be written 

y =(l> cosh 2x + M sinh 2x)6-2'9x. 

(ii) When a = 3-5 and b = 3 7, 

‘Ja^-h^ = ‘J - 1-44 = 1-2n/ - 1 = l-2t, where ji = <y - 1 ; 
y = (Aei 2ix+Be-i-2‘*)e-9 ^x. 

But = cos 1 ^a: + f sin 1 •2x, 

and — cos 1 -ix - i sin 1 ■2x. 


Hence, by substitution, and writing L for A + B and M for 
i{A - B), the solution becomes 

y = {1‘ cos l-2r+M sin l"2x)e“9 

(iii) Finally, when a = b, the solution becomes 
y = (A + B)e-'^ or y = Ce-»*, 

where C = A + B. There is thus only one arbitrary constant, 
instead of two, and the solution is therefore incomplete. 

To determine the second part, let y = ze-'", where z is a function 
of X to be determined ; then 
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Substituting in the given equation, 


^=0 

dj?' 


Integrating 


• = E, an arbitrary constant, 


or dz = E . dx. 

Integrating again, z= Ex + F ; 

y^(Ei+F)e-« 

This is the general solution, because it contains two indepen- 
dent arbitrary constants. 

Summing up the results, the solution of the equation 

is (a) y = (Looshx-s/a*-b’ + Msinhx\^a®-b‘)e'“, when a>b, ■ (141) 

(b) y = (Lcosx\/b*-a* + Msinx'yb®-a^)e”“, when a<b, or 

(c) y = (Ex-(-F)e““, whena=:b. 

The conditions giving rise to these, three forms of the solution 
may be expressed as follows in terms of the roots of the auxiliary 
equation. 

If {(a)=0 he the auxiliary equation, the solution of the given 
differential equation is periodic when the roots of f(a) = 0 are unreal, 
and non-periodic when they are real. 

Ex. 7. If a -jj +2bd + u=0, and ^ — x = ku, find the 

differential equation connecting x, t and the conutants a, h, and k. 
Express the relation between a, b, and k so that if x denote a dis- 
placement and t the time, the motion nwy be just non-oscillatory. 
On this supposition shew that 

X = e~^^l"(xQ + bx^tja + P^f), 

where Xq and 6^ are the values of x and 6 when <— 0. (L.U.) 

Since ^ = differential equation 


Since 6 
becomes 


(Px dx X „ 

The auxiliary equation is thus 

ako? + 2hka + 1=0, 
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a = {-bk — ak}lak. 

solution to be just non-oscillatorv, i.e. non-periodic, 
hV-ak must be zero, i.e. 

b% = a. 

With this condition « = - hja, so that the roots are equal ; 
hence, by (141), the solution of the differential equation is 

x~e~'^l‘‘{Et + F). 

To determine the constants E and F, put x=^Xq and t=0, then 

F^x^. 

Also, by differentiation, 

. dx 

^ = fll - bt/a) - bF/a}. 

Putting d = BQ,t = Q, F = .^, 

E=0f, + bxja, 

so that the solution becomes finally, 

x = e->^l<‘{x^ + {6Q + bxJ(i)t}, 
which agrees witli that given. 


Ex. 8. Fiiul the complete sohitioii of the equation 
5g + 2H-5,-0. 

having given that ^'^ = 0 when y = l-4, and x^njQ when ?/ = 0-5. 


This equation is characterised by the absence of a function of x 
other than the differential coefficient. When this is the case the 
equation can be integrated directly, as the following solution 
will shew. 

Multiply throughout by 2 . then 


10 


(Fy dy 
dj? dx 


-*■2(2 +5y) 


dy 

dx 


= 0 . 


which, on integration, gives 
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The given conditions serve to determine the arbitrary constants ; 
thus, since ^ = 0 when j/ = 1 -4, 


Hence, by integration, 

X 


A=5-6 + 9-8 = 15-4; 

= 1-82- (0-4 + i/)2; 

% 

■s/r8*-(0-4 + 2/)2‘ 


dx 


= sin-^ + 5 = sin-^ ^ ^ 


Since x = - when y-\, R=0 ; 


or 


. . , 2 + 6w 

. . a:=sin“* — 

5y + 2 = 9 sin X. 


Exercises 18c. 

The constants of integration should be determined where the neces- 
sary conditions are given. 

Solve the following equations ; 

dx 

1. ^ -(-(j)*x=0, given that =0 and x=a when t=0. 

2. ^=o, given that and s—O, when t=0. 

_ . , dy 

8. 3 ^ -y = 2» given that when y = \, and z = 2 when y= - 1. 

du 

8. ^ -t-M = 3, given that ^=0 and f = l when u= -1. 

- „ a* . d# , 

8. 2 . given that ^=0 and f=0 when «=t7. 
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8. g-T|4l0,.0, 
given that ^=16 and y=0 when a;=0. 






♦14. -8(1+22) ^1 + 3(1 + 2 ®)* tan-*2=0, 

by putting 2 = tan y. 

Solve the following equations by changing x into t by the substitution 
x=e‘ ; 


16. 10**- 


13*^ + 12y=0. 


16. 2**l",+7*^ + 3y=0. 


*19. .3*»^ + 7* j^ + 5y=0. 


•18. 2**' 


.3*|+4y=0. 


80. If c ^~ = M, ■^ = ^* where w and c are constants, find 

the precise relation between *, y, c and having given that both 
M and y vanish at each of the points where *=0 and *=1 

*21. A uniform vertical strut OA, whose length is I, is loaded at its 
upper extremity A with a weight w, with the result that the strut is 
deflected from the vertical between its extremities. If A remains 
vertically above 0, and at a height x from 0, the deflection of the strut 
from OA is y, measured horizontally, then x and y are connected by the 
equation » 

J + cicy=0, 

where c is a constant depending upon the cross-section and the material 
of the strut. Solve the equation, having given that d is the maximum 

deflection, i.e. the value of y when ^=0- 

Assuming that the maximum deflection takes place at the middle of 
the strut, ^ew that 

cPic=7r*, 

nearly. 
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*22. If the upper end A of the strut in the previous. question be free 
to move laterally, whilst 0 remains fixed in both direction and position, 
and that under a load w, A moves to a position h horizontally from the 
vertical through 0, then x and y are connected by the equation 

g=c«,(A-y). 

Solve this equation completely, and shew that the solution may be 
expressed in the form 

y~2h sin* {^xjcw). 

Find also the value of w producing the maximum deflection. 

*23. In the case of a uniformly loaded beam supported at each end, 
it is found that, at a distance x from its middle point, the deflection y 
from the horizontal is given by 

cg==it«(x*-iP), 

where length, w = load per unit length of beam, and c is a constant 
depending upon its section and material. 

Find the actual relation between x and y. 

Assuming that y is a maximum when x=0, and that its value there 
is h, prove that 5l*w = ZSich. 

24. The vertical deflection y at a horizontal distance x from .4 of a 
loaded horizontal cantilever AB, having the end A fixed, is given by 
the general equation 

where c is a constant, I is the length from A to B, and a, n are constants 
depending upon the distribution of the load. 

Determine the precise relation between x and y in each of the following 
cases : 

(i) A load W is placed at B, in which case a = IT, « = 1. 

(ii) A load is distributed uniformly along AB, in which case 2a=w 
=load per unit length, and n.=2. 

25. The deflection of a loaded beam AB ol length I is y, measured 
vertically downwards from the horizontal line AB, at a distance x from 
A along AB. The general equation connecting x and y is then 

c = aa:(aa: - 6) + ;8, 

when the ends A, B are fixed, c is a constant depending upon the 
section and material of the beam, and a, f3, a, b are constants depending 
upon the distribution of the load. 

Assuming the greatest deflection to be at the middle point, except 
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in (iii), determine the precise relation between x and y in each of the 
following cases : 

(i) A load W is placed mid-way between A and B, in which case 

2a=W, fi=lWl, 0=0, 6 = 1. 

(ii) The load is uniformly distributed along AB, in which case 

2a=M=load per unit length, a = l,b = l. 

(iii) The load W is placed at G, where AC = s, s being greater than 

l-a 

in which case a=W, a = 0, (i—0, 6=— j— , and it is known that when 
x=a, then * 

dy _ Ws{l -8){l- 2s) 
dx 3cZ 

Determine the deflection at C. 

*28. The distance a passed through in time t by a body falling from 
rest under gravity in a medium of constant density, satisfies the 
equation 


dH 

dl^ 


+ 11^ 


G)‘ 


=c‘. 


where p and c are constants. Find, by integration, the equation 
connecting a and t. 

If V be the velocity of the body in time t, shew by means of the 
identity 

d^a dv _dv da ^ 

dp ' dt da' dt ^ ' da' 
that + log (c^ - =0. 

If p = 0-03 and c = 5-66, find how long it will take for the body to fall 
982 feet. 

27. Solve the equation = with the conditions (i) — ^ when 

* = 0, (ii) = 0 when x=0, (iii) ^^=0 when x = l, and (iv) 2/=0 when 
^ — l (B.U.) 

28. Shew that the solution of 

ff-2a.^ + (a* + 62)2/ = 0. 

dx^ ax 

where a and 6 are constants, is given by 

y =Ae'" cos bx + B^ sin bx, 
where A and B are arbitrary constants. 

29. Shew that the solution of 


(M.U.) 




given that r = 23 and ^^ = 0, when 61=0, is = 
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80. A ouiT^e passing through the point (0, 1‘6), is given by the 
differential equation 

2.g.3-2s, 

Its gradient is zero when y=4, find the equation of the curve, and 
find the value of x when J/—2-75. 

*81. A body oscillating in a medium of constant density has its 
motion retarded during each swing, and the displacement x in time t 
satisfies the equation 

dh; a,dx , - 

+ 2/ ji + »®a:=0. 


provided /<w, / and n being constants. 


dx 


Having given that ^=0 ^i^d 

x=a when t=0, find the exact equation connecting x and t, and shew 
that it may be written in the form 

= anc”^ sin (fji + t), 
where /i*=n* -/* and tan t = fj.//. 

*82. If the constants / and n in the equation 
d*x ntdx , . 

are such that / > n, what form does the solution take ? Is the motion 
oscillatory in this case ? 

Examine also the case in which /=n. 

88. Obtain the general solution of the differential equation 
d*x ,dx . 

distinguishing between the cases when the roots of the auxiliary quad- 
ratic are (1) real and unequal, (2) imaginary, (3) equal. 

A condenser of capacity C is discharged through a circuit of resistance 
R and inductance L. Prove that the charge Q at any time t is given by 

hence shew that if is sufficiently small, the discharge is oscUlatory, 
and determine the period of osciUation. Calculate the frequency if the 
capacity is 0-02 microfarad, the inductance 0-0003 henry and the 
resistance negligible. (L.U.) 

136. Solution of the Linear Differential Equation with Constant 


Coefficients by Operators. 


Let D denote the operator so that 
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SOLUTION BY OPERATORS 
and so on ; and let/(Z)) denote the operator 
JO" + ffl , + . . . + 

where a,, a^, a^, ... are constants, then the linear equation of 
the wth order may be briefly written 

my-x, 

where A is a function of r. 

Let M be a particular solution of this equation, so that 

f(D)u = X ; 

then, if the complete solution be y = u + v, by substitution, 
f(D)u+f(D)v = X-, 

hence /(D)?) =0. 

V may therefore be found by the method illustrated in Ex. 1 
of § 135 (page 440). 

The solution of the equation 


f{D)y=X 

therefore consists of two parts : 

(i) The complete solution v, of /(D)?/=0, containing ii arbitrary 
constants, and called the complementary function (c.f.) 

(ii) A particular solution u, oi f{D)y = X, which, since it con- 
tains no arbitrary constants, is called the Particular Integral (P i.). 


Since 


f{D)u = X, 


X 

"WY 


and the evaluation of u may be effected by the following important 


results of operation : 
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if, after applying these results, an operation remains, this 

may readily be evaluated when F(D) is capable of valid expan- 
sion ; thus, assuming this to be the case, 

— . X= {P(D)}-iX= (1 + c,D + c,D» + ...). X (1426) 


Ex. 9. Fi^id u when (D^ - 3D + 4) m = e*®. 

2 />3a; 


Here u = 


D^-5D + i 


. e 


3a! _ 


32 


-373 + 4 = *®®* 


Ex. 10. Find y when (D^ - 3D + Sjy = ar^e^®. 
Here, applying (142c), 


1 


(D + 2)2-3(D + 2) + 3 

. a:3 = p2*(i+£) + 2)2)-ijr‘ 




D^ + D + l 

= e2®{l-(D + D2) + (D + D2)2-{D + DY + ...}a:®, by (142e), 
= €2®(l-D + D3-D* + ...)a? 

= e2x(x3-3x* + 6). 

Note that in this case there is no need to expand the operator 
beyond D®, since D*(a:®)=0. 

Ex. 11. Perform the ojoeration 

1 ■ o 

sin lx. 


D* + IP + IP- D-2 
By (142(i), the result of the operation is 

1 . „ 1 


(_4)2 + D»-4-D-2 
1 


sin 2x = 


sin 2x= 


10 + D(Z)®-1) 
1 


sin 2x 


sin 2x. 


lU + D(-4-l) 5(2-D) 

To render the denominator a function of D®, multiply numerator 
and denominator by 2 + D, then the operation becomes 

2 + 2 ) 2 + 2 ) 

5 (4 -7£^ = 5 (4" + A ) = A (2 + D) sin 2x 

= ^(sin 2x + cos 2x). 
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Ex. 12, Evaluate the integral 

I — cos 3x . dx 

by operators. 

By integrating by parts, we obtain the standard result 
1 “ 3x . dx= cos 3a; + 3 sin 3a:). 

By operators, we have 

/ = i . e** cos 3a:, by («), =e^® 7)^ ’ 

= Sx = e*^ . CO 0 3x, by {142d), 

= .j’g . e^*(4 - D) cos 3x 
= g'g • e^*(4 C03 3x + 3 sin 3x), as before. 

137. Solution of Equations by Operators. The particular 
integral of the equation f{D)y = X may readily be determined in 
many cases by the application of (142), as the following examples 
will shew. 


Ex. 13. Solve the equation 

2f^-5^^ + 3« = 17e»sm 2x. 
dx ' 

By (141), the complementary function is Ae^’^^ + BfF. 
Writing the equation in the form 

(2i)^ -5i> + 3),y = 17e* sin 2a;, 

the particular integral is 


17 

y~2D^-bD + ~3 

17 


. e* sin 2a; = e® . 


17 


2{JJ + lf-5(D + l) + 3 


. sin 2a: 


= e* 


2D^-D 


. sin2a;= . sin 2a;= -eJ^ -3 ■ sin 2a: 


8 + /> 


64 - 7)2 


68 


. sin 2a- = - jc®(8 sin 2a; - 2 cos 2a:) 


|e®(cos 2x-4 sin 2a:). 
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Hence, the complete solution is 

2y = + e*(F + cos 2x - 4 sin 2x), 

writing 2 A = E and 2B = F. 

Ex. 14. iSoZw the equaiion 
hy putting 1 = 6^. 

Since t = e», ^ = = t and J . ^ = e-*^5 = e-'Z>i/ ; 


(It dx (It 


dx 






Similarly, 


■■ ''§-0(0-1)!,. 
,».§-B(Zl-l)(B-2)!,. 


Substituting in the given equation, 

{I)(I» - 1) (H - 2) + 2I)(H - 1 ) - 9Z) + 9} (/ = 24c^x2, 
or (D-\)(D-2,)(D + Z)y=^2ie^x^. 

Hence, the c.f. is A'e*4-Be®*+Ce-®*, 

and the p.i. is given by 

^ ^ (Z) - 1) CD - 3) (D + 3) • • Z?(D - 2)1 D + 4) 


= - e® / ' 






{D'2-D 4 + . 

= -e*{3D-i + (l-iD)-i-i(l + iD)-lj2 
= - e*{3Z>-i + 1 -e .ID + iD2 + ... - i -)- Cfl D - D2 - 
= - e“{3D-i + 1 + J ; D" -1- . . .}x* 

= -e^{x^ + lx^ + ^x + ^^). 

Hence the complete solution of the equation is 

y = e*(A - x3 - ;x2 - "x + Be** + Ce-^*), 
where A is written tor A' - if;. 


.}x^ 
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Ex. 15. Fiitd the particular integrals of (o) (D — 3)_y — e®®, 
(6) ( Zl® + 4) ^ = 2 sin 2x. Hence solve (b) completely ■ 

(a) Applying (1426), 

_ e®® _ e®* _e®®_ 

^~Zr-“3“3-3“'0 

This difficulty may be overcome by considering unity as a 
function multiplying e®* ; then applying {142c), 

^ ^ = e® 


i/ = e®® 


Z) + 3-3 ® D 

(61 Applying (46fi) to this equation, 

2 ■ o 

w = — — ; . Sin 2x = CO . 

-4 + 4 

This difficulty may be overcome by writing the exponential 
expression for sin 235 and proceeding as in (a) : thus, 

y = 1)2 + 4 • ! 

1 by ( 142 c), 

= T'(I) + 2i)® + 4 2 (Z>-2i)® + 4’''^^ 

(.2(1 1 e”2u 1 

"" i ■Zl® + 4 Ti>'' D^-itD 


a 3 x 


f2ix 

1 / 

1 ^ 

r’ 

-2,1 1 / 

4 

si 

'n-h 

) - 

4 ■ D\ 

4 

/' 

1 

4( 

D 

Ki'^' 

] c-2 

/' 4 

e-'® 

fr- 


f-2ix. 

+ + 1^ 

4 

V 

■u) 

i \ 

4 J 


1 


D. 

4U 


. + ■ 


lo'^'-/ 


1 


(fiix _ g-2i>) 


• = -lx(e 2 '■® + c- 2'0 + J-g,(c- 

= _ X cos 2x + i sin 2x. 

It is readily seen that the complementary function of the 

equation is „ « „ 

A' sin 2x + B cos 2x ; 

hence, writing A for A’ + \, the complete solution is 
= A sin 2x + (B - .\x) cos 2x. 
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Establish by means of the operator the following results : 
f . 6*** 

1. je"" sin hx . (a sin bz-h cos bz). 

2, j* cosh X . dz =z einh z - cosh z. 

8 . -2Ax^ + \2z 

4 . 9|z* log 3 . dz = 2 * (3 log z - 1 ), by putting z = s’. 

Find the particular integrals of the following ecpiations : 

5. (-D® -6i)* + IID -6)y = 2 sinh 5x. 
e. (6i)s-5i» + l)j/ = 3x* + 2r + l. 

I-®* — 3Z)* + 611 — 46)y =26 cos 5x. 8. (11° — 6D + 4)y = e** sin x 

9. (il°-l)y=2xcoshx. 10. (11° -511 + 6)y=e“. 

11 , (D°-4i} + 4)y = 2e“ * 18 . (H’ +711* +6)y = 6 cos x. 

Solve completely each of the following equations : 

18 . (ll*-711 + 12)y = 3x*e^ * 14 . (11* + 1211 + ll)i/ = 2 sin 2x. 

* 16 , (ll* + Zl + 5)j/ = 17 8in5x. * 16 . (D* -511 -6)y = 3x + 5 sin x. 

17 , (ll*+411 + 6)y = 5e-^. 18 . (1>» -H* - 1211)y = 5e'" 

19 . (ll* + 411 + 4)y = oe-=^. *80. (H* -411 + 4)y = 2 sin 3x. 

21 , (ll* + 211-3)y = 3x*+4x. 22 . ll(ll* + 61> + 13)y = .T* + o»e**. 

* 28 . (ll» + 611-72)y = 3e^ + 4 8m*x. 24 . (Zl* + 2Zl + l)3/ = 2e'' + 5x». 

* 26 . (ll®-ll*-611)2/=x*-4-a*8mx. * 26 . (H* + 1)3/ = 4 sin x. 

27 . (ll* + 611-7)i/ = e-' + 4x*. * 28 , (ll*-2mll+m*)y=xV'''', 

* 29 . (ll*-311 + 2)y = (ax + 6)e-‘+ce~^. 

80, (ll»-211+4)y=x + e-^. * 31 . (Zl< + 311*-4)y = 4cosx + 3c^. 

82. (ll*-16)y = 6x + 7 ; determine also the arbitrary constants when 
y> Dy, and Jy^y vanish simultaneously. 

33. (411® + 1611 + 15)t/=4€~®*; determine also the arbitrary con- 
stants when y =3, and Dy— — 6‘5 for the zero value of x. 

34. (H - 4)*y = X cosh 2x. 
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Solve completely each of the following equations by changing z into x 
by means of the substitution z~e \ 


+ 36. z«g-3z|H.13y==9zMogz. 

% ~ (2 log z). 


•88.z3g.4z^2-2z|-4y.- + - 
*89. ** J^3z^g + 6z|-6y = 2(logz^ 

^ ^ ^ + ^2/ = 24z log z + 5z\ 


41. The vertical deflection ?/ at a distance x along a horizontal strut 
subjected to a constant thnist at each end, is given by the equation 

where I is the length, w the transverse load per unit length, c and P are 
constants. , 

Solve the equation completely having given that t^ = 0 for a- = 0, and 
y—OioTX = ^t. 

42. If the strut in Ex. 41 were a tie-rod, the same equation 
applies, provided the sign of P is reversed. Solve the equation in this 
case. 


43. An important equation in the theory of strains set up in rotating 
discs and cylinders is 


dy 


,d^y 


dz^"” dz 

where c is a constant. 

Solve the equation completely. 

*44. A body is vibrating at the end of a vertical spring, and the 
point of support of the spring is also made to vibrate. If the frictional 
reeistance of the medium be neglected, the equation of motion is 

+n‘x—n^a sin cot, 
dr 

where a, n, w are constants. Solve the equation completely. 


*48. If, in Ex. 44, the frictional resistance of the medium is considered, 
the equation of motion becomes 

^ dir n 9 ' 4 

-i-b + 2f-r7 + n^x=n^a sin o>L 
dt^ at 

Solve this equation when n >/. 
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*48. Obtain the solution to the equation of Ex. 45, when »</, and 
interpret it. 

*47. The equation of motion of the body hung on a vertical spring 
whose point of support is executing a damped vibration is 

^ + 2/^ + (/® + »*)a; = e-‘" sin 

where n, f, w are constants. Solve the equation completely, having 
dx 

given that both x and ^ are zero when t = 0. 
at 

48. Solve the diffei'ential equation 

dry . du 

A spring is loaded with 32 lb. weight, its point of support has a 
motion given by sin lat feet, the resistance to the motion is measured 
by 10 times the speed in feet per second. If the spring extends l/60th 
foot per lb. load and its mass may be neglected, give, when the oscilla- 
tions have become steady, and (i)* = 50, the amplitude of the oscillations. 

(L.U.) 

49, The motion of a weight at the lower end of a spring is given by 

^2 -1-6 25y = sin 21, the other end of the spring having a simple 

harmonic motion. Solve this equation, and point out the part of it 
which gives the steady motion when t is large. (L.U.) 

60. Solve 2a = (L.U.) 


138. Simultaneous Linear Differential Equations. In many 
practical problems differential equations occur involving several 
dependent variables. In such ca.ses there are as many equations 
as there are dependent variables, and the methods of solution 
are illustrated in the following examples. 


Ex. 16. Solce the simultaneous equations 


+kx + ly = E cos pt, 


-ky — lx = F cos pt. 


where E, F, p, k and I are constants. (L.U., Sc.) 

The given equations are of great practical importance, especially 
in Electricity. 

Write them in the form 


{D + k)x + ly=E cos pt, 
-lx + {D - k)y = F cos pt. 
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Eliminate x, then 

(D^-k^ + P) u^{(l) + k)F + IE} cos pt 

= - jjF sin pt + (JcF + IE) cos pt. 

Now tlie c.F. is clearly 

A'ef‘' + =A cosh ht+B sink ht, 


where 


h=-Jk^ — P, assuming that k > 1. 

Aiul the 7* , = + ‘'OS 

AndthttJ. 1)~-JP+P 


_pF sin pt - (kF + IE) cos pt 

~ y + k^^P^^ 

Hence the cotiiplete integral for y is 

y = A cosh bt + B sinh bt + {pF sin pt — (kF + IE) cos pt}/(p“ + b^), 
where }F = k? - P. 

Similarly, by eliminating y. tin* complete integral for x becomes 

X = L cosh bt + M sinh bt + (pE sin pt 4- (kE + IF) cos pt}/(p^ + b“). 

If A and B be arbitrary constants, then L and M will not be 
independent constants : for by substituting the values of x and y 
in the second differential equation, the relations 

lL--hB-kA, 1M^bA-kB, 

must be satisl'ied. 

The sann' relations must hold for tJie first differential equation 
to be satisfied by tlie values of x and y. 

It is left as an exercise for the student to work out the case 
when k < /. 


Ex. 17. Solre the equations 


dx 

dt 


■y-z = (^f, 


di) 

(it 


+ 2x + iy -z = e-*^, 


dz 

dt 


-2x-z = t. 


Here the number of de])endent variables is greater than 2, and 
in such cases it is better to employ the following method rather 
than that of elimination. 



468 HIGHER MATHEMATICS [oh. xrm: 


Maltiply the second equation by a and the third by fi, and add 
all the equations together, then 

^ (x + ay + ^z) +2(a -^)x + (4a - 1)^ -(1 +a + P)z = c^ +ae~*^+^t. 

Denote the function x + ay+^zhy w, and suppose a, 13, X to be 
three constants so chosen that 

Aw = 2(a-/3)x + (4a-l)y-(l + a+^)z, 


then 


du) 

di 


+ X(o = e®* + ae~** + f3t. 


Hence, by integration, 

cue^* = + /8<) . dt + A 

g(X+3)f Qg(\-4)« 


It therefore remains to determine a, ^ and X. 

Since Xo) js to be identically equal to 

2 (a -/?) X + (4a - 1)2/ - (1 + a + j8)?, 
by equating corresponding coefficients of x, y, z, 

2a-2f3-k = 0, 

(4-X)a -1=0, 

a^(i+X)^ + l=0. 

Eliminate a and )3 from these equations, and 
2 -2 -Xi=0, 

4 - X 0 - 1 I 

1 1+X 1 

i.e. A3-3A2-4A + 12 = 0, 

or (A+2)(X-2){A-3)=0 ; 

A = 2, -2, or 3, 

and the corresponding values of a, {3 become a = ?,, 1 and 

Hence the three integrals are 

* + 5(y - z) = - 4e-« - ^ (2t - 1) + Aie-2‘, 

X + 4(y + 7x) = e3t _ ^ (2t + 1) + A.e^*, 

X + y - = ^e3t - e-« - - 1) + Aje" 

These equations may now be solved to give x, y, z if necessary. 
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Exekcises ISe. 

Solve each of the'followmg systemu of simullancouis eijuations : 

1. %-x + Voy, |-4(:r + 2v). 


J| + 7x-y==0, f + 2x + 5y=0. 

(li-U.) 

J=ax + by, = 

(Br.U.) 


(B.U.) 


4 . 


5. + 4* + 6 m = 7 cos 2<, - 4y - 5.r = 8 cos 21, 

dt 

6. J-4a: + 6y + 2j, J=3(x + y), '|+ 16a:+24y+ 5^ = 0. 

7. %=hy-cz. 


9r^.-r2.-y+z=t, j^.4.f-3y-f2z=0, f^; + 4.T + 2y + 3.=e^ 


da; 


+ 10a:-2y+9s-(t, ^^+4a-+4jf4-6s=0, 


9 . ^^+ivix-iy-r 


10 . 


dx 

~di 


j 4 - 14a: + 22y + 252 = 0 . 
at 

+ 4a:+3,v + 2 s -=2 sin 2t, 'j^+4a:+8y+4a=0, 

'^’+ 22x+ %+ 82 = 14 COB 2i. 
dt 


11. 5 $+ 35 + 4 ,= 0 , 4 J 45 |. 2 . = 0 . 


Apply the method of Kx. 17 (p. 4 . 67 ) to solve : 

• 18 . S"’'-**' 

• 13 . = 

• 14 , Solve, by the method of Ex. 16 (p. 4 . 66 ), 

d*x dy „ . d’‘y + ds p 0. 
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15. Solve ^+v = 8ina:, ^4-m— coaa;, given that when x=0, u — \ 
dx dx “ 

and t)=0. Hence shew that w* -r“=co8* x+2 sin X(. sinh x. 


*16. The following equations occur in problems on small oscillations ; 

d^x d^x d*y ^ 

a^^i + hx-^cy=0, V ^it + rx+ sy=(), 

a, h, c, p, q, r, s, being constants. By assuming that y=mx, where m is 
constant, shew that r/i is given by the quadratic 

cqm?+ (cp+ bq - as)m+ hp - ar =0. 

Hence solve the equations for the case in which o = l,i) = 5, c = 2,p = 3, 

(iv 

q= 1, r = 27, s==9, it being given that a: = 3 and ^ = 11 when t=0. 

*17. ^ “ ’^2:, ~ = 202 - 28a:, = 8a; - by, shew that 

4a:2+9y2+362* and 5x+18y+632 


-are constant. 
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Angle of contingence, 26G, 

Area of curve, ;J44, 34!*, 36(!. 
spherical triangle, 62, 418. 
triangle, 106. 

Argand diagram, 45. 

Asymptotes, 256, 280. 

Bernoulli’s nuniber.s, 140. 

Binomial theorem, 1. 

Catenary, common, 203. 

Centroids, 375, 405. 

Change of axes, 211, 328. 

of variables in multiple inlegra- 
tion, 410. 

Circle, 221, 222. 
normal to, 242. 
tangent to, 242. 

Comple.x numbers, 42. 

Concavity, 00. 

Cone, sections of a right circular, 
206, 320. 

Conic as locus, 207. 
central, 218, 220. 
centre of, 210, 21 /. 
general equation of, 208. 
general properties of, 278. 

Convergence, 5. 
ratio test for, 6. 
uniform, 146. 

Convexity, 00. 

Coordinates, Cartesian, 106, 302. 
cylindrical, 302. 
polar, 196, 302. 

Cosines, direction, 304, 306. 

Cube roots of unity, 160. 

Curvature, 266. 277. 
at origin, 273. 
centre of, 268. 


Cycloid, 228. 

general equation of, 230. 

Cylinders, 323. 

I D’Alembert, 6. 

De Moivre’a theorem, 40. 

Determinant, functional, 87. 

Determinants, 17. 
multiplication of, 33. 
properties of, 22. 

Diameters, conjugate, 226. 

Differential equations, 429. 
formation of, 420. 
linear, of first order, 432. 
linear, with constant coetficients, 
440, 448. 

simultaneous linear, 456. 
solution of by operators, 451. 

Differentiation, 73. 

function of function, products 
and quotients of functions, 76. 
jiartial, 82. 

I total, 73, 85. 

Directrix, 207. 

I Distance between two places on the 

j earth, 67. 

' e, 39. 

Eccentric angle, 225. 

Eccentricity, 207. 

1 Elimination, 27. 

’ Ellipse, 207, 209, 221, 222. 

j normal to, 242. 

properties of, 223, 285. 
tangent to, 241. 

Elli])soid, 323. 
circular sections of, 332- 
intersection of plane and, 413 
momental, 393. 
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lEDipaoids of inertia, 392. 

Sneigy, kinetic, 387. 

Epicycloid, 229. 

Equation, auxiliary, 440. 
forma of linear, 200. 
general, of second degree, 204, 
208, 218. 

polar, of conic, 208. 

Equations, approximate location of 
roots, 166. 

approximate solution of, 164 
common types, 180. 
cubic, 169. 
differential, 429. 

general solution of trigonometri- 
cal. 37. 

graphical solution of, 168. 
independence test for system of, 
88 . 

quartic, 163, 170. 
solution by determinants, 17. 
theory of algebraic, 238. 
transcendental, 156, 172. 
types other than linear, 1 85. 
Errors, small, 189. 

Euler’s theorems, 84. 

Evolutee, 269. 

Expansion, approximate, 4. 
Bertrand’s, 168. 
by difierentiation, 145. 
by differential equations, 148. 
by integration, 147. 
by Maclaurin’s theorem, 144. 
by Taylor’s theorem, 142, 
in power series, 142. 
of determinants, 17, 24. 
of periodic functions, 420. 
of polynomials, 166. 

Whittaker’s, 178. 

Exponential and series values of 
sine and cosme, 47. 

Focus, 207. 

Formulae, trigonometrical, 36. 
Fourier series, 422. 

validity of, 426. 

Fractions, partial, 7, 111. 

Function, complementary, 44. 
Functions, empirioal, 179. 

Gamma, 134, 139. 
hyperboho, 49. 
homogeneous, 84. 
integral, 182. 


Geometry, three-dimensional, 302. 

two-dimensional, 196. 

Glisettes, 228. 

Gradient, 73. 

Graefie’s method of locating roots, 
166. 


Harmonic analysis, 420. 

Homer, G. W., 156, 164. 

Hyperbola, 207, 210, 221, 222. 
normal to, 242. 
properties of, 288. 
rectangular, 258, 260. 
tangent to, 242. 

Hyperboloid, 323. 

Hypooycloid, 229. 
four-cusped, 231. 

Inflexion, points of, 94, 99. 

Integral, particular, 449. 

Integrals, definite, 107. 
standard, 105, 113, 117, 121, 122, 
127, 134, 137. 

Integrating factor, 435. 

Integration, 105. 

by partial fractions, 111. 
by parts, 126. 
double, 401. 
graphical, 366. 
miscellaneous, 134. 
of quadratic function, general, 122. 
irrational. 119. 
rational, 115. 
triple, 409. 

Intersection of curves, 2.52. 
of plane and ellipsoid, 413. 
of plane and paraboloid, 416. 
of plane and quadric, 326. 
of three planes, 314. 

Involutes, 269. 

Jacobian, 87, 411. 

Lagrange's identity, 307. 

l>atus rectum, 213. 

Laws, determination of, 179. 

Length of arc, 344, 349. 

Maclaurin’s theorem, 144. 

Maxima and minima, 94. 

Modulus of complex number, 43. 

Moments of inertia, 387, 405. 
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Napier’s analogies, 66. | 

Normal to any curve, 250. 
to quadric surface, 3.36. 

Normals to conics, 240, 242, 249. 

Operators, differential, 448. 

Pappus, theorems of, 380. 

Parabola, 207. 209. 213, 216, 

219. 

normal to, 241. 
of suspension bridges, 214. 
properties of, 281. 
serai-cubical, 271. 
tangent to, 241. 

Paratoloid, 323. 

intersection of plane and, 410. 

Parameter, 241. 

Partial derivative, 82. 

Path of particle projected under 
• gravity, 216. 

Plane, the, 311, 323. 

Polar equation of asymptotes, 280. 
of chord, 279. 
of conic, 208. 
of straight line, 278. 
of tangent, 279. 
formulae, 275. 

Polyhedra, 318. 

Pressure, centres of, 407. 

Principal axes, 393. 

moments of inertia, 393. 

Products of inertia, 392. 

Progression, arithmetical, 11. 
geometrical, II. 

Quadric surfaces, 323. 
circular sections of, 331. 

Quartic equations, 163, 170. 


Radius of gyration, 388. 

Rectification, 344. 

Roulettes, 228. 

Routh’s rule, 400. 

Runge, C. 424. 

SarruB, rule of, 20. 

Series, exponential, 38. 
for circular functions, 49. 

Fourier, 422. 
summation of, 10, 51. 

Simpson’s rule, 368. 

Spherical excess, 24. 

Spherical triangles, 59. 

Spheroid, 361. 

Straight lines, 198, 204, 205, 218, 
220, 278, 304. 

Subtangents and subnormals, 263, 
275, 276. 

Surface areas, 367, 404. 

Suspension bridge, 214. 

Tangent planes, 333. 

to any curve, 260. 

Tangents to conics, 240, 244, 249. 
Taylor’s theorem, 142. 

Tetrahednm, volume of, 318. 
Theorem of paraDel axes, 391. 

perpendicular axes, 390. 
Trapezoidal rule, 367. 
Trigonometrical formulae, 36. 
Trigonometry, spherical, 59. 

Volume, approximate, 370. 
by double integration, 401. 
of regular solids, 358. 
of right pyramid, 360. 
of solids of revolution, 367. 
of tetrahedron, 318. 




ANSWEES TO THE EXERCISES 


Exercises 1. (Page 13.) 

1. 19. 17. 13. II. 3‘". 2*'*. 2. l + 16j:H-116j:-^+r)04a:3+1463a:‘+ ... . 

3. 2472. 4. 12. 

6. ai = lp, «,_(4f/-/)=)/8, a3=p(;)'-4g)/16, 

0,= -(16<?^ + 24/)-(7 -.l/P) 128. 

6. 0-99890717. 

10. 15(14-9964ti ; error loss than O-OOOOOl. 

13. a=f>^-4, -2. 14. 1V2--0-7071. 

16. Fifth term — -5 0144 ; cube root -0-8.55. 

17. Xi-aj5X* - 2a^2.j.V‘• +6<125.Y“ - ... . 

18. (1-.t' 3) 24:r32. 19. (8/9)'-^= 1-51. 

24. x+x^ + lx^ + l3xi + (3"'^ -( 2)''+--5}/30. 

26. 2/(1 -2x) ( («-])'(r-= tl); ‘-i + 'fr ' l 1.5a:'> + 3;)r* . . 

27. 8/(4j--3)-(0.r + l)/(3j-=+2); - 19/6 - .59x/9 - 431x-/108 - . .. 

28. {(4.r - 3) (1 4 - 2x)- +3/(1 3x);/25 ; x - +9r^ - ... . 

29. {(X - I4)/{4 - xy - (x - r>)/(4 -r x^)}/20 ; - 2469 x 2'-^ 

32. n{n fl)(2n +l)/0 ; 4740 

33 n(a + l)(2n +1)(3«-+ 3 h - 1) 30. 34. 11.(11 h l)(?i -t-2)(3)i +5)/12. 

36. «(a + l)(«+2)(»+3)^4. 37. «/(2,i + 1 ). 89. /(.?« + 2). 

40. 1, (1 -x)-=(l +x). 


Exercises 2. (Page 31.) 


1. - 123. 2. 4 3. 0. 4. .5040. 

7. -972. 8. 12. 9. 234. 10. 8100. 

13 ’. .-e = 22/13. i/= 1.57/117, c = 203/117. 


5. -204. 6. -195. 

11 . 0 . 12 . 0 . 


14. X = 865/203, )/-= 79/203, J 

16. /r= - 12, ?/" 9, z = - 2. 

17. X -1, i/-3, c=.5. 

19. x-2, y- -2, tv=r> 

22. x=^0. 2 or -2. 23. 

25. X ~ - 2 or - 3. 26. 


= -311/203. 

18. r 22/41, ?/-l S/41, 2 = 1/41. 
18. x=4, i/ = 5, 2 = 2. 

20. x = l, y = 3, c= -2, !e=7. 
x = 0or!). 24. x = 5/2. 

x = 2al>c/(a* +b^+c-- 2ab - 2bc - 2ra). 
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im 

27, or 


88 . *=c+o±(6+d), or ±\/a*+6*+e*+(f*-2ca-25 

3. 

20 . (c+o)» = 6*. 

80 . 1 1 

-2 = < 


2 -1 

1 

82 . (a* +5* +e» +<£*)». 

a b 

c 

85 . j Oi*+Oj* Oifij+ajftj!. 

86. 181 182 

= 361. 

cqfej+Mjftg 6 j*+ 63 * I 

182 185 


87 , [47 46 =22. 

88 . 1 7 2 

8 =78. 

I 69 68 

1 9 4 

9 


i 10 12 

11 

89 . 2| 93 -18 70 =676. 

40 . 1 1+3/ 

.5 + 7 / . 

-9 29 23 

1 -5 + 7/ 

1 -3/ 

1 35 23 59 

42 . (o* +/,*+£* 

' - 3aftc)*. 

44 . 4(x +p +s)(a +5 +c)(a* +ft* +f* 

-ah - be - cay. 

0. 

48 . \ = sin X cos x. 

49 . -2. 



50. a=0, or 2, a: = 0 or 2, .v=0 or 10. 


Exercises 8. (Page 5.3.) 


2. A =5, a = 53® 8' = 0 9274 radian. 8. «=5-6. 

10 . sin* J3 = o(a -c)/{6(a +ft -2c)}. 13. </=^mr or ^(6n±l)7r. 

14. 0 =nir + 1-1071, ns- + 2'0345, )[(6» + l)ir, or ^ {6n -r 5)Tr. 

16. « = ]{4n±l)>r, or J(jr +0-7470). 18. e^lnir, or {2w -( ( - l)-}7r/l0. 

17. 9 = |»ir, 2(jnr±0-6690), or J^(6n±l)ir. 18. x — 3. 

81. If CO be produced to meet the circle again in C', this point represents 
the second value. 

22. l+v^+f^/3i, ,^+s'3 + (5v' 3-2)*. 5-3/, | -^'3 - (.] s'3 4 2)/, 

T ~<s/3 — y^/3 . /. 

28. (i) 2 (p*-7*)/(P*+9*)*; 

(ii) (tan x sech* y + % tanh y sec* a:)/(l + tan* x tanh* y). 

24. 6-403 (cos 38° 40' +t sin 38“ 40') ; Sq. rt. = ±(2-388 +0-8377i). 

86. 3 060 (cos 140® 10' +i sin 140° 10'); Cube roots =0-99.54 + 1 067i, 

- 1-413 +0-3335/, and 0-4176 - 1-391/. 

26. i log (a* + 6*) + / tan-* h[a. 

27. (i) r = 113, 0=-7°38', Product =- 112 - 15i. 

(ii) r = 2641, //-= -122"43', „ =-1792-1940/. 

„ e=- 12° 43', „ = 2576 -581-5/. 

„ ^= 107° 17', „ =-784-7 + 2522/. 


28. /’-ilog^,— <?=tan-* 2?-,. 

* »x> + 2aa:+a» + i/> ^ a:*+i/*-o* 


80. *=(«* + »*--»)/( t;® + a* -2a + 1), y= -i'/(w* +a* -2 m + 1). 
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SB. cosh 1 cos 1 + i sinh 1 sin 1 , \Vo8*l +sinh*l (cos 9 + i sin ff), where 
S=tan“'(tanh 1 tan 1). 

a=’Jlj(coB^p + Bmh'^p), 6=tan“^(oot p/tanh p). 

84. (a^ +6*)i''c-!7'B‘n~'<’/'»(coa ip + i sin p), where 0=i? log (o“ +6®) +p tan"^-- 

1 O 

Expression will be real when p tan ^ = - 4<? log (a^ + h^)- 

88. 0-.52110, M276.3. 40. 0-4055. 

42. 2tanha:/(l+tanh“a:), .4 =i(5+7i), JS = i(5-7i). 48. i: = 2-23. 

44. a;=0-4055 or 0-22;«. 46. /;^l-8.5. 46. a; = 0-1. 47. a; = -2 0795. 

48. x= 0-47 or -0-47. 49. 0-9163. 50. x= 0-6931. 61. x=0-5101. 

52. (1 : i{(l - ^ +{1 -arri«)-i}. 


EO-f 1» — 1 \ I . -IT 

58. Bin a+j:. .7r /sin„ . 

1 2 I / 2 h 

54. {>i sin X cos x +cos {n +2)x . sin nx}/(2 sin x). 56. e. 

56. sinx + icosx. 57. sin {a + 4('n - 1)^} sin in-jS/sin i/3. 

58. i. 61. Ja cosec'^ where a is the side. 


62 . i h)g (1 - 2x cos a + x^). 


68 . 2rcot[-. 


Exercises 4. (Page 68.) 


1. 

A 

-^52° 

46' 

B-- 

= 60“ 

1'; 

c 

-64° 


2. 

a 

= 57° 

46' 

b = 

= 39° 

9' , 

c 

= 6.5° 

34'. 

4. 

A 

= 44° 

58' 

b = 

=61° 

46', 

C 

= 64° 

42'. 

5. 

A 

= 74“ 

.50' 

B- 

-.53° 

32' 

c 

= 78° 

26'. 

6. 

a 

= 67“ 

.58' 

b 

-78° 

12' 

c 

= 66° 

45'. 

7. 

A 

= 52° 

29' 

B = 

= 71“ 

22' 

b 

= 66° 

15'. 

8. 

a 

= 36° 

36' 

h- 

= 77° 

8' ; 

B 

= 82° 

14'. 

9. 

A 

= 51° 

16' 

b- 

= 47° 

32' 

r 

= 60° 

11'. 

10. 

b 

= c -- 

B- 

10°. 






11. 

A 

= 82° 

56' 

6 = 

-51° 

21' 

r 

= 84° 

24'. 

12. 

a 

= 64° 

24' 

6 = 

= 39° 

30' 

c 

= 70° 

32'. 

18. 

c 

= 86° 

30' 

B- 

= 64° 

12' 

A 

= 82° 

48'. 

16. 

A 

= 88° 

11' 

B = 

= 51° 

12' 

C 

= 62° 

27'. 

16. 

A 

= 58° 

24' 

B- 

= 46° 

30' 

0 

=94° 


17. 

A 

= 56° 

20' 

B^ 

= 89° 

46' 

0 

= 48° 

48'. 

18. 

A 

= 62° 

28' 

B- 

-57° 

38' 

c 

= 100 

° 5'. 

19. 

A 

= 36° 

40' 

B 

= 38° 

24' 

r 

= 120 

°46' 

20. 

A 

=63° 

51' 

B-^ 

= 60° 

45' 

c 

= 64° 

18'. 

21. 

A 

= 66° 

25' 

6 = 

= 104 

°54 

; C 

= 79° 

54'. 
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82. 0 = 56° 36'; 5=69° 29': (’ = 100° 36'. 

88, A = 117°37'; b = 32°3r; C = 53“56'. 

24. A = 87° 30' ; iJ = 63° 14' ; c = 25° 48'. 

26. .4 =49° 6'. 

80. ^=£ = (7 = 75°; a=6=c = 69°34'. 

88. .4 =64° 27'; 5=56° 58'; c=88°38'. 

34. 3316 miles. 85. 2941 miles. 38. 3308 miles. 

38. 3518 miles. 89. 5971 miles. 40. 6362 miles. 


42. 4007 miles. 48. 85° 10'. 44. 248-7 miles. 

45. 47° 33' or 3287 miles. 


87. 1091 miles. 
41. 5953 miles. 


1. 20i:-17. 

4. -ll{4x^~-Qlx*. 

7. lO'logrlO. 

10. 4/(4* -9). 

18. 

18. 1/(2*^ - 2* + 1). 

19. 5*« + l/(5*). 

21. 10(6.r-l)(6*s-2x r7)( 

88. _4x(62-*2) 

26. 

27. - 6 sin 2* . cos* 2*. 

80. 9 sec* 3* tan* 3x. 

82. *{1 +2 log 4i). 

34. 2* log (* + 3)4 **/(* + 3). 

88. 4 sin * + 4* cos *. 

38. sec*(* +5) log (* +9) +*^" 

X + y 

89. 4* sin (3* + 2) + 6** cos (3* + 2). 
41. sin (log *) +C08 (log *). 

48. 2fi'*" cos 2*. 

45. 2(1 +**)/(! - **)*. 

47. -3/(2*-!)*. 

49. o=(a* + **)’ 

61. (2+2* -**)/(! -*)*. 

68. -*(**-3)/(l+**)l 
55. 2*(3*-10)/(3*-5)*. 

67. (39** - 2* + 69)/(.5** + 6* - 9)*. 


8. -8/(3**). 

6. -28/(2* +3)*. 

9. logcO. 

12. 5a cos (6* + 3). 

15. .3a/(n* + 9**). 

18. 4/s'F5*^25, 

22 . 3 *\^* + **). 

24. -i(8*4 3)/(4.r*x3x + l)3, 

26. 4(1 +tan*2*)/(l -tan*2*). 

3* X 

28. - 4 sin - . cos* . 29. cot *. 

a (t 

31. (2** + 3* + 4)/x^** +2* +4. 

38. (* - a)(* - ft)*(2* 26+3). 

35. log cot * - * cosec* * . tan .*. 

37. 4 sin 3* +3(4* - 3) cos 3*. 

40. 4a6 sin* (6* +r) cos (6* +c). 

42. e-'(sin * + cos *). 

44. c-*-'(3 cos 3* - 2 sin 3*). 

46. 2(**-*-3)/(3 +*=)*. 

48. -55(4* -9)*. 

60. 4a/j{a + br)l{a - 6*)*. 

52. (5**-6*-2)/(**-* 1-1)2. 

54. - (a* +2*)/(«* +**)*. 

66. -7(3**-10*+2)/(5-3*)*. 

68. -5a/{2(a-2*)^(a+3*)*}. 


Exercises 6a. (Page 79.) 
2. 18**+46*-l. 

5. -6/(3* + 2)2. 

8. ctcc'^. 

11. 4 bcc2 4.e. 

14. .^/3/s-'8T2*-,3*2. 

17. 2 cosh (2* +3). 

20. tan* *. 
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ANSWERS TO THE EXERCISES 


69. 30x{5 1 +3;)®. 

81. 2(1 -a:®)/(x“+a: + l)(j;- 


80. 28x/{2x“ |'5)(43:'‘ +3). 


j; + l). 62. 2xlog 


5x - i) 


(ix + 11 ^ (5x -9)(6x + 11) 
64. {1 -x(log x)2}/{x(l +x log x)'*}. 
a(x + 2 a) '1 


•l(J9x= 


68 . 2(8in X +x cos x)/(l -x2 ain^x). 


r. 


./rt® - 


66. ^ > 2 cos X log a log — ; — +r-T I • 

1. e fc (a'*-x-=)(ffl + 2x)j 

66 . 2 ( 1>2 -x®) 2 ^{log {h^ -x^)-2z^l{h^-x‘'-)}. 

67. e'"{a cos {hx +c)-b sin {bx +c)}. 

68. 1/(1+C08X). 


ox' 

-24xTT3' 


69. -{b +a sin x)/(a + 6 sin x)“. 


72. 112. 


1 ). 


70. 2x tan ^ - 

3x - 2 13x“ 

71. 3/(1 +x“). 

,o 4Cl - X 4 . 

3(2--x),/x-3(2-xF®‘" 

_ . e' . 11. f' 

74. cos -- log - sin - . 
a a “ X X a 

76. c'^(Bin®x +8in2x), 

78. - (ax + hy)l(hx f lo/). 

80. log ex. 

82. - - o'F(ft+ a cos x). 

84. l/(xlogx), 

86 . (tan x log sin x +cot x log cos x)/(log cos x)'*. 

87. (y soc^x-sin 3 /)/(xcos i/- tanx). 88. (1 -x)/x. 

89. {a* +2aV -x*)l{{a- +x''‘)''(tt''“ -x'*)-',. 

90. 2'(1 -x^). 92. nl(a^+b- + 2bx+z^). 

98. (i) - 5 . 10 l<ig 10. (ii) see X. (iii) - (i/N^3(2 - 3x'-). 

96. 2x cot x'*. 

98. - Cos X cosec- x ; abl{a- cos^ x + b- sin- x) ; 

JH f 1 2" ) 

^ 3 i (x ' (2x + l)'‘^‘ J ■ 

101. ?/ = 24-336 ft. 


75. (sin x)'(log sin x + x cot x). 

3 / (x cosec 2x -2 log tan x) 
x(x cosec 2y -2 log tan x) 

79. 2 /V{x(l - y log x)}. 

81. x^+-'{(log x)^ +l()g X + l/x). 

1 ^2 

83. x'(l +log x) +X' "(1-logx). 
86. 2(1 -log x)jx^. 


Exercises 5b. (Page 90.) 

1. 3{x- +ay), ii{y- +ax). 2. 2{ax +hy + g], 2{hx + hy +f}. 

3. 2.r/a^, -2yjb-. 4. 4x/(x- +?/“ +rt-‘), 4.?//(x“ +7/^ +a-). 

6. (X® + 2.ry - y'^)i2{x^ + 2x-y^ + 1 / + x^ + 2xy + y-], 

{y- + 2xy - x-)l2(x* + 2x‘y'^ + y* + x- + 2xy + y^). 

6 . ay + 2Ax + 3x“, 2y + lU - 3cy®. 

7. ( 1 ) 6x + 4// - 3i = 24, (21 4x/a“ + 3yjb- + 3c/f “ = 1. 

0. c. 18. 2xy, x^ ; x(4)/- + X7/ - 2i“)/(x +2y). 

28. (i) 2x ; (ii) 2x + v^j2i?. 
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HIGHER MATHEMATICS 


Exeroiies 5o. (Puge 100.) 

M. = maximum, m. = minimum, I. = point of inflexion. 

1. M. X— - 1, y~2 ; m. x=:5, -106 ; I. x = 2 

2. M. a: = 2-6, y = 88: m. * = 3, 2 / = 87-75 ; I. a: =^2- 75. 

8. M. a: = l, y = 14 ; m. a; = l'6, i/ = 13-75; I. * — 1-26. 

4. m. x= ±3, y = 8. 6. m. a;=0, y= -4 ; I. * = 6, 6/3. 

fl. M. x = l, j/ = 14 ; m. * = 2, y~ -9 ; I. a: = 0, 0-61, 1‘64. 

7. M. a:= -0'6, -0-26 ; m. a: =2, y — 1. 

8. M. a:=4, y = l ; m. ar = 6, y=9. 

9. M. a: = 4/3, y = 4/27 ; m a:-2, y = 0 ; I. a: = 6/3. 

10. M. a:=0, y=8 ; m. x= ±^/2, y = 4; I. x= io.0-2. 

11. M. a: =0-6282, y = 0-0669. 

12. M. 2»nr4-tan"* a/b, y = >Ja^ +5* ; 

. m. a: = (2n - l)ir + tan-*^ ajb, y — - + fc'*. 

18. M. a:= -2, y = 0; m. a; = 4/.3, y- -.500/27. 

14. 9i/4. 15. ^ = 4-5 in., Z =9 m. 16. radius =6 ft., side = 10 ft. 

17. 1=20 ft., r = 10 ft.. 18. 100. 

18. 9/(4ir + 18) =0-294, 9/(2)r + 9) =0 589. radius - 3 /( 27 r + 18) = 0-124. 

20. Side =6,^/2 ft., volume =648 cu. ft. 

21, 66“ 4' = 1-163 radian, F = 210-3^/3/27. 22. A . r - 1 : .^/2 ; 0-5773. 

28. h : d = l - 3. 24. r = 6 in. ; z = 6..,/3 in. 26, r^ = 2rj2 ; A,=ft/3. 

28. r = 10^/6/3, I = 20 s/3/3. 27. r, = r^'djZ ; Z, = 2r s/3/3. 

28. r=5 ft., h=5 ft. 29. (? = ir/4 = 46°. 

80. RadiU8 = 6 in., Arc = 12 m.. 82. i = 23, Exjienditure = £325 18s. lOd. 

84. M. a; = (2jur +tan**/(/a)/d ; ni. a: = {(2n. - l/ir + tan“'/3/a}/j8, where n is 
a positive integer. 

36. 24 m. X 12 in. X 4 in. 36. Sr^—hK 87. r = 7, side =14. 

88. Side=diameter = 26/(nir+4) ; Each=4. 89. 16-9 feet. 

40. Ci4;3 = l,giving|J/3ui3/i?3,(7<ii*(2A - JZ*(7)=2,giving4if*/{if*C'(4Z/ - i2*<7)}. 
42. M. a;= -5+s/21= -0-417, y= -0-1986 ; 

m. a:= - 6 - s/21 = -9-583, y = 0-948. 

46. x = 2ljQ, l = Sirs'131/y. 

Ezeicuies 6a. (Page 109.) 

1. 2. iV{2x-5)». 8. |(4-x)-3. 

4. - 2x~ i 6. ^ log (3x + 7 ). 6. {x* + 8x^ (x + 1 ). 

7. 3X»-2a:»-2x. 8.^x^-5x + ^^. 9. ^ log (6x + 3). 

10. 5V(3x - 7)». 11. * - 1 »og (5^ + 2). 

12. ^{x^ -x^ +4x -Vilog {x + 2). 


18 . is'*(*''- 26 ). 



ANSWEES TO THE EXERCISES 


14. 5{2a+xp. 


IB. ’f{ar‘+3o>log*). 


-A{3-2x)«. 


17. -3) + ^ log (2x + l). 

18? (1{11 - Ox - 3x® - 2x* - 6 log (1 - x)}. 

SO. j\i (sin 3x +9 Bin x). 81. - \ cos 5x. 

28. - COS 2x. ' 24. log sin x. 

26. s (36 - log 13) -= 22 29. 27. 7 

28. ^(31-18]ogr.|-2 7077. 29.1 


80. Ill 31. 

88. lir. 34. 

86. 1 -Jir = 0-2140. 37. 

40. (x'* -4x)/2 +4 log (x + 2). 

48. i(l+«“)-ilog(U y=). 


19. l(x-smxcoax). 
a r»x. 22. \ log sec (2x + 3). 

X. 25. 4 +10 log 6 = 20-094. 

27. ^(18 -log 5-5) =6 4318. 

29. 2 (log 35 - log 19) = 1-2218. 
2=0-7465. 32. 0-2. 


31. 1 log 3 -2=0-7465. 32. U-i. 

34. 1. A- 

37. log 9 = 2-1972. 38. lOi. 

2). 41. I log {a^ + x^ 4 log 2 = 0-3466. 

44.!- \S.y’=x-\. 


Exercises 6b. (Page 114.) 


, 1 1 , x + 2 o 4 - - 

x"+2"i“r3’ ‘’^x + 3‘ ■ x-t X 

^ 3 1 , (x + 2 )» . _2 

*• i + 2 2 x-3’ ’“^'(2x-3)^' ’’ 

. 3 4 , 3x-4 Q _5.-+ _ 

®' 3x - 4 4x - 3 ’ 4x - 3 ' x-Z x 

8-8^^^+ -5los(8-3.)-31og(7-.). 

8 0 9 1„„ 

4^T1 + 2^’ "'“^S-Sx- 

11 - A+ -2 + ^^r 

X - i X — z z —o 

9 32 , (2x — 3)(3x — 1) 

^ + ^n-x--2= '“S— 

11 2x . x(x + 3) 
i + xH 3'x>“ + 4’ x2+4 ■ 

1 1 2x , l+x** 


2. — .,+ ; log(x-2)(x-3). 

X - 2 X 3 

2 7 , 2x-3 

^•2x^”7x + 2’ ‘'^7x + 2' 


I - X 1 +x 1 +x i ^ 


1 1 1 2 

2-^x'^2"+x’ "^2-x’ 
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HIGHEE MATHEMATICS 


2 2x 4x , (^-S)*(x» + 2) 
x-3'^x‘ + 2 (x® + 3)‘ 

3x“ 3x^ , X® - 1 

xs^“x^’ “^x®‘+T' 

4^ -u 1 ^ I 

18- -4^TfeT + 2-x^= lo,(2x-l)-^log(4x= + 2.x + l). 

1 1 1 1 , a+x 1 , ,x 1 6+x 

■ a* X® ft® - x^ 2a a - x a a 2b ft - x 


1 1 1 1 , a+x 1 , ,x 1 ft+x 

a® - X® a® X® ft® - X® 2a a - x a a 2ft ft - x 
on 2x - 1 2x + 1 . X® - X + 1 

■ X® - X + 1 X® + X + 1 ’ X® + X + r 

21. log 2-5 =0-9103. 22. log 8=2-0794. 2S. log 1.7 - log 11 =0-3102. 

24. log 2-86 = 1-0508. 25. log 2-5 = 0-9163. 26. log 5 - log 3 =0-5108. 

27. log 4 = 1-3863. 28. log 7+3 log 2 =4-0252. 

29. 3 log 6 - log 7 - log 3 = 1- 7837. 80. log 3 = 1 -0980. 

31.' 9 log 3 -4 log 2 = 7-115. iV 33. log 2 - ^ =- 0-0923. 

84. A^2, B = 0, C= - 1, fl = l : 0-5108. 

85. 8-8 +log 2 = 9-4931. 

36. i log tan ^ log (^ + tan - ^*2 log {^1 - 2 tan ^ • 

87. log 1-025=0-0247 


88. 2 log 1 -25 - 0-5 + 2 - 2 Un -® 0-5 = 0-5890. 


40. 0-0965. 


, 1 , 4 fx 

1. „ log — . 

8 4 -X 

4 — Uy' ~ 

10 "x + 3 

„ 1 , 3x-17 

72'"^ 3X+-7 • 

, 1 1 X - 5 

^o‘‘’‘' X • 

18. 

2af ” ax 4 ft + r 


Exercises 6c. (Page 118.) 

„ 1 , X - 6 
12 ^“‘^x + 6’ 

B 1 1 11+^ 

.1,9 )-2x 
®- 24'"«3 2x- 

“• 42‘'*K(r:^- 

14. I tan 

ac c 


3. i,tan-®g. 

- 1 . , X + 5 

6. ytan . 

9. tan-' (5x 4 1). 

, » 1 i , .5x - 1 

12. 1 , tan-' 3 -. 

15. ./ log • 

2ac 2r - ax 


1 ax -2 -2b -b^ 

2o{2+ft®) • °®ox + 2-2ft+ft®' 

18. 0-646 19. 6- > = 1-2876. 


18. 0-646 1 

21. 7r/20 = 0-1.5708. 
24. 0-0004. 


22. 0-446. 


25. log 6=0-17918. 


17. ;’log2 + gir = 2 1255. 

20. log 170 + 1-4940=9-1977. 
23. log 2-08=0-7.324. 


26. {a®-x®) x/{a®(o® +x®)®). 


28. 3 tan-' 1^=0 2146. 
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29. 

31. 

39. 


ANSWERS TO THE EXERCISES 

rs l''i? <j - 01 194. 

1 . s/r) f 1 




30. 1 (logs- 2) -0- 22536. 
34. TT I'osec a. 


A -3, B- -2, C ^ \ ; 3,r '2-1 Jog 2 = .5-40.5.5. 


Exercises Od. (Pago 125.) 


1 . 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

16. 
18. 
22 . 
26. 

30. 

34. 

39. 


Q . , a: 1 

8 8m-i T +„aCUi 


4 ' 2 


2. sin'^ ' 


X \ x'-^ - ‘Sii - 18 cosh * . 


2 -1-81 -l- sinh - 

!,(a:-2)w-r4y-21-?;’ 


co.sh'^ 


2 (a:-!- 5)s .t- -1- lOx -I- 100 -i-\^ siiih 


12. sinh 


*30 ■ 1 ^ ^ / ... I- 

32 sin-' -- -1 ^ (x -1- 3) ^'.5.5 - Ox - x\ 

I 

‘ (.Sx - .5) s'9xa - ;i0x - 1 19 - 24 cosh-' 

(ax -i-/))s'a''x' -i-2a5x -1-5' -c' - *[- cosh-' 

2a ' ' ^ 2a c 

1 . , , «x -i-c- 
smh"^ - - . 
a c 


X 
6' 

X 

9‘ 

x~2 
5 

, :r + 3 

flin-3 

8 


4. cosli'' 
6. siah-' 
8. eosh-' 

10. sin 


X -f 5 


1 . .2x-h 3 
14. 2 sm-' — g— • 


QX •“ C 1 

17. .. „ sin-' ^ (a <■ - <’) ^''HX (2c - ox). 


2a 


sin 


log ,3*.5-= 1-2528. 23. 


TT 

.3 ■ 

9-22(3. 

ir/a. 

i/ = a sinh x. 


19. 0-595.5. 

ir 

O' 

27. IT. 


20.: 


31. 0-3107. 
35. 119-0792. 
41. 0-9707. 


21. 0-8473. 
24. log 2 = 0-0931. 25. log 2. 

28. log 2. 29. 81ir/10. 

32. 9Tr/4. 33. 4Tr. 

36. 394-535. 38. 97?!. 

42. .V = log 3x - log 1 H-s/i -t-x'. 


Exercises 8e. (Page 132.) 

(nx sin nx -l-cos nx)/ii'. 2. Je ‘'(cos .r -t-sin x). 


x(log X - 1) -X log ' 


4. X tan-’x - ^ log (1 +x-). 


, (x' tan-'x + tan-'x - a-). 6. x'(2 log x - 1) = x' log — . 

2 4 4 f 

{(2 -9x')cos3x -t-(i.rsin3x}. 8. [|(2x' - l)e().s 2x-t- ] x(2x' - 3) sm2x. 


{x logx-l-(l -x) log (1 -x)}/(l -x). 


11. e''(4x'-h3). 
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HIGHER MATHEMATICS 


IZ, e^(x^-3x + 0). 18. e^ainx. 14, 

15. e* sec ». 15. e* log z. 17. (ea)*/log ae. 

IS. 25-19e= -26'64. 19. (3e - 4)e» = 83-45. 

80. log 2 = 1-319. 81.8/81. 

22. (S3= - ^{2 -t-sin**) ooa * ; £13= {8 +4 sin* a: +3 sin* a:) cos ®. 
28. Cs= ]j (2 -(-cos**) . sin a: ; Ci = n\ (S +4 cos** -(-3 cos**) sin *. 

24. 7'j = i tan** -(-log cos *. 85. 4/3. 

26. /a = 3(** - 2) sin * - *{** - 6) 003 *. 27. O-S. 86. ir-2. 


1. 8/315 = 0-0254. 

4. 1/120 = 0-0083. 

7. 2/35=0-05714. 

12. 8/15 = 0 5333. 

15. ^ ir — (5^ =0-2105. 

18. 107^/2/10080 = 0 0015. 
21. 0-4003. 


Exercises 8t (Page 138.) 

2. 16/35 = 0 4571. 

6. 5r/4. 

10. 4/35=0-11428. 

18. -1/6= -0 1667. 

16. .35r/256= 0 03682. 

19. 2 1972. 

22 log (V8-(- 3) = 0.5876. 


8. 37r/I6= 0 5889. 
6. 2/36=0-05714. 
11. 4/63 = 0-06351. 
14. 3/6 =0-6. 

17. 1/60=0-0167. 
80. 0-1667. 

28. ir/6. 


84.to-‘2l/4V4--*“‘V4'L^9- 

25. =6/17, J3= -3/17, C = 4'17. 

1 f„,_(2*-3)* 


26. 27r. 


Integral = i^ js log tan » j . 

27. 0-04 (log 28 - log 3) = 0-089. 


29. ^ r. 


28. 64/45 = 1-42. 

38. (a) log 2 ; (5) 7 5 +8 log 2 = 1-955. 


85. o* 


2 -- 

2 


41. tan- tan 
. -'n V nx -a 


86. goV. 

\ nx -a 


42. - 


^/2 


^ Vl -(-**■ 


81. 

0* h 6-^ V H* - 1* 
34. TT 'oi. 

40. 3>r'128. 


44. ^, = 1-11. 


J3. 


46. log (2 -^'3). 


46. 0 4230. 

Exercises 7. (Page 151.) 


*•“ *‘ 

1. COB * = 1 - .-s -(■ rj - ... . 


8. cosh * = 1 +~ 2 +n t --- - 


2 . sinh * = * -f- -( .-p-f ... . 

I [j^ 

2x* 


4. e* Bin *=*-(-** H- 


3 
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ANSWERS TO THE EXERCISES 


6 . e* cos x-l+j;- — _ _ 

I?. 1^ 

12 . log{l+x)=:x-x^j 2 +x^lS-.. 

18. log * 2877. 


. 3 ? 11 *" 

6 . sina: cosh a:=a; + g + 


log 2 = 0-6931. 

16. COS"’* = 2 


X? _ 

6 “40 112 ■■■ ■ 


17. Binh-’*=*-^ . + ^ 3 *" 

2 3 2 ■ 4 ■ 5 “• • • 

18. tanh-’* = a: + 2r’/3+*='o + ... . 19. (sin ~' *)= = *“ + ^*+ +■■•■ 

' ' ' 3 45 

20. sin (* -f-A)=sm * + A cos z - \1i^ sin * - cos z + ... . 

36. .4„-l. A,--l/12, .4,= -i/7"20. 


Exercises 8. (I’age 176.) 

1. * = 1-.601. 2. *= M84. 3. * = 3-5, 2-5, -6. 

4. * = l+x'13=4 6056,orR-l-^'13±v/Jl3-3)=-l-9137,or -2-6919. 

6. * = 0-2.502, 1-343, -1-471. 6. * = 2-35y ; * = 96-35, y = 41. 

7. i/= - 1-19.5, 0 0895, 0 3522 ; * = 2 34. 

8. /(* + 2)=*‘-25*’ + 144, *=-1, -2,5,6. 

9. *=-1,2, -2±i. 10. *=0-8284, -4-827. 

11. * = 1, 3. 

12. * = 128°41'=2-246 mdians, oi 201° 38' =3-5192 radians. 

18. * = 0-8826 radian. 14. * = 6-186. 

16. *=0-200004, 1-44030, -1-5419. 16. c = 4. 

17. * = 1-042. 18. * = 1 508. 19. *=1-44. 

20. 0 = 65° 30' = 1-1432 radians; Chord =5-409 in. 

21. 0 = 48° 55'. 22. * = 7-08. 2J. * = 0-1047 radian. 

24. * = 0-11 radian. 25, ^ = 54° 35-5'. 

26. L EOF is the solution of 0 +8in 0 +2 cos 0 =2, which is 118° 9'; 

Radius =5-829 in. 

27. *=2-84. 

28. If 0 be the angle subtended at the centre of the circular end by a hori- 

zontal chord drawn through the reading “ n-hundred gallons,” then 
0 -sin 0=O-O8n, from which the graph may be drawn. For the 
reading * ft. from the lower extremity of the vertical diameter, 

* = 5^1~cos2y For 500 gallons, 0 = 79° 12' and * = 1-1475 ft. 

29. * = 1-4429. 30. *=0-4578 or 3-314. 

81. * = 1 ±s'6 = l-449, or -3-449. 32. *=0-259 or 3-26. 

88. *=3-4563. 

84. *-^ -0-6868 or -3-4142 ; *= -0-7913 or 3-7913. 

86. * = 2, -l±,y3 =0-732 or -2-732. 

86. * = 0or0-63. 87. *=0-125. 
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HIGHER MATHEMATICS 


Exerciges 9. (i^age 191.) 

Equational laws are only approximate. 

1 . A’p= 0 124 + 0 000053". 2 . 3" = 40ft’ « F = 1400A’ *». 

3 . 4. » = l-0fi5, c=480. 5 . F = 10A + 4300. 

6. w = 1473; C'=rl-115. 7. .4 = 10, 6=0-273. 8. a = 2-0, 6=30-2. 

9. a = l-758xl0-‘, 6= -0-18. 

10. 0=3-11, 6 = 1-064x10-=, c= -2-75x10-“. 

11 . C = 8-31“ + 2-64 X 10' 12 . 1532 1b.; ±20-3, ±1-325. 13 . 4-47%. 

14 . 0=0-1779 or 0-1774 by appj-ox. formula ; Percentage error =0-281. 

15 . 31- =5-084 X 10-“ ; i- reliable to nearest tenth. 

18 . (2sm ± sin C . 36+a sin ± . ,'C+c sin C . dA)!(b sin A sin C). 

17. 0-13464. 

18 . 329-8 sq. in. ; True area = 329-5 sq. in. ; Percentage error = +0-0910.5. 
20 , -0-04527. 

Exercises 10 . (Page 233.) 

1. 70. 2. Jn.(26-a); Points are coll inear. 

3 . 2i/ = 5x + 7. 4 . a=0or3: i=0 or .5x -3i/ + 9 = 0. 

5 . PQ=Q7’ =25^2/2; tanP()T=4/3. 

6. x=(lZi + mx^)l{l+m), y = (ly2 + )ny^)l{l + m); 17:49; 20:13. 

7. -3/2. 9. x=a +r cos y = ^ +r sin 6>. 

10. tan-i (167/12) = tan -1 13-92=8.5° 53' approx. 

11 . tan~^ {2\’6® - a6/(a +6)). 

12 . Two lines are x-7y+2=0, 2x+y-3=0; Angle between them 

=tan-‘ 3=71° 34' ; Parallel lines through (1, 2) are 
2x“ - 13xy - 7y“ + 30i - 15y +52=(x - 7y + 13)(2x +y + 4) =0. 

18 . I2x-y- 31 =0. 14 . a(y - k)-~ h(x -h). 

19 . Two straight lines, 3i = 2, 3y= -7. 

20 . An ellipse ; centre at origin, semi-axes 1-6, 1-2. 

21 . Two straight lin es, 3x + y -1—0, 2x -y + 3—0. 

22 . Two parallel straight lines, 3x + 4y + 2 = 0, 3x + 4i/ + 1 = 0. 

28 . A parabola whose axes are x + 3y - 4 = 0, 33: - y - 2 = 0, and latus re<’tum 2. 

24 . A parabola whose axes are 3x + 4y - 25 = 0, 4x - 3y = 0, and latus rectum 1. 

25 . A parabola whose axes are 15y-8x + 3 = 0, 15x + 8y +2 = 0, and latus 

rectum 4/17. 

26 . Two straight lines, 2i + y - 10 =0, 2x + y =0. 

27 . A hyperbola; centre (-2, -6), squares of semi-a.xr.s, 48(^'5 + 2), 

48(.^/5-2). 

28 . A hyperbola ; centre (1, -3), semi-axes, ,^/2, 3J2. 

29 . (o) Two parallel straight lines, x + 2y - 1 = 0, x + 2y + 3 =0. 

(6) An ellipse ; centre ( -1, -0-5), semi-axes 1, 1-5. 
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ANSWERS TO THE EXERCISES 

31 . 5a;»-2xj/ + 5^2 -20a: -202/ + 15 = 0. 86 . !/ = 2x. 

86 . If a, b be the radii of large and small oircleB respectively, the ellipse 
referred to the centre of the larger circle as origin and the line of 
centres as x-axia, is 4x^l(a + by + ‘^y^|{{a + bY - = h where d is the 

distance between the centres. Its eccentricity = d/(a + 6). 

39 . 10x2 + 31/2 = 187:10, ±.^/(1309/30)} ; 20x+21y = 0. 

42. x 2 + 9 i/ 2 =,. 2 . f = 2^/2/3 =0-9428. 48. e = ^3/2. 

44. x‘la^ + {2xijlab) oos e + ,f!b^=am^ e. 

(a) Two straight lines, (6) Circle of radius a. 

45. ay = (2x2 _ ^ _ 2jrJa^^ . sin t. 

47. Locus is 4x2|fi2 _ 41/2/(02 -b'') — l referred to BD as x-axis and its mid- 
point as origin. 

49. l/r = l- f cos (0+a) ; 

61 . V — 170 ft. per sec. 


Exercises’ll. (Page 261.) 


(x 3)24 (y- 4)2 ^10. 


1 . 

2. g‘‘+P>c-, f/2-r; {-g, -/) ; 3x2 + 12xy + Sy^ - 24x - 24y + 12=0 ; 

2^3. 

5. y-mx + a/ni; y = mr -2am - ani^. 

12. (1 = 10, /i = 8; (-150/17, 64/17). 

16. 101x2 +48xy + 81y2-330x-324y + 441=0; «(=4( - 2± v/r3)/27 =0-2379 
or -0-8303; {1, 2(23 ±2 Vl3)/27}. 

24. (0 2, ()-4). 

26. xv-' +yi' ^{a'-tr))' ■. {x-2)t' -(y-7))y'=0. 

28. 2y-m{3x-avi^)] m = 2^i2IZ. 

82. When ai> - is not zero, the locus is the director circle of the conic. 
When ah - lA =0, the conic is a paraliola and the locus is its directrix. 

33. (1 -2i2)y = i(2-<2)x-3a(2; 

(1 -2/2)x+i(2-«2)y + 3at(l -«)(1 +( + 3«2 + /3 + (i)/(l+t2)=o. 

34. e =tan-2( ±2,. '6) =78“ 30' or 101° 30' approx. 

Ijength of common chord =8,^/6/5 =3-9192. 

86. (0,0); (2n, 4a); 90°; 30“.58'. 36. 16° 19'. 

37. (0,0), 90°; (2a2o!, J_8'(t2c2), tan->{82a2c'/(2c’ +3o')}. 

39. Tangents at (1-8, 2-4) are : 3x + 4y = 15, 3y - 4x = 0. 

41. At (±8, ±3), 2.r + 3y=±25, 3x + 8y= 4:48. 

At ( 4:6, 4:4), 3x + Sy = 4:30, 2x + .3y = ±24. 

Angle of intersection -= 13° 8'. 

43. c =0 or 4. 



478 HIGHER MATHEMATI€S 

44. (i) (=200 Bin 66°/9=5-665 see. 

(ii) Taking horizontal and vertical lines through point of projection as 

axea, x— 2-555 ft, and 954-8 ft., y=4-018 ft. 

(iii) Range =967-4 ft. 

45. Conamon point = (2, -1); Tangent, Hy=4x - 19. 


Exercises 12. (Page 296.) 


1. p=a. 2. p=5 iJ5pl2. 8 . p = oo8eca:. 

4. p=a:^(9*^ +4a^)/54aV 

6. p=3(oxt/)^. 6. p = J{rt* +9z*)-/a*a;. 7. Ji^(4o + 9*)^/a. 

8. p = i(x+a)^la. 9. p=ax^(Sa -3x)V{S(2a - 

10. p=a(4 -fni*)"/2m’. 11. p=acot8. 

12. 70° 32' and 109° 28'; p =a/4. 

16.- (i) 6*±op^3=0. 


(ii) 


I P' where c‘-a‘p‘ + i* 

\b« + 2ap(b‘~a’>)(ap-c)f ~a‘b^*' c -a p +b . 

16. P(±s'6-4, ±V0^6): Pi =4N/r.5/3 = 1-633, Pj = 8-8\-'2^ = 13-05. 


17. a^=b^i pi= -(a‘+4c‘)*/a’; p, = (n^ + 4c.*)^/2c* ; o* + 2c* = 0. 

18. ^=6a, n = -2a. 

19. At (0, 0), p = ic ; at (3c, 0), p=Jc(9 ■tc»)f/(3f -c* - 3). 

21. The length of the normal is y\'l+yi\ and p = (l ! equating 

these and muftiplying by 2vi : 2y^yJ(l +.t/i*) = 2y,/.y, the integral of 
which is 1 +yi^=a‘y^. This on second integration gives 
ay = cosh (ax +b), 

the equation of the required curve. 

22. p= -2v/2/3= -0-9428. 23. p = in. 

28. p = 2vW/3. 27. p ^rcosec a. 28. p = a,^/2 . co8oc^2fl. 

29. A=a\ B~ -4h(a-b)l(a-2b)‘. 30. r^=4ap\ 

47. 62 ft. 4 in. 


Exercises 13. (Page 337.) 

1. (i + 2)/5 = (y-l)/0 = (s-3)/(-5). y=l. 

2. a: + 2y=0. Is' 5 15: 

8. /ifj+TOimj + »inj=0. a:/( -7)=y/ll=2/( - 10). 

4. f*-(-TO®+n* = l. a: + yx^2+2=0. 

6. * + 2y + 42-7 = 0. Pi8(3, -4,3). cos = 0-7044. 

T, cos e—lili + m^m^+npii. Equations of faces are feV2(x±y) ±«2=0. 
Edges are xs^2l(±s)=yj0=zl(-h), and a:/0 =yV2/( ±«) = 2 /( - A). 
9=cob“^{( 2A* -«“)/(2A* + «% where « = 8ide of square base and 

h = height = \f cot* Ja - 1 . 



ANSWERS TO THE EXERCISES 


%n 


8 . 

e. 

10 . 

13. 

14. 

16. 

18. 

19. 

81. 

28. 


a:~4?/+2s+4=0. 

12a:-4^3z=0. PiV = 13. -2/ON, -1/ON, 20/(3ON), where ON 

--=\/445/3. 

aa+6*+c*-{oJ + 6m+cn)2. 11. (a:-l)/8 = (y-l)/l2 = (z-l)/13. 

2 . 

(i) 3 j:-.5j,-.7z+ 23^0. (ii) 23/./83. (iii) 3/;^83, -5/^/83, -7/,J83. 
(iv) -23/3,23/5,23/7. 

v' 6/27, - 19^/6/i54, lK'(i/54. sin “Wl 1/29 = 38° 1'. sin-W^ =40° 39'. 
(2,1, -3). a: + j/+* = 0. 

4/13, - 3/13, - 12/13. (7. 4, - 10), ( - 1, 10, 14). 

2\'f)/5. 126° 36'. 

Taking {X - aj)jlj={y =(z - y^yn, ; (x - a:)jli = (y -Mhm, 

~ 72)/™2 as the equations of the lines, the condition that they should 
intersect is [ t i „ 

*1 ‘2 “i 

»«i i«j (ii-tiJ 

'w, Jij 71-72 1 


The surface is 


0. 


23. 

26. 

28. 

27. 


28. 

29. 

80. 

81. 


2z-y x-a 2{a~x) ' 

[2(3/ -a) z-2a: a-ij ^ 

I z~a 2(«-s) ‘2y-x | 
i.e. 2a{x^ +y^ + 2 ^) +9a(xt/ + 1/Z+ZX) -9ff^(x +J/+ 2 ) +7(»® = 14a:j/z. 

6i. 24. 28. 

X -a=y fi — z-y, where (a, ,8, y) is any arbitrary point on the line. 

6v'5. 

a'= + y2-a:(a;i+a;j)-y(Vi+y2)+a;iT2 i i/,y2=0, 

(/a -hiy + (gn-hiiiy -n (fn, - hl){Xi + x.^) - n (qn - hm) (y, + gj) 

+ (* 1 X 2 + 1 / 1 ^ 2)112 = 0 . 

The line is (x - 1)/ - 3 - (}/ + 1)2 = z/13 ; its direction cosines are -3/\/l82/ 
2/va82, nT82/14 ; 1° 8'. 

^0 = 32 09 ft., 00 = 27-48 ft, 00 = 29-32 ft. 

_d 00 =.34° 17', -.4 00 = 41° 33', -000 = 41° 16'. 

O is 24/7 in. from vertex. 

Take A as (1, 2, 3), O, (0, 0, 2), O, (0, 0, 1), O, (1, 0, 0), then 
AB~n^'G, direction cosines are l/.y/6, 2/^'6, 1/^/6. 

40=3, „ „ „ 1/3, 2/3, 2/3. 


40 = vT3. 
00=^2, 
BC = 1, 

00 


0, 2/^/13, 3/^13. 
- 1 /^ 2 , 0 , 1 /^/ 2 . 
0 , 0 , 1 . 

II J5, 0, 2/V5. 


The edges are ; ABC,2x — y, 400, 4x-3i/ + 2z = 4 ; 400, 
2x-3y + 2z = 2; BCD,y^0. 

Volume = 1/3. 
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88. 82” 48'. 84. X = 3. 

85. 2:*+3/“H-2*-2r(a:+j/+z)+2r® = 0. 

(2 -r)x + (l - r)7/ + (Z -r)2 = 14 -6r, where r = 3±^/2. 

86. 3177r/24. 

87. r=;^/14 = 3-742, M=.yiO = 31C2, =tan-i\/l0/2 =57° 42', 

<) = taii-’3=71“ 34'. x^ + i/+z’‘-4y-2z = 4. 

-4r sin S sin tf>-2r cos 0 = 4. u^+z^ -2z- 4?/ sin 0 = 4. 

(2a:-7)“ + 4i/“ + (2z -1)2=50. 

88. (1) Ellipsoid, (2) Elliptic cylinder, (3) Hyperboloid of one sheet, (4) Rect- 

angular hyperboloid. 

89. (i + 19)/2=(y +56)/5 = 2. 

^I{{x - o)2 -r {>/ - /3)2 + {z- 7)2 - l(x - a) - m{i/ -fi)-n(z- y)}. 

The cone is (r - 1 )’ + (y - 3)“ f (: - 2)^ - 12(r - 1 ) - 1 (i(y - 3) - 2(a: - 2) =-- 0. 

40. An ellipsoid. + 3in^ + l2n.-)[1X. 

Points of contact ( v_2, ±1, i2). 

42. njl 4- bgm + chn = (cP + bm- + rn^)(ap + bg- +rJfi -}} ; 

(ax- +by- -t-fj2 _ l)(ap +bnr +cn^) i-(alx + bmy +ciiz)’‘ = 0. 

48. Let (x - a)ll = {y - =(z -y)in be the given avis, and a the radius 

of the cylinder. The sphere whose centre is (a, /I, 7) and radius a 
has for its equation (z - a)* +(y - ji)^ + (z -y)^ --a^. Let {x\ y', s') be 
any point on a line parallel to the a.vis, then any other point on this 
line is given by x=x' xlr, y — y' +mr, z -z' fur. This will meet the 
sphere where (x' +1^ -a)- ¥(y' + mT \ (z' + nr -y)^ = a'^, i.e.. 

H + 2r(lx' + my' + nz' ~ol - (Im -•^n) + (x' -a)- f (//' - /i)- 

f (;' - - n“ --0. 

The line will therefore be tangent to the sjihere if tbe roots of this 
quadratic are equal, t.r. if 

(lx' + my' + vz' -al - (im - 711)2 = (x' - a)2 4- (t/ - p)- + {z' ~yY ~ a*. 

This equation will therefore represent tbe locus of all tangent lines 
to the sphere jiarallol to the given line, i.e. it is the enveloping cylinder. 

(1) For the axis given in the question a -1, (i = 0, 7 = 3, 1- 

III = 1/^6, n = - 1,\'(> ; hence the equation of the cylinder becomes 
{2X -i y - Z f l)2/()-(* - 1)2 + (z- 3)2 - 4, 

or 2x- ¥ 5y2 4 _ 4xy + 2yz + 4zx lOx - 2y - 34z 4 35 = 0. 

(2) 27^4 5-35 and 1-83. 

44. (or 4 4y 4 2z - 15)2/45 = (.r - 3)2 s (y - 1 )2 4 (z ( 2)- 4. 

Tangent plane is lx 4 my 4 nz --0, where / = l(»(2o - 2/4 - 7 - (i), 

rn = -20a +29/4 - 87 + 15. w =2( — 10a —8/4 f 4 I 7 4 120), (a. j3. y) being 

the point of contact. 

46. 4tv'33719. 47. 107: 125. 

48. Semi-axes of ellipse are \'(4X7'3)713 ; eccentricity = ((•7775. 
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49. ** /*® + 3/3/76« +ja'/c®=l. To solve the second part of the quertiWt 

^ i\~f’)li~(y~P)t»^={x-y)ln=r be any chord «f the onaano 
<^^ + oy’ +cii‘ = l, then the chord intersects the quadric ^vrhMJe 
ffl(ir +a)* + 6 (mr + (8)* +« («r + 7)* = 1, 
i-e. +bm,^ +en^) + 2r (aid +bpm+ eyn) + aa® + 6/3* + cy* - 1 ^ 0, 

The roots of this quadratic will be equal and opposite if 
aal + bjim+ cyn = 0, 

in which case (a, /3, 7) will be the middle point of the Chord. Eliml* 
natmg fa, n by means of the equations of the line, 

<ia(x-a) + h^(y ~^)+cy(z-y)-0, 

which is the plane containing all chorda’ bisected at (o, B, y). In the 
question a = l, ^ = 1, 7=1, a = l/4, 6 = 1/9, c = l/16, so that the plane 
required becomes 362: + iey + 9z = 61. 

50. 12a:+3i/ + 8z= ±30. 322;* + 8ary + 5y* = 64. 

51. (5^/6/3, is/3/3, 0) ; Diameter =4-8. 

53. 33:+y+2 = ^/^_4. +Z-3 v'!! +15=0. 

54. Ixja^ + my/h* + mj/c* = 0 ; -yj^-zlQ ; x/lO = y/4 = z/19. 

Exercises 148. (Page 352.) 

1. •» -98'12, .4=1440. 2. 809/240 = 2-554, U3/160. 

8. s = 10-33. 8. .4=lf)7r. 6. .(4=9ir. 8. .4=100. 

-4=8- 10. .4=5716. 11. 8 = 8r, .4=3Trr*. 

18. «-8h(a+b)la. 18. s = 8a. 14. s = l-6a. 15. «=:24. 

18. .s=2a(3N/3 - 1). 17. « = (a* - 6’)/a6. 19. «=log 3-2 = 1-1632. 

80. j-= 12-21. S2. a = 2a{V2 + log(V2 + l)}; 22-95. 

23. «=2-4141. 24. .4=62-8sq. in. 

25. (1) 1-435 xl0‘; {2)l-65xl(p. 26. a=-3,6 = 9. 

27. A-iral), b^l. 28. u — 7r/46, .1 =0-109. 29. 8=49ir = 153-9. 

30. « = 1-015. 31, 32. 38. zl=208. 

84. A-li^/3l5. 87. 3a%/'l(k.*. 40. l2Sa^[l5. 41. .4=20. 

Exercises 14b. (Page 362.) 

1. 0 = 3-036,6=0-1423, F = 1617. 2. 167r=.50-24. 

3. 61t/1728 =0-1109. 4. 0 = 132, 6 = 0-5. F = 37-5327ir. 

5. I’ = 27ra6*. 7. F = 2rr(15-l61og2). 

8. F = ^6 (2o6 +0/1 + a6 + 2a/S), 4750 gallons. 9. 51807r/3. 

10. S=%\r\ F=57r*r*. 

11. .S' = 4jrr(/-sin a-roeosa+da), (a) S =4irr^(ain a -a cob a), 

(6) S=47rr2 sin a. (c) S = 4vr*. 

12. <S=27rr*(7r-2). 18. F = 1642cu.£t. 14. F = 334>r/3. 

16. r = 12-5in.; F = 8-746 gaUons. 

B.M. 


2h 
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18. V=^r(2r^-3r<‘d+d?), (a) r=|firr». (6) F = +3a»). 

I4'67d gallons. 

17. Fi=3889f cu. ft. r = 10-5ft. 20. Si = 74-97r, S,=86'9687r. 

81. F=216jr. 22. Area = 384-8 sq. ft. 

241 F = |iro>(14+37r). Side=3. 25. F = 23047r = 7234-66. 

28. (o)AC = ll-2.5ft., CD = 7ft.. AB = 13-25ft. ; (6) S = 599-5 sq. ft. 

87. V=iirr‘(h + c). 28. iiri-{s/4r* + (A-c)® + 2(r + A + c)}. Area = 2-5)r, 

^^h + ^i/as j, 5 wi . o 1 / ji. r^(ar-hh) . .s/r^-b'^ 

2-652 cu. ft. 

1 


81. «=:27rcM 1 - 


89. 


80. r = 5-5 in. 

82. jS = 16r“, V — 33. V = f^irahc; radius = 6. 

36. S = 128{s/2 + l)ira=/1215, F = 1287ra“/5103. 

37. 3-3 cu. in. 


F = i7rc»^c4- ^-4 

34. F = 21677. 
36. F ^i7rn\ 


Exercises 14c. (Page 372.) 


1. 1070. 

4. 3-65 sq. chains. 

7. 972 sq. ft. 

10. 20,448 cu. in. 
14. 1-000043. 


2. 96 cu. ft. 

6. 766 sq. ft. 

8. 33,420 cu. in. 

11. 32,857 cu. in. 
16. 1360 cu. ft. 


3. 179-5. 

6. 1-94. 

9. 174,498 cu. ft. 

12. 1105- 12 cu. ft. 


16. (a) 341-48 ; 341-3. (6) .341-.33. 


1 . 

4. 

6 . 

9. 

10 . 

13. 


Exercises 16a. (Page 381.) 
a: = 2-44, 2 / = 1. 2. x = ], y = l. 

i = 1-12, i/= 1-6. 6. .r-2-4. y=0 05 ; (-48, -1). 

1 = 1 J ft., y = 1 ft. 7. At the centre of hexagon. 8. a; = 9 in., ly =6 in. 

i (8 + 7^/2)6, y = i*(l +^l2)b, where b is the side. 


17. a.= 


3-5 lb. 

3-5 in. 

2r sin 10 


11. Mid-point of AD. 

14. PX = 44 in., y = 25-12. 
4r 


18. y = 


Stt 


20 . 

23. 

26. 

28. 

30. 


y = lr- 


X^Zhiry. 


4r 


21 . ^ = 

24. y = ih (from base). 


12. DO=2li in. 

19. ,v = J'r. 

28. r — 4alZr. 

a+2b 

26. y - XT ' 

3(o-f5 


0-1 in. from centre. 27. 0-45 in. along axis from flat end of cylinder. 


_ 2 

= 3’ 


y= 2 h 


sin ^ _ 4 

..^3, 

- r 

y=o' 


fiirr<f> 


4r 


2tf) - sin 2<p’ ^ iiir 


29. y='^^r. 


31. a: = s^a=0-4647a, 7/ = fjl a =0-5304a. 
99 o() 
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82. r=7 in. 


34. * = ^a,j, = gft.i = gc. 
-n, Kh , . „ 


(l) y — jjA. (2) j/ = where + ^2. 87. 0-11 cm. 


- 1 ) 


38. 3/~45 in., x — li in., ^=zl6'5 in. L-ength of strip = 27 in. 89. 20*5 in. 
40. (a) J height, (i) ^ height, 41. x=:20 in., y==4-8 in. 


4S. a; = 16/15T, ?/ = 128a7105iV. 


48. Radius of 8ection = ((a-6)^+6A}/A, when not bearing load or 
■ V WjTrf when hearing load ; 

>^ = l{Sa^ + 2afi + b^)hl(a'‘ + ab +b^), where a, h are the radii of the 
larger and smaller ends respectively. 

44. x^\mjh, y^O, ^U^)lh, where m = tan 0 ; 1-76 ft. 


46. A =2a^6^/3 ; i^^bjC), y=sJb^j» ; V =4Tta*-b*-jo. 
48. .4=0-84o9; x=:0-512(i. 40. 109-2 lb. 

51. x=rlal{7r~‘Z), y = llV(’r-2). 


Exercises 15b. (Page 395.) 

1. (1) (2) Imr-, 8 in. g. ^\ml\ 1:=2 ft. 

8. (1) ^«!r«, (2) mr2 ; • r^, r = l4-75 in, 

4. (1) iV-4(=, {2)iAP, (S) ,\A(l^ + b^), (4)lA{P + h^); 2\I3, 

29v'3. 

8. (1) (2) iV .41i2, (3) hAh^ ; 37044, 12348, 111132. 

6. (1) !.l(a2 + ft2), (2) i.4(a’- + />■■!); 5 = 8. 

7. (1) \A<-\{2)iAr^- ,r = 2in. 

8. (1) \nia\(2) \m{a‘‘ + tA); 5 = 16-5. 9. 

4(8'+'^) '"’ = n. „M{a^- + b^),^^Ma^-; b =. 4 ft. 8 ia. 


12. 5 = 56-2 ; Angle decreases by 45"^ 16' approx. 

13, (1) I'o.l/r"', (2) .]oM{3r^-+2h% 

U. I„=^l2I{b^+c^); I,,= \M{c^ + a-)-, ■, 5„ = 8-64, 

/,-i = 5.,/6 = 11-18, 5, =6.,/5 = 13-42. 


15. k- = l(p^-i pq + q^}. 

a^-3vA . 

17. k^r3l. 


16. ,.iVilf(a2 + 5’--fc2), 5 = 8-5. 
18. 15 in. or 16 in. 


19. l-'-=J(a^-f5‘+25V)/(a2+53) ; 5 = 1 ft. or n 15-4 = 2-324 ft. 

21. Ic^ = 7o + 20Pr +4,51r2 +32r3)/(3( +4r). 

22. = ./x, (976 + 2857r) aV(14 ■+- 3ir). 

28. (1) k^=:lhHa+3b)l(a + h}, (2) 5 = 0-996, (3) 5 = 0-516. 
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84. = |<a» - 6‘)/(a» - 6>). g* = |(«» - 6‘)/(o» - 6*) ; a - 19-3 in. 

1 9 /r(^ - f)* 

86- 8e.r = 5^3feet. 

88. flinches. 89 . P = Jl^ + ir*; k — S7. 80. t=3(3ir + 8). 

8l. 20'656 ft. pet see. 87 . 19-53 ft. per sec. 

89. 6r®a:* + 3(4fc* + r*)(y* + a®) = 20;u.*, where n is constant. 

40. i-=5-45. 

Ezercisea 16. (Page 416. ) 

1. j-^log2. 2. irrt®ftr7(/16 ; sf = 165/15ir. 

8 . a^lS. 6 . a‘b»l24. 6. wa*/8. 

7 . Let YOXA be a vortical rectangular end having OY ^4 ft. and inclined 

to the vertical through O at 30°, then total fluid thrust cm this end 
is 7.50{2.^/.3 + 3) =4849 lb. Taking OX, OY ab axes of x and y respec- 
tively, the centre of pressure is 

x = 2.,'3 = 3-464 ft., y = 2(7 -2.,/3)/3 = 2-357 ft. 

8 . {102Ny2 - log (3 + 2 v'2)}/(8a»). 9. F = la*ir (4b -t- aV). 

10. (4-V2)/fl-(-(N/2-3)Tab/24. 

11. ^=3^2(1 -r), 2. F = Jirc^/2(2-c). 12. ; 8xa'/.5. 

14. AP=r sinh (x/c) ; {cfc sinh (iafc) - 2a}/(c sinh (ajc) - a} : 

c{a sinh (a/c) - c cosh (a/c) +c)l[r sinh (o/c) - o}. 

15. 64a*/15- 16. log(l+V2)-WL 18, 121-4x = 381-5. 

19. 725; 1472. 22. ('* (' zdxdy, 16a»/9. 24. vaViplH. 


Ezercisea 17. (Page 427.) 


r = 

0 

1 

2 

3 

4 

5 

6 

1 . Ar 

38-92. 

-11-51. 

1-09. 

0-43. 

5-5. 

0-36. 

0-14. 

Br 

— 

14-03. 

3-72. 

0-95. 

0-55. 

0-17. 


8. A^ 

58-04. 

-21-39, 

- 7-16. 

-3-91. 

-2-41. 

-2-19. 

-0-96. 

Br 

— 

-0-11. 

0. 

-0-33. 

-0-14. 

0-03. 


8 . Ar 

66-08. 

- 10-05. 

-6-59. 

-2-93. 

-0-12. 

- 0-49. 

- 1-13. 

Br 

— 

51-14. 

-0-03. 

1-40. 

-0-80. 

1-11. 


4 . Ar 

11-10. 

1-75. 

0-75. 

0. 

0. 

0. 

0. 

Br 

— 

9-84. 

0-66. 

0. 

0. 

0. 


6 . A^ 

9-62. 

4-89. 

1-26. 

0-29. 

0-10. 

0-18. 

0-06 

Br 

— 

3-07. 

0-35. 

-0-06. 

2-31. 

0. 


15 , Ar 

11-8. 

9-96. 

1-0.5. 

0. 

0. 

0. 

0. 

Br 

— 

- 1-28. 

0. 

0-03. 

- 0-03. 

-0-04. 



6 . m = 12a(x — 2)/ir*. 

7. X =a(l - cos ut)+l- /\1 - [cAjP) 8in*<irf 

= 0(1 - cos cj() + a*(l -COB 2w()/4{, approve. 
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ANSWERS TO THE EXERCISES 


0. a!=22(-)’-+*8inrj!/r, =ir/2 -4/ir . 2 cos (2 j- - l)a/(2r - 1)». 

• r=l r=J 

11. - 1) =: J + 2 cos rxl{r* + 1 ) - 2 sin ra:/(r* + 1). 

r=sl r=l 

15. S«e under No. 5. 


Exercises 18b. (Page 430.) 



d^y . 

y.s^.etc. 


1 - yi=ycota:. 2 . ,v,=y. 8 . yi(l +*“) =*y. 

4. a:j*i(a^-6)+2y(2:^ + 6)-i;’ = 0. 5. (^j cot a!)(l - a;^)=ary. 

8. *“^ 1 + 13^ = 2. 7. 2ryyi = {y* - 1). 

8. 2x?yy^ = {2x^ + y^)y^-x*. 9. «(1 -3j:H3y“)yi + {l +3(j;»-y>)}y=0. 

10. a:{y cot 1 / + (1 +j: tan a:)i/=0. 

11- </2+2/ = 0. 12. i^y^—2y. 18. xVa+2i!/i -2y = 0. 

H. 3j:- (i + 1 ) 2/2^2 + 6x* (z + 1 ) - (^xy^Vi - j/’) (z“ + 4z + 2) = 0. 

15. x^y^ + xyi+yz^Q. 16. +2j/,» = 6zj/,. 17. ?2 + ?/i* = 0- 

18. 2/2(2 8in“x - 3) + 3i/j oosi2x . cot x-Ay ain*i =0. 

19. {4x’ tan”’x + 2 log (1 +x2) +x^}*/2+6(l +2x tan"'z)(;/ - xi/j) =0. 

20 . xyy^ + ( 1 - 9 xy){xyi -y)yi + - 3 v^ = 0 . 


Exercises 18b. (Page 436.) 

1. xy=A. 2. xy“=A. 3. (!/ + ^)(x + a)= -2o. 

4. .4(x -3)8iJ'=x -4. 5. .4?/=2x'‘-4x + 7. 8. Ay=Bmx. 

7. g + .4 = e* tan X. 8. .4j/*=(x-l)(x -3)°. 9. Ay=:e^~^x*(l -x), 

10. x = tan 11. e* = .4 tan z. 

1 + 1 * 

12. v={P''(8in X -cos x) + .4} sin X. 

13. (x - l)i/ = .4 (x + 1) log e-'(x + l)(x -2). 

14. (a“ + fA)y + Ae-“^ = a cos bx + b sin bx. 

15. y^{x~2)^{x + l) log A (x- 2)2(x + l). 

18. y tan 2 + ^=2 log +sin“|^. 

17. j/®(J tan* X +Iog COB I +.4) cos 1 = 1. 

18. e*(l +x - 3 /) = 4j/(l +x). 19. j/*(l +4e-'“” ''*) = !. 

i ~2 1 

20. x= 2 /*(x + 2) log 4 . 28. 2y =(x - l){x -2). 

v'x+2 + 1 

26. f*(3-i')=4(2+x); 2 / = 8 log 2 = 5-(5448. 27. z = 0-038in. 

28. (^* + "((/i* - 1) cos - 2/t sin S +2|(te* j ; r = 178-4. 

30. 9e‘^y + 7 =3(3 -x*)x Bm“*x +6\^1 -x* + (l -x*)*. 

81. 4^ + 8in*x cos x(l +co8'x) = 0. 82. tw=g cos a(l - e”**). 

88. y=x{x- 2){x + 2 log (x - 2)}. 



HIGHER MATHEMATICS 


4M 

84. (6*+a*p*^y=c(6sinpt-oj>co8 + ; ■4=acj>. 

85. aj/«“/'»=c/ + 4. 

87. w*(6* + l)=a(6sin e- cos «) + HI - 

88. 27*=:9ta-6t + 2 + i4e-*. 89. -4*sj( +*» - y'=0. 

40. 2y +a: sin a: +sin* x cos x—A sin *. 

Exercises 18c. (Page 444. ) 

1. x=acosw<. 2. s=ut +icU^. 8. y + 2~e‘-^. 

4. y =.4 cos jw; + sin nr. 6. 3 -m=4co8<. 

6. s^=a^+tK 7. i/ = Ae»^ + Bf-^ 8. y = 4e“^ + iie‘*. 

9. y=e^(Ae^ + Be~")=e^(CcoBx + Dsm.x). 10. ye®* = 38in6r. 

11. x — (A+Bt)^^. 12. j/ = (.4 cos arv^O-11 + sin 

18. y = (A cos %xjl + B sin lx^n)e~^ ■“. 

14. z =tan (.4e’ + Bef> 15. y =Ax^'^ + Bx'>'\ 

16. y—Ax-^ + Bx~''\ 17. y = (.4 + P log r)r' 

18. y'={A cos (H? log x) + B sin {is'7 log x))x *. ' 

19. y={A cos (is'll log r) sin log x)}x~-. 

20. 24ccy — icx(l-x)(P+lx-x^). 21. y==d sin x\'Cu). 

22. w = ir/4cr. 28. ky = w(2x^ - 3/“) ^ wl*. 

24. (i) 6c^= Wz'‘{3l-x). (ii) 24cy = wx^{6P-4lx +x“). 

25. (i) 48cy = M’r*(3Z - 4r). (ii) 2icyr=wx^{x - ?)“. 

(iii) 6cly= Wx(s - l)(,x^ + 3‘‘ - 2sl ) ; y^=z^W3^(l 
28. fi^s = log cosh /xct ; l-r 9-018 secs. 

27. 24y=cx* +4ax^ -4Px(rl + tia) -!icl -IGa. SO. 2y-3-i3 8inx; 

82. r = vle“’’ cosh + 15) ; No. x — {A + Bx)e 

83. When 6*> 4oc, x — {A cosh ^1+ B sinh 

When h- < 4ac, r = (.4 cos i/xl + B sin int)c-'‘'i'^. 

When 6* = 4ac, a; = (.4 + where = (b- - 4ar)!4<i-. 

Frequency =1/(2 xVZjC')=65. 

Exercises 18d. (Page 454.) 

5. y = (Ue®*^ -f e-**)/336. 6. y - 3r“ -r 32r + 125. 

7. y = 13(3 cos 5r - 10 sin 5 j-)/ 54.5. 8. y = - (3 cos r + 8in z)e^/10. 

9. 4t/ = (2r’ + 1) sinh r - 2r cosh r. 10. ,v = (r-l)e®'. 11. y = x^^. 

12. 20j; = 10r sin r +C08 I. 18. i/ = .4c^* -(a^ -H3r“ -fOr -t 

14. y = (ale-**^ + £fi-*) + ifH j(7 sin 2a: - 24 cos 2z). 

16. y — e~^^ {A sin (^a-;^/19) +B cob (’, x^ 19)} - Jf(cos 5a: + 4 sin .5a;). 

16. y = Ae*^ + Be~^ + i’-’ + 7^4 a: -7 sin i). 

17. y = {A sin a:s/2 + B COB a:v^2 + !|)c'*^. 




